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This paper surveys viewpoints and available procedures of analysis of acoustic radiation stress and the 


concept of acoustic momentum. 


An alternative approach is suggested based on Eckart’s principle and Poynting’s condition of separate 
observability of matter and elastic wave motion. The results are consistent with those obtained by means 
of the adiabatic principle but show discrepancies with the so-called Eulerian approach for transverse waves. 

Radiation stress and radiation momentum are typical field concepts needed to complement the continuum 
description. In a sense they serve to establish consistency with the particle approach, thus filling a need 
which the conventional theory of elasticity does not satisfy 

The energy momentum tensor of elastic wave motion provides a unique example of a physically meaningful 
space-time covariance in the framework of Galilean kinematics 


INTRODUCTION 


ADIATION stress and radiation momentum in 

acoustics are known as controversial subjects in 
classical physics because of conceptual reasons rather 
than for lack of experimental evidence. The present 
paper makes an effort to bridge a gap between different 
lines of approach. A brief historical survey, therefore, 
seems appropriate to provide a 
the problem. 

Poynting probably was one of the first physicists 
who associated a transfer of momentum, in a quite 
general way, with all sorts of different energy transfer. 
Quoting from his collected works, p. 336 reads’ : 

“There is it seems some general theorem yet to be 
discovered which shall relate directly the energy and 
momentum issuing from a radiating source. It seems 
possible that in all cases of energy transfer, momentum 
in the direction of transfer is also passed on, and 
therefore there is a back pressure on the source. Such 
pressure certainly exists in material transfer, as in the 
corpuscular theory. It exists, as we now know, in all 
wave transfer.” 

This statement in one of Poynting’s presidential ad- 
dresses to the Physical Society was a little bit too 
readily superseded by the era of relativity. The 
well-known mass energy relation was soon accepted 


suitable setting for 


i. 


. H. Poynting, Collected Papers (Cambridge University 
Press, New York, 1920). 


as Poynting’s theory “yet to be discovered” and 
disposed of the issure, in spite of the fact that the 
momentum following from relativity is by no means 
numerically identical to the momentum to be expected 
from Poynting’s considerations 

Much of the more recent work in acoustics’ seems 
to stress Poynting’s momentum (energy density over 
phase velocity &/u) as the physically significant con- 
cept, rather than the higher order typical relativistic 
momentum contribution &u/c* which is due to energy 
“packing.” The two momenta are numerically identical 
if the phase velocity u equals the empty space light 
velocity c. This agreement for free space electro- 
magnetics is significant in the sense that Poynting’s 
arguments do not seem to violate any of the funda- 
mentals of relativity. Therefore, a legitimate question 
seems to be whether Poynting’s momentum concept 
still should not have a place in physics, provided that 
it can be brought in line with relativity all the way 
from electromagnetics to acoustics. 

Poynting refers to a very simple proof, given by 
Larmor, for the existence of radiation pressure on a 
perfectly reflecting surface, using the Doppler principle 
and energy conservation.’ This reflecting surface, 
however, should have very peculiar properties to give 


* Marseille Colloquium on Radiation Pressure, 1955 (J. Phys. 
radium 17, 377-413 (1956) } 


+E. J. Post, J. Acoust. Soc. Am. 25, 55 (1953). 
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Larmor’s derivation a straightforward physical mean- 
ing. We may again cite Poynting’s own words (p. 336): 


“Tt is essential, I think, to Larmor’s proof that we 
should be able to move the reflecting surface forward 
without disturbing the medium except by reflecting 
the waves. In the case of light waves it is easy to 
imagine such a reflector. . . .In the case of sound waves 
or transverse waves in a solid it is not so easy to 
picture a reflector.” 


Please note the correspondence between the feasibility 
of Larmor’s mental experiment for light with the 
agreement of Poynting’s momentum concept with 
relativity for the case of electromagnetic waves in 
empty space. Poynting was so convinced that this 
momentum concept should have meaning beyond the 
realm of free space electromagnetics, that he did not 
refrain from depicting some very weird models of such 
reflectors (p. 337) 


“We may perhaps think of a solid as melted by the 
advancing reflector, the products of melting being 
passed through pores in the surface and coming out 
to solidify at the back.” 


At that time Poynting could not possible anticipate 
that much later liquid helium experiments would 
provide rather convincing evidence for the feasibility 
of his semipermeable device, though rather different 
from any of the models he proposed. Furthermore it 
should be noted as another significant fact that the 
phenomenological theory of liquid helium quite in- 
dependently led to the introduction of a double momen- 
tum balance (two fluid model). This theory branched 
out into a theory of phonons, and it may be shown 
that Poynting’s acoustical momentum is the classical 
counterpart of the so-called phonon momentum. 

A semipermeable device in the sense as proposed by 
Poynting, for liquid helium, is demonstrated by the 
fountain effect, and its feasibility depends on the 
superfluid properties of the helium component in its 
lowest energy state. However, a single exception like 
this is a valid reason to consider the independent 
existence and necessity of radiation momentum and 
stress as classical realities, regardless of the typical 
quantum nature of a semipermeable device to show 
them. 

A more subtle argument, independent of the physical 
feasibility of semipermeable devices, has been em- 
phasized by Brillouin®.* on thermodynamical grounds. 
He shows the logical necessity of radiation stress of the 
Debye heat waves in isotropic solids by correlating 
radiation stress and thermal expansion. This gives an 
alternative approach to the theory of thermal expansion 


*F. London, Superfluids (John Wiley & Sons, New York, 1954). 

5 L. Brillouin, Les tenseurs en mécanique et Aasticité (Masson, 
Paris, 1938). 

*L. Brillouin, Wave Propagation in Periodic 
(McGraw-Hill Book Company, New York, 1946). 
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and leads in a straightforward way to Griineisen’s 
“nonlinearity” parameter +. 

Here, however, one should guard against a commonly 
expressed misconception. A linear lattice is noi equiva- 
lent to a (linear) Hooke’s continuum. A linear lattice 
does not exhibit thermal expansion and it can be 
reduced (collapsed) to one lattice point by a finite 
force because the force is proportional to the deviation 
of lattice points from their equilibrium positions. A 
Hooke’s medium requires an infinite force for the same 
operation. It is easily demonstrated for the one- 
dimensional that the force required becomes 
logarithmically infinite. Hence the lattice corresponding 
to a Hooke’s medium should have nonlinear interaction 
between the lattice points and should correspondingly 
show thermal expansion. The conventional theory of 
elasticity does not account for the expansion of the 
Hooke’s medium, and this is where a radiation stress 
is necessary to complete the field description and to 
establish consistency with the lattice picutre. 

The crucial point is that radiation stress and radiation 
momentum are typical field concepts. It is not meaning- 
ful to discuss them in terms of particle dynamics. One 
may discuss particle momentum in terms of radiation 
momentum, as remarked by Lucas,’ provided one uses 
the field concepts of wave mechanics.’ 

Brillouin’ furthermore resolved a controversy which 
developed between the Rayleigh and Langevin readings 
of the radiation stress problem by a clear-cut distinction 
between the isotropic and directional components and 
their corresponding physical interpretations. The 
directional part is the flux of radiation momentum per 
unit area. The omnidirectional contribution depends 
on deviations from Hooke’s law and is usually denoted 
(£), the time average of the difference between kinetic 
and potential energy density. Expressed in terms of a 
matrix, the following form, for a traveling single 
frequency wave, is reasonably well agreed on for fluids? ; 


case 


( & &g* ) 
(& ‘w)k, [( &, w)g*hp —_ 63% ale — 


c— energy density | radiation energy =) 
ig i excoepienivgin ' 


radiation momentum radiation stress 


(1) 
where w=frequency, k,= wave vector, and g*= group 
velocity, with a,5=1,2,3; for nondispersive, isotropic 
media w/|k g). 

The theoretical justification of (1), however, leads to 
rather disconcerting difficulties of a fundamental nature. 

The Eulerian equations of continuum mechanics 
lead to a form equivalent to (1). The directional 

1 

™The energy of a particle is E~mc*, its phase velocity is 
u==¢*/v, if v is the particle velocity, then the Poynting momentum 
equals the conventional! particle momentum E/u= mo 

* Many derivations omitted, but for the sake of 


comparison, are to be found in the Marseille Colloquium, 
reference 2. 


mentioned 





ACOUSTIC MOMENTUM AND 
component of the radiation stress then is given by the 
particle momentum flux, pv. The momentum flux for 
longitudinal waves is in the direction of propagation 
ky and roughly equal to the energy density &. The 
particle momentum flux for transverse waves, however, 
has its principal direction perpendicular to the direction 
of propagation, which happens to be at variance 
with (1). 

There is, on the other hand, considerable evidence 
that the form (1) is correct for waves of any direction 
of polarization, i.e., longitudinal and transverse. 
Weinreich’? has shown that in particular, transverse 
waves happen to be active in the acousto-electric 
effect with a momentum corresponding to (1), which 
automatically leads to a momentum flux in the direction 
of propagation. Moreover there seems to be little 
reason to question that phonons corresponding to 
transverse waves carry their momentum in the direction 
of propagation. 

Brillouin’ has proposed a justification of (1) on the 
basis of the adiabatic principle (Ehrenfest-Boltzmann 
principle) which indeed leads to the form (1) regardless 
of the direction of polarization of the waves. It actually 
suggests that the form (1) is meaningful for arbitrary 
anisotropic matter and supports the suspicion that the 
usual Eulerian approach leads to correct results only 
for gaseous and liquid matter, but not for solid matter. 

One may attempt to disentangle this situation by 
retracing some of the steps invoked by the derivation 
of the adiabatic principle as compared with the usual 
textbook derivation of the Eulerian equations. 

Brillouin® starting from particle dynamics, applies 
the theory of constraints and identifies the hidden 
coordinates of constraint with the macroscopic variables 
perturbing a single frequency periodic system. A slow 
perturbation in the coordinates of constraint causes 
an energy change 5E of the system and a corresponding 
frequency change éw. They obey the relation 


5E/E=bw/w, (2) 


known as the adiabatic principle. 

From here on it is perfectly valid to make a transition 
to continuum dynamics, since EZ represents the total 
energy and nothing in the relation (2) can tell whether 
it applies to a particle system or a continuum. This 
may be regarded as a criterion for a clean transition 
from a particle to a continuum model. 

For comparison, the particle continuum transition 
invoked by the derivation of the Eulerian equations is 
still the source of much discussion and literature, 
sometimes referred to as eighteenth century physics 
and mathematics. Nevertheless, similar conceptual 
inconsistencies still persist in modern field theory. 

Brillouin has shown that it is possible to reconcile 
the Eulerian and the adiabatic approaches reasonably 
well, though the asymmetry between longitudinal and 


* G. Weinreich, Phys. Rev. 104, 321 (1956). 


ACOUSTIC 


RADIATION STRESS 1115 
transverse waves still persists” (reference 5, pp. 290- 
293). His analysis requires a much more delicate 
distinction between the stress components with refer- 
ence to points fixed in the medium and the stress 
components with respect to points fixed in space 
(reference 5, p. 249). In short, the notorious Lagrange- 
Euler transition is carried out one step more accurately 
than usual. 

One would expect a further improvement by a 
distinction between coordinate systems which are in 
motion with respect to each other. The so-called 
Lagrangian and Eulerian stress components then 
become members of one family if the time is treated 
as a coordinate. However, relativity has never really 
enriched this part of classical physics. There is some- 
thing more at stake than just the replacement of 
ordinary by covariant differentiation. 

In the following section it will be found useful to 
treat time as a coordinate. Time as a coordinate does 
not necessitate the consideration of relativistic aspects. 
It enables one to do so, if desired, though for the time 
being it seems better to avoid relativity. 

Summarizing the situation, after this necessarily 
sketchy account of theoretical investigation, the 
following points may be stressed for any alternative 
approach : 


(1) Radiation momentum and radiation stress are 
essentially field concepts. 

(2) A realistic field approach requires a clear relation- 
ship between the particle and continuum models. 

(3) Time as a coordinate is helpful to disentangle 
the Euler-Lagrangian descriptions. 


A field approach by means of a Hamiltonian principle 
for a continuum, in the sense discussed by Eckart," 
meets this program reasonably well. This kind of 
approach has been used by Zilzel* to coordinate the 
two momenta concept for helium. However, instead of 
postulating a two momenta concept, one may now 
consider whether Poynting’s weird condition of separate 
observability of medium and wave motion gives the 
desired radiation momentum as a distinct field quantity. 
It will be shown in the next section that this indeed can 
be done if one allows an independent boundary variation 
corresponding to the perturbation of the coordinates 
of constraint in the derivation of the adiabatic principle. 


THE VARIATION OF THE ACTION INTEGRAL FOR 
INDEPENDENT PARTICLE DISPLACEMENT AND 
BOUNDARY DISPLACEMENT 


The following deductions gain much in elegance and 
brevity when a four-dimensional presentation is used. 
The expressions then will be covariant with respect to 


*” The experimental implications of this discrepancy are being 
discussed in a paper of the forthcoming Proceedings of the Third 
International Congress on Acoustics [Elsevier Publishing 
Company, Inc., Amsterdam (to be published) ]. 

" C. Eckart, Phys. Rev. 54, 920 (1938). 





TABLE I. Physical identification of the space-time 
components of 7,\, defined by (10) 


mass energy density 

mass energy flow 

particle momentum density 
mechanical stress 


affine transformations, which incidentally allows one 
to consider Lorentz covariance. 

The four-vector of particle displacement is denoted 
by u*; the fouf-vector of the boundary displacement 
is denoted by g*. The Lagrangian density is a function 
of «* and its first derivatives only, for the latter suffice 
to include finite deformation. The action integral then 
becomes 


fa) 
A if C(u*,d,u* df, 0,= (3) 


vy Ox” 


where df is an integration element of the space-time 
manifold. Superscripts denote contravariant trans- 
formation behavior and subscripts denote covariant 
behavior. The range of the indices \,v is 0,1,2,3, the 
zero corresponding to the time coordinate and the 
others to the space coordinates. When the same index 
occurs both as a superscript and a subscript, summation 
is understood. 

A variation of (3) with respect to «*, denoted by 
5,A, leads to the familiar result 


dL 
6,A fi L |,6u*df+ fa. bu” Id. 
J 0(0,u*) 


The functional derivative [£ }, is defined by 


(4) 


r 


[L}, (4a) 


dL /du* -d,[dL 0(0,u*) ]. 


It vanishes for arbitrary 5«* in the domain /. 
A variation with respect to the boundary 
displacement g’, denoted by 624, simply leads to 


6.A = f a.(cag \df. 


f 


of (3) 


Considering the fact that (4a) should vanish, the 


total variation 
6; 1 +EoA, 


6A (6) 


of (2) then is given by 


dL 
6A fa bu*+ L5q” Idf. 
sf 0(0,*) 


Following a procedure very similar to that in particle 
dynamics, may remark that és* correlates the 
initial and final positions of the “identifiable” space 
time points in the medium for ég*=0. For 5g#0, the 


one 
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actual space time variation Aw* of the particles will be 


Au’ = d6u*+ (8) 


Ou" \bg? 
(see the Appendix 


The elimination of 
gives the following expression 


from (7 of (8) 


total variation 


bu’ by means 
for the 


of the action integral 


} 
© 


. Au’ 
la Ou’ 


dL 


0,u* ia a. (9) 


a Ou" 
The integrand of (9) is a divergence which consists of 
the sum of two tensors 
with Au* and 4g’, respectively 
which incidentally have mixed co-contravariant trans- 


(tensor densities) contracted 
These tensor densities, 
formation behavior, may be denoted by the symbols 
1’, (10) 
Ky’. (11) 


d0L/d(0,nu" 

{ £6,’—[dL/0(0,u") \0,u"} 
The last tensor (11) will be recognized as a tensor of a 
form frequently discussed on field theory.” 
| : i 

Both of them obey divergence relation 


a, T,? 


In text 


(12) 


(13) 


ta 


0L/dnu’ 


0,K y’ -On)4£ see reference 9), 


where 0,)£ represents the expl 
for «* and 0,4 constant 

The physical meaning of the space-time components 
of T,* and K,* are given in Tables I and II. The time 
label is denoted by zeTo, and the pure space labels are 


cit derivative of &, i.e., 


given by Latin subscripts and superscripts a,b 

Table I is the usual one 
th four-dimensional 
ition of the typical 


ssential, can 


The identification given ir 
encountered in texts 
continuum dynamics. The identifi 
relativistic like T,° is 
evaded by choosing «°=0 

The identification of K 
discussed in Morse Feshbach™ for an isotropic 
elastic solid. Morse and Feshbach the inter- 
pretation of K,° and K,* open for discussion (see the 
“Tsotropic Elastic Media,” p. 323). 
ustification of the 


de aling W 


terms not ¢ be 


ind Ko* in Table IT sare 
and 


leave 


end of the section 
One may, therefore, consider 


f the space-time 


11 


raswe II. Physical identifi 
components of A,’ 


density of elastic radiation energy 
flux of radiation energy 
radiation momentum density 


radiation stress 


2G. Wentzel, Quantum Theory Fields (Interscience Pub- 
lishers, New York, 1949), Chap. I, Sec. 2 
& P. M. Morse and H. Feshbach, Methods 


(McGraw-Hill Book ¢ ompany 1953). Vol. I pp 


f Theoretical Physics 
322-323 
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identification of K.° and K,* as the actual subject 


matter of the present article. 


FURTHER DISCUSSION OF THE IDENTIFICATION 
OF THE COMPONENTS OF K,’ 


For a check on the identification of K,° and K,*, one 
may in particular direct attention to K,*, for a stress 
is a more readily observable quantity. The radiation 
momentum is a necessary computational by-product 
to complete the balance of energy momentum [see 
(13) ], which may be used perfectly validly in this 
sense (see J. E. Piercy, reference 2). 

The ideal procedure is to evaluate the physical 
meaning of K,*® for a general medium, i.e., unspecified 
£, except that it depends on w#* and its derivatives. A 
simple way of doing this is to consider a free elastic 
body such that the integration boundary coincides 
with the boundary particles of the body itself. This 
means that there is no transport of elastic radiation 
energy and mass into the adjacent medium (free space) 
and furthermore it means that the actual displacement 
of the particles at the boundary is identical to the 
boundary displacement. This is expressed by the 
following relations on the bounding surface o of the 
body in three-space : 


Ke=0, Te=0, At =89". 14 


The conditions (14) applied to the integral expression 
(9) plus the separation of time and space integrations 
and the application of Gauss’ law yields 


r) { =a f dt f (T;2 = K;*)ég’do, 
tl “@ 


t 
+f (T,°— K,°)bq* dr, (15 


l 


where + is the domain of three-space occupied by the 
body, enclosed by the bounding surface co. 

The second integral can be chosen to disappear for 
ég*=0 at times ‘=/, and /=4,. For the action integral 
A to have an extremum for arbitrary 6¢, the time 
average of the mechanical forces must balance the 
time average of the radiation forces on the free boundary 
o with normal direction mg, i.e., 


(Ty°na) = (Ky*na). (16) 


This is exactly what 
radiation stress. 

The reader may check that K,* contains expression 
(1), given in the introduction for a single frequency 
plane wave. This is obvious for the omnidirectional 
part if we take £ as the difference between the (classical) 
kinetic and potential energy densities of radiation. It 
should be noted, however, that this is equivalent to 
choosing a specific reference of zero pressure. For the 
directional part one may consider that 7,” itself occurs 
in the expression (11) for K,’. It is sufficient, and in 


is commonly understood by 
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general a good first order approximation, to substitute 
only the sinusoidal contribution of 7,’. This gives a 
(Ky*)#0, though (7)*)=0 for the sinusoidal first order 
contribution. The general identification of Ky’ with 
expression (1) then is straightforward even for aniso- 
tropic matter, where the group velocity g* is not 
parallel to the wave vector k,. The simplified proof 
runs as follows: The definition formula (11) gives 


(Ki°) = (T f0eu®) = pwou,tt*hy = (&/w) ko, (17) 


because 7.° according to (10) and the time 
average of twice the kinetic energy density equals the 
energy density in a linear Hooke’s medium. 

It is known already that 


Ko") 


pw, 


(T20ou®) = Toul (18) 


&g*. 


One may prove this though by means of the formula 


for the group velocity 


Iw / Aka = g*. (19) 


The radiation stress according to (11) is 


(Ky?) = (7.20, — £8,°) = Tut hy — (28,2. (20) 


Using (18) the expression (20) can be written as 


(Ky*)= (&/w) g*hs—(L)be%, qed. (21) 


The elastic constants did not occur explicitly in the 
de rivation, so the results hold for isotropic as well as 
anisotropic matter. 

A four-dimensional! presentation in essence postulates 
the applicability of the covariance principle for the 
domain of space and time. The variational form leads 
quite naturally to this. For acoustic phenomena, 
however, it is perfectly valid to check the covariance 
of K,* on the basis of the Galilean group. The reader 
who is interested to do so will be rewarded with a 
rather exclusive example of a meaningful space-time 
covariance in the realms of Galilean kinematics.’ But 
note that X,* has mixed co-contravariant transforma- 
tion behavior, because there is no metric tensor available 
to raise or lower the time indices. 

Lorentz covariance only adds, as to be expected, 
physically insignificant corrections. Similarly, the 
consideration of quantum aspects does not contribute 
really new features to this essentially classical descrip- 
tion. Normal mode expansion and quantization yields 
the phonon momentum as the analogue of radiation 
momentum. Substitution of 6=nfw in (1), where n is 
the density of phonons per unit volume, gives 
K .°=nhk,. The directional contribution of the radiation 
stress turns out to be the phonon momentum flux per 
unit area nhk,g” 


CONCLUSION 


Eckart’s and Poynting’s condition of 
separate observability of matter and wave motion lead 
to a decomposition of the conventional energy momen- 


prin iple 
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tum tensor into two parts. The first part is the energy 
momentum of matter and the second part represents 
the energy momentum of elastic radiation. The latter 
is the true analog of the energy momentum tensor of 
electromagnetic radiation. 

The results obtained by means of Eckart’s principle 
and Poynting’s condition of separate observability of 
matter and wave motion are in close agreement with 
results derived by means of the adiabatic principle. 

The peculiar position of the Eulerian approach raises 
questions about the limits of applicability of the 
Eulerian method for transverse waves in solids. 

The concepts of acoustic momentum for transverse 
waves in general cannot be associated in any simple 
manner with particle momentum; it should be accepted 
rather on logical grounds as a computational necessity. 
As such acoustic momentum has most similarity with 
electromagnetic momentum in matter filled space. The 
latter (DXB) likewise escapes an interpretation in 
terms of relativistic inertia energy. 

The decomposition of stress, as quoted above, 
ceases to be meaningful for nonperiodic or quasi-static 
phenomena say. A change in action then corresponds 
to a change in potential energy, and the integrant of 
(15) represents the total surface force density. 

Dr. R. A. Toupin (Naval Research Laboratory, 
Washington) informed us that the total surface stress 
in (15), (which in our present terminology is mechanical 
stress minus radiation stress), indeed can be identified 
with the stress expressions for finite strain as discussed 
in Truesdell’s memoir." 

The problem of radiation stress then seems to reduce 
to a question of singling out the physically relevant 
component in the total stress for dynamic phenomena. 

The tensor features of radiation stress in fluids have 
been neatly demonstrated by Herrey."® A_ similar 
independent check for transverse waves in solids would 
be desirable to conclude whether the formal, unified 
approach suggested in this paper is physically justified. 
Some of the new semi fluids, which behave like high 
frequency solids, might make this sort of an experiment 
a feasible one 
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APPENDIX 


Formula (8) is strictly speaking correct for a scalar 
field only, if one insists on general covariance in 
four-space. A correct field approach for a vector «* 
requires the form 

Aw = 6 +X 5qu’, 
where 
"(0,u*) 


MY bey ld : 5g u* | 0,5q” } 


is known as the Lie differential'® of «* with respect to 
5g’; Au* then is still a true vector for general coordinate 
transformations. 

The extra term — u’(0,6q*) gives rise to an additional 
integral term in (9), i.e., 


j fa Tu? 
f 


Partial integration gives 


+ f aa. 7; 
- 


f 


0,5 


The first integral in (25 
double divergence (in three-space it would reduce to a 
contour integral which can be shrunk to a point). The 
weakest condition to do this is 


T)"™? 


should vanish, because it is a 


to impose 


A(T) ’u? — T)°u’) = T), "4", (26) 


Admissible Lagrangian functions should satisfy (26). 
The antisymmetric form (26 
the angular momentum 
Wentzel.” 

The second integral 
term for K,’; 


can be associated with 
density as discussed in 


then leads to an additional 


06-(T,u"!). 


The divergence of (27 
not contribute in the balance of linear momentum. It 
vanishes altogether if 7” 


is identically zero, so it does 


wy. A Springer-Verlag, Berlin, 


ap sc. 10, and Chap. VII 


d Schouten, Ri 
1954), second edition, Chi 
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The energy level splittings of the ground state of the d* configuration in cubic and axial fields are given. 
The Zeeman splittings of the various levels are calculated for weak and strong magnetic fields. In the case 
of tetrahedral symmetry the effect of the perturbations of the odd parity configurations d*p and d*f on the 


ground state is estimated. 


INTRODUCTION 


eo research reported here is a continuation of 
our systematic investigations on the paramagnetic 
resonance and optical absorption spectra of the transi- 
tion group elements in cubic fields." 

The problem of the d* configuration in the crystal 
field of cubic symmetry is, however, of particular in- 
terest. To our knowledge the energy level scheme of 
divalent iron in cubic fields has not yet been treated 
theoretically and the optical and paramagnetic reso- 
nance spectra have not been observed experimentally. 
This energy level scheme is such that in an octahedral 
field the lowest level is an orbital triplet (I's). If the 
perturbation of the spin-orbit interaction is taken into 
account the fifteen-fold degenerate level splits up into 
a number of levels of which a triplet is the lowest. This 
triplet consists of a mixture of orbital and spin wave 
functions. Under these circumstances the Jahn-Teller 
theorem? predicts that the complex would deform itself 
in order to remove this degeneracy. It was of particular 
importance to see whether the Jahn-Teller effect is 
indeed operative in the case of divalent iron. 

Another part of this investigation deals with the 
spectrum of iron in tetrahedral symmetry. In this sym- 
metry the orbital doublet I; is lowest. Under the com- 
bined perturbation of the cubic field and spin-orbit 
coupling the orbital doublet and five-fold spin de- 
generacy is split into a number of levels. At present 
there are hardly any paramagnetic resonance data of 
ions in tetrahedral symmetry. In the course of this 
investigation, stimulated by the difficulty of explaining 
the experimental spectra, it became clear that the 
problem of the energy level scheme in the tetrahedral 
symmetry is of considerable complexity. The reason 
lies in the fact that a tetrahedron has no center of 
symmetry. Therefore odd parity configurations can be 
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admixed by the crystal field to the ground and some 
excited states. 

We have estimated the effect of the admixture of the 
configuration d*p and d*f on the cubic splitting of the 
d*, *D, ground state. The calculations presented here 
indicate that the effect may not be inconsiderable. It 
seems to us now that the estimated magnitude of this 
configurational mixing may have a profound effect on 
the magnetic properties, on the optical spectra, on the 
chemical bonding and on the stabilization energies of 
such complexes. These effects may not be limited to 
divalent iron but are probably equally effective in other 
ions located in tetrahedral symmetries. 

This investigation is divided into two papers. The 
first paper deals with the theoretical investigations and 
the second with the experimental results. The theo- 
retical section is divided under two major headings, A 
and B. Section A is concerned with the energy level 
scheme in cubic symmetries possessing a center of 
symmetry and section B with the energy level scheme 
in the tetrahedral cubic symmetry of four point charges. 
In view of the lengthy calculations and the large 
matrices this presents only a condensation of the 
results. The complete matrices and results are being 
submitted to the American Documentation Institute. 


A. ENERGY LEVEL SCHEME OF d* IN A CUBIC FIELD 
POSSESSING A CENTER OF SYMMETRY 


The ground state of the free ion according to-Hund’s 
rule is *D. The optical spectrum of Fe"! has been care- 
fully investigated. The whole configuration is within 
60 000 cm~. The narrowest levels to *D ground state 
are the *P and *H levels removed by about 20 000 cm~. 
For all practical purposes, therefore, the lowest Stark 
levels even in a moderately strong crystal field can be 
considered to originate from the *D level. The contri- 
bution from the Stark levels originating from excited 
levels will contribute only slightly because of the rela- 
tively small spin-orbit interaction in iron (~ 100 cm) 
and also because of the large separations of the excited 
levels. In the subsequent discussion in part A the 
lowest levels will be assumed to be pure Stark levels 
arising only from the parent *D state. 

Group theoretical arguments tell us that the *D level 
will split into an orbital triplet (I; in Bethe’s notation) 
and an orbital doublet (*f;). The spin-orbit coupling 
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Fic. 1. Energy level scheme of the *D level in a cubic and axial 
field. The right-hand side of the figure shows the levels as split 
up by the cubic field and spin orbit coupling. The figure is drawn 
for the case of an octahedron of charges. For a tetrahedron or 
fluorite structure the orbital doublet is lowest. The numbers next 
to the levels indicate the total degeneracy. The energy of the 
levels is given by Eq. (4) and the order of the levels in the text is 
according to the order of this diagram. The left-hand side indicates 
the splitting of the energy levels in a relatively weak axial field 
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will remove these degeneracies, i.« 


D.xXT PitTetl stots, 
and (1) 
D Pf I 5 I’; T | T 21", T 2! 5. 


We therefore, a large number of levels of 
various uegeneracies and of complex nature in which 
the wave function will be a mixture of orbital and spin 


wave functions. 


expect, 


On quite general grounds it can be 
seen that in the case of the orbital doublet the 
lations of level 


calcu- 
will have to be 
For this orbital doublet is split 
neither-by the cubic field nor by the spin-orbit coupling 
acting separately. The combined effects of these per- 
turbations will yield in the second and third order, 
splittings of the order of a few wave numbers. 


the energy scheme 


carried out with care. 


In carrying out these calculations it is convenient to 
use the normalized spherical harmonic representation 
of the cubic potential given by 
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where the first equation gives the potential for the six 


coordinated cubic second for the 
symmetry. Vo represents the 
constant term of the potential and D, is a constant. For 


a model of point charges at the corners of an octahedron, 
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The energy levels are calculated to 


second order and the eigenfunctions to zeroth order. The numbering of the energy levels is according to the roots of Matrix IT 


Energy levels 


rar) 
Ew= r4Dq 4.3) 


Ex= 


{ 


i 


=4Dq -2\4 
-6Dq- 


\ —6Dq 


og | 6D¢q 
a 5 


Ey= 
hed oe 


E 20 = 


E\g= —6Da, 


Taste II. The energy levels of the ground state of the d, 
energy levels have been calculated (a) for the part not dependent on A to an accuracy 
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Fic. 2. Energy level scheme of the orbital triplet in weak and 
strong magnetic fields. The energy levels are given by Eqs. (5) 
and (8). The order, using the notation of Eq. (5) is 13, 19, 25 for 
the lowest triplet; 5, 18; 12, 7, 24 for the following doublet and 
triplet ; 6; 11, 4, 23; 10, 17, 22 for the singlet, triplet, and highest 
triplet. 

If the ground state is the orbital triplet, i.e., in 
octahedral symmetry, (Dg negative), the lowest state 
is a triplet and the g factor given by 

g= $+ (9/25) (A/Dg). (4) 


If the symmetry is eight coordinated, the lowest level 
will be a singlet and will show no Zeeman splitting. The 
next level is a triplet with a g factor of about 


g=1+4(A/Dg) 


in which Dg is now positive (A is negative). 


(9) 
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Fic. 3. Energy level scheme of the orbital doublet in weak and 
strong magnetic field. The energy levels are given by Eqs. (5) 
and (8). 
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The right-hand side of Fig. 1 indicates the effect of 
a weak magnetic field. 
(b) Intermediate magnetic fields (\*/Dg“Kh<&h) 


as shown by perturbation calcu- 
Table III. The energy levels for 


The energy levels 
lations are given in 
weak and intermediate fields are shown in Fig. 2 and 
Fig. 3. 


Axial Field 


There are two axial fields to be considered. One in 
which the axial field is along one of the cubic axis. The 


TABLE III. The energy levels of the ground state of the d 
configuration is a cubic field in intermediate magnetic fields. 
(\*#/Dq<Kh<&r) 
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energy levels of this case can easily be obtained from 
Matrix II since A» is along the diagonal. The case in 
which the axial field 5, is along the [111] direction is 
a little moze complicated. In this case the axis of quan- 
tization is the [111] direction and the cubic matrix 
has to be to this direction. The cubic 
matrix is diagonalized and a perturbation theory is 


1 
transformed 


applied. Two cases are considered. 


(a) Axial field compared with the spin orbit 
coupling (b> L-S 


The energy levels are given in Table IV [ neglecting 
terms of the order of \?/Dg or (A\?/Dgq)- (A/be 
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TABLE IV. Energy levels of the ground state of the d* configuration in a cubic and axial field. The axial field is — compared with 


the spin-orbit coupling and both are larger than the magnetic perturbation. (Dg>bs>AL-S»>+h). Terms of the order \*/ 


are neglected. 
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(6) The axial field is weak compared with the 
spin-orbit coupling: [A(L-S)>d.] 


These energy levels are given in Table V. 

The various cases are illustrated in Figures 1, 4, and 
5. The left-hand side of Fig. 1 indicates the level scheme 
in which the axial field (along [100]) is weaker than 
the first order L-S perturbation, but stronger than the 
second order correction. Figure 4 gives the case in which 
the axial field is stronger than the first order spin-orbit 
perturbation. Figure 5 indicates the very weak field 
case for the I’; level in which the axial field is weaker 
than the second order LS perturbation. It is to be 
noticed that in these very weak fields the lowest 
doublet has a gi,~2, gi:=0 along the [100] direction. 
B. INFLUENCE OF CONFIGURATION INTERACTION 

(d*p) ON THE ENERGY LEVELS OF d* IN A 
TETRAHEDRAL FIELD 

The crystal field potential of a tetrahedron differs 2 2, 
from that given in Eq. (2) in that it contains odd , 
spherical harmonics. The potential expressed in car- 
thesian coordinates, assuming a point charge model, is 
given to sixth order in (r/b) by 
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b Fic. 4." Energy]level scheme in a very strong cubic field, and 
axial field stronger than the spin orbit interaction in an external 
magnetic field. The right-hand side shows the splitting in the 
trigonal case. The ¢ factor of the lowest levels is approximately 
0, 4, and 8 for the singlet, and two doublets. The ¢ factor of the 
lowest doublet of the I’; state is approximately 8. te right-hand 
side shows the splitting for the tetragonal case (axial field along 
the [100] direction) 
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Energy levels of the ground state of the d*® configuration in a cubic and axial fi 


the spin-orbit coupling (Dg>AL-S»b.a»>h 
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surroundings is neglected. The effect of the covalent 
bonding can later be taken into account by constructing 
the appropriate linear combination of atomic orbitals. 

2. We shall assume that energy difference between 
the excited configurations and the ground state is the 
same as in the free ion. This will certainly not be 
correct since the constant part of the potential differs 
in the excited configuration from that of the d® con- 
figuration. Further because of the overlap of the wave 
function on the adjacent ions the spectrum resembles 
probably more the Coulomb energy of Mn?* and the 
corresponding Coulomb energy will be smaller. In view 
of the absence of experimental data in a crystal we 
shall assume the energy difference between the centers 
of gravity of the excited configurations and the ground 
state to be about 100000 and 150000 cm™', respec- 
tively. Since in all probability the separation in a crystal 
is smaller this will give a lower limit in the pertur- 
bation. 

3. It is found experimentally that the crystal field 
splittings in tetrahedral symmetry are small compared 
with the term separation. We shall neglect the Stark 
splittings, caused by the U* or U* terms of the excited 
levels (and similarly that caused by = e?/r,;). These 
splittings will effect only in second order our calcula- 
tions of the separation of the I’; and I's levels. The fine 
structure splitting of the ground state levels (caused 
by spin orbit interaction) will however be effected indi- 
rectly by this splitting. The main effect of the d°p 
configuration on this fine structure separation of the 
gound state is by terms of the form 


(d*| U*| d5p)(d5p|L-S| d*p)(d*p| U?| d*) 


( Ea,— Ew) 


The effect of the fine structure splitting of the excited 
states (split mainly by U*) on the fine structure of the 
ground state is given by terms of the form 


(d*| U*| d*p)(d*p|L-S| d*p)(d*p| U*| d®p)(d*p| U*| d®) 


(Eaty— Ew)’ 


and similar terms for d*f. Since this is a third order 
calculation this is to be considered small. 

It is to be noticed that the magnitude of the splitting 
of (d*p| U*\d*p) may differ considerably since the mag- 
nitude of the crystal field potential is different in an 
excited configuration. 

4. We shall neglect the interaction of the configura- 
tion such as d*np with d*nf with n=5, 6-- 
action yields the same matrix elements as the interac- 
tion with d*4p and d*4f, only the radial integrals and 
the energy level separations being different. The only 


. This inter- 


effect of these configurations is, therefore, to change the 
effective value of the radial integrals. Since the effect 
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of these higher configurations is small and since the 
radial integrals can at best be only estimated we shall 
neglect the effect of these configurations. 

5. We have also neglected the effect of the configu- 
ration interactions such as d*4s, induced by electron 
correlation term = ¢e/r,; on the separation of the I; 
and I's levels. It is felt that this mixing may be smaller 
than the perturbation caused by the odd part of the 
potential. 

We shal! follow the notation and methods of Racah.‘ 
We indicate here the calculation for the perturbation by 
the 3d*4p configuration. The calculations for the 3d*4/ 
configuration follow the same lines. According to the 
Wigner-Eckart theorem the matrix elements to be 
calculated may be written 


(3d* SDM | U,3|3d* 4p *LM’) 
= (—1)**(3d* *D\| U"\|3d* 4p *LV(2L3; —MM"q) 
[(—1)*-#+/\/7](3d® *DI| U4\|3d* 4p *L) 
x (2L—MM")|(2L3~9). (7) 


The transformation from the / scheme to the L scheme 
is given by Racah [II, Eq. (44b)] and is 


J 


(3d° L'd *D\\ U\|3d* L'p *L) 


= (—1)L’+2 


'(3d° 3d Ll? 3d° 4p) 
<[2(2/+1)(2L-+1) PW (221L; L’3) (8) 


where L’ is the orbital angular momentum of the d* 
configuration, W(221L; L’3) the Racah coefficient. 

The wavefunction of the level °D of the configuration 
d° is a linear combination of the functions 3d°L’d with 
different L’ of the d® configuration. The coefficients of 
these functions, called fractional parentage, are not 
tabulated. They can, however, easily be obtained from 
the equation [Racah III, Eq. (19) ] 


[d®(S’L’)dSL{d* SL} 


=(—] S+ 8'+L+L’—? 


f At D2s + 0Gl+1) ‘ 
lL 6(2S8+1)(2L+1) 


x Ld*(SL)dS’L’ {d*S’L'}. (9) 


Here L= 2, S=2 and the values of L’ are L’=0 (S’=§), 
L’=1 (S’=}), L’=2 (S’=}), L'=3 (S’=}), L’= 
(S’= 4). The fractional parentage coefficients of d‘d are 
given by Racah. The calculated fractional parentage 
coefficients are given in Table VI. 

We shall assume that for each term in the 3d*4p . 
there corresponds one parent, i.e., 
level corresponds a definite L’. 


to each L of a given 


*G. Racah, Phys. Rev. 61, 186 (1942), I; 62, 438 (1942), II; 
63, 367 (1943), III 





Term 


6P (6S) 
°PCP) 
*P(*D) 
‘DOCP) 
®'D(‘D) 
‘DF ) 
5F (AD) 
5F (4F) 
5F (4G) 
5G (*F) 
5G (4G) 
5171 (4G) 
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TABLE VI. The effect of the perturbation by the d*p configuration on the I; and I’, levels 


Coefficient 
of fractional 
parentage 

[d® *Dfd*(L")dD | 


Racah 
coethcients 
W (221L,L"3) 
(1/5) (1/15) 
(ys) })i 
(1/21) 
(3) 
$(2/7) 
1/35 
(2/35)(6) 
(1/7) (46) 
1/21)(¢5) 
(1/7) (ay 
4(1/42) 
4(1/7) 


The matrix elements then are: 


Normalization 
{(2L’+1)(2L+-1)/(2K+1)} 
=([(5/7)(2L+1)} 


(15/7) 
(15/7) 
(15/7) 
(25/7) 
(25/7) 
(25/7) 
(5) 

(5) 

(5) 

3(5/7) 
3(5/7) 
(55/7) 


Perturbation of the T; 
level in units of 


(3d\\L'*\4p)\*/E(L 


(7/30)(5/294 
fy (1/378) (45/7 


fs (1/63) (55/7 


We need in addition the 


These can be calculated a 


cording to the 


Perturbation of the T; 
level in units of 
(3d\\U* 4p P/E(L) 

15/7)(10/21) 
7)(10/21) 
)/7)(10/21) 


} (24/1215) (! 


30)(3/490 
1/4410 4 
5/294) (45 


68/105 


Racah coefficients. 


formulas 


(3d* ‘DM | U,3|3d° 4p ®L(L”")M’) 


j6 5 d8(L)\d 8D {)2+M(— p)e'49-2-1 given by Rose,* or as tabulated by Biedenharn.* We list 
= (¢ ho(L je D)(—17P""(—1)" + 


x (3d\| U*)\4p)[(2L4+1)5 |W (221L; L’’3) 


Term 


*P (sD) 
SP (4P) 
§P (4G) 
*DCP) 
‘D(*D) 
*‘D(‘F) 
8D(G) 
5F (8S) 
*FCP) 
5F (4D) 
°F (‘F) 
SF (4G) 
'G(*P) 
5G (*D) 
5G (‘F) 
5G (4G) 
*H(*D) 
5H (*F) 
577 (*G) 


KL 
rasre VII 


Coefficient of 
fractional 
parentage 


Racah 
coefficient 
(2/35)(6) (is 
(1/7) (%5) (1 
1/21) (a6) 
(3/7) 
(1/70) (6) 
(as)? 
(1/14)(4) 
(1/35) 
—4(1/70) 
— (11/420) (6) 
(2/7)(1/15) 
(1/21)(11/4) 
4 (5/14) 
(1/14)(4)* 
0 
(1/21)(11/3) 
(1/7) 
1/14)(5/3) 
1/42)(13) 


1)4-*/4/7](L2M’—M|L23—g). 


(10) 


Normalization 


4 


these in Table VI 


The configuration d*p has 


rhe effect of the perturbation by the d*f configuration on the T; and I; | 


Shift of T, level 


vs (3 175)(25 l 
§ (6/4900) (25/7)! 
(7/30) fs (25/7)1 


ve (l 588)(25/7)1 


ty (5/504) (45/7)(8 
4 (3/282)(45/7 


sy (11/1323) 
§ (1/294) (55/7 
(7/30) (5/588 
sy (13/1764) (55 


4(726/(420'](5)% 
7/30)(4/735)(S)3 
1s 11 
5 (5/504) (45/7 


following quintuplet 
energy levels: °P, °G, °H, °F, *D, and *S 


see Table VI). 


vels 


Shift of I's level 


5/7)(10/21) 
10/21) 


280)(5)4 
3 


1764)(5)4 
14/45) 
7)(14/15) 

0 
45/7)(14/45) 
7)(68/165) 

55/7)(68/165) 
(68/165) 


5M. E. Rose, Elementary Theory of Angular Momentum (John Wiley & Sons, Inc., New York, 1957 
*L. C. Biedenharn, Oak Ridge National Laboratory Report ORNL 1098 (unpublished). 
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The *S level does not perturb the *D level since the 
triangular condition A (D, S, 3) does not hold. Hence 
we have to calculate the effect of the other 5 levels, i.e. 


(DM|U,3| LM’) =constX (L2M’— M|L23—q), g= +2. 


The appropriate Wigner coefficients are given in 
Table IV‘ in Condon and Shortley’: 

From Eq. (10) the various matrices can be obtained. 
These matrices have 5(2L’+1) columns and lines. The 
matrices are evaluated by perturbation theory. Tables 
VI and VII summarize these calculations. The per- 
turbations on the energy levels are given by 


*Plevel T3=—6 Dg, 


a 
l'~ —6 Dg-—— 
E(D)’ 


5D level 


=4 Dg, 
°F level I'3=—6 Dg, 


2 @ 
ly~4 Dq-- 
3 E(F) 


8 a 
'y~—6 De—-— —— 
15 E(G) 


5G level 


14 a? 
l's~—4. Dyg—-— — 
45 E(G) 


21 o@& 
r's~ —6 Deo—-— —__, 
55 E(H) 


°H7 level 


68 a@& 
ry~ —4 Dga——__ ——_ 
165 E(H) 


where 


a=[d* *D]d*(L")dD}(3d|| U*||4p)W (221L; L’’3) 


<((5/7)(2L+1) }(—1)**”"— (12) 


and similarly for the d* *f configuration. 
Assuming now that 


E(P)~ E(G)~ E(F)~ E(D)~E(M)~Ew,— Ex 


7 E. U. Condon and G. H. Shortley, Theory of Atomic Spectra 
Cambridge University Press, New York, 1935). 
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we find the sums of column 5 and column 6 in Table VI 
to be 23/294 and 671/1751. The difference between 
these two sums is approximately 0.31[(d||U*||p)*/ 
(E4ty>— Es) }. Similarly the sums of columns 5 and 6 
in Table VII are 0.123 for the I’; level and 0.0629 for 
the I's level and the relative separation has therefore 
increased by about 0.06[ (d!| U"\| f)*/(Eay— Ea), 

The extent of the effect of this perturbation will 
depend critically on the knowledge of the radial inte- 
grals. These integrals are of course not known in the 
solid. One need to know the nature of the wave function 
including the overlap on the surroundings. An estimate 
of these integrals can be obtained by comparing it with 
the integral of (d||U*\\¢) which can be obtained from 
the experimentally observed spectra. 

Consider ratio 


(d||U* p) 
(d \Us\ld) 


¥(d VY; | |p): hh 
5(d|| Y,/|d)- ie 


l= f R(3a)(r/o)RUAp rar, 
I,= f R(3d)(r°/b*)R(3d)rdr, 


y= (20/3)(2"/35)'Z pe? 
5= — (1/2)(4%/9)*(28/9)Z 2. 
The angular part in (18) can be calculated from 


(21; +1)(4+1) 


(d;|| ¥ill,)= (1002, 12,0) 


and therefore 


(d||U\\p) —10 =) aa 
2 


(d|U‘ld) 7 Zals 

Using hydrogenic wave function and taking Z,=2-3, 
Z.=5-6, and taking the distance between zinc aad the 
sulfide ion to be about 2.3 A, one can evaluate these 
two integrals. It is found that the exact choice of these 
parameters is not very important in the evaluation of 
I;/Tz. I; is only slightly smaller than J, (/; is about 
—(©.8 I,).* The ratio (13) is therefore of the order of one. 
In Appendix IT it is shown that (d\|U/*\\d) = 10(70)'Dg. 
— Dq~330 cm™ one finds (d\|U*\|p) of the order 


* Ligand integrals have recently been tabulated by C. f. 
Ballhausen and E. M. Ancmon, Kgi. Danske Videnskab. Selskab. 
Mat.-fys. Medd. 31, No. 9 (1958). 
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of 28 000 cm. The relative depression of the I; and I's 
levels is therefore 0.3(28 000)*/10°~2000 cm. The 
evaluation of the radial integral may be smaller possibly 
by 50% but on the other hand it is very likely that the 
relative separation between the two configurations in 
the tetrahedral symmetry may be only of the order of 
5X 10 cm™. 

The radial integral of § R(3d)(r°/b‘)R(4f)r'dr can be 
evaluated similarly. Using hydrogen wave functions 
this radial integral is only a little larger than that of J). 
(It is about 1.3-1.5 /, depending on the effective charges 
used). The relative shift is therefore about (using the 
maximum valve of 1.5 J;) 0.06(42 000)?/1.5(10)®~ 700 
cm or about one third of that of the 3d°4p configura- 
tion. The total shift (note that the two shifts have 
opposite signs, the d°4p perturbation shifts the Is level 
more than the I’; level and the d°4f does the opposite) 
is therefore about 2000— 700 or about 1300 cm~. These 
relative shifts will only be increased by means of the 
3d®*np and 3d*nf (n=5 

This shift of 1300 cm™ is relatively large compared 


) configurations. 


with the observed separation of about 3300 cm™. If 
these calculations should prove to be correct then the 
effective Dg value is larger than 330 cm™ and the effect 
of the perturbation of the excited states even larger. 
However, because of the many approximations it is not 
at all certain that the perturbation may not be con- 
siderably smaller or even larger. However, if the per- 
turbation is as large as estimated then the perturbation 
breaks 


expect other perturbations of the type 


carried out above down. Indeed one might 


(3d8| U*| 3d*4p) |*| (3d®4p| U*| 3d54d) |? 


(Esa's k *) ( Eegatsa— Egat)(2) 


since 3d°4p and 3d°4d will interact through L®* as well. 
These kind of successive perturbations (in which the 
off-diagonal elements are nearly as large as the diagonal 
elements) make the calculations unmanageable. The 
situation will of course be even worse in trivalent ions 
in tetrahedral fields since the crystal field (Dg) is usually 


much larger. 


EXPERIMENTAL EVIDENCE 


There are very few measured spectra of the iron group 
in the tetrahedral symmetry. One of these ions Fe®* in 
ZnS is discussed in the following paper. It may be per- 
tinent to remark here that if the configuration inter- 
action is as large as outlined above it will have a con- 
siderable effect on the individual levels of the I’; state. 
This is because these levels are very closely spaced of 


the order of a few cm™ only. It is very likely that had 
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we worked in a complete cubic field representation of 
the excited d°p configuration and considered the per- 
turbation of each excited Stark level, we would have 
found that the relative spacing of the close-lying levels 
would have changed drastically and possibly even the 
relative order of the levels might have been changed. 
Indeed this is one of the possibl explanations of the g 
factor and the optical spectrum in ZnS, assuming it to 
arise from divalent iron. 

The other more 
optical spectrum of divalent 
magnetic resonance 
well and indicates the spectrum is 
Crystal field theory predicts th 


} 


in the tetrahedral site, would | 


conclusive evidence is from the 
cobalt in spinels® (the para- 
spectrum has been measured as 
nearly isotropic). 
it the cobalt, which sits 
ive an orbital singlet as 
a ground state, and the next orbital triplets would be 
removed by about 10 Dg and 18 Dg—A where A is a 
small perturbation by the near P level. Weak field cal- 
culations yield also a ratio of 10:18. In cubic fields such 
as CaF; this ratio is obeyed well in the case of 
Co**, Mrs. R. Stahl-Brada’s data on this crystal indi- 


cate that the ratio of 10:18 is not obeyed, indeed the 


fairly 


I’, level is much higher than 18 Dg (by about 1300 cm-), 
Similarly the relative spacing of the fine structure of the 
various levels as well as the absolute spacing do not 
agree with those calculated from a pure cubic field of a 
d@ configuration 

We 


number of other ions in tetrahedral symmetry 


are now actively engaged in investigating a 


Implications 


If the above conjectures prove to be correct this will 


First of all 
and correlate 


have a number of important implications 


it will prove to be difficult to calculate 


consistently the optical spectra since these calculations 


for all the levels will become very lengthy 


ind laborious 


and in view of the many uncertainties unrewarding. 


effect on the 
intensities of the absorption lines. It is well 


Second these admixtures may have some 


known 
that intensities of the ab tetrahedral 


100 


orption lines 1n 
symmetry are stronger by a factor of about 20 
than in the octahedral configuration. The admixture of 
the odd configuration will increase the intensities and 
can be 


it is possible that the increase is much as one 


hundred. Third these effect both 
the Jahn-Teller 


butions amongst 


perturbations may 


instabilities as well as cation distri- 
octahedral and tetrahedral sites in 


spinels.® 
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APPENDIX I 
Matrix I 


General Matrix of the ground state of d* including cubic field Dg, axial field along the 100 direction As, spin 
orbit coupling A, and external magnetic field BH(1L+2S)=h(L+25S). 
Mt -2 2 —2 2 
Ms —2 -2 2 
—Dq+4r+2As—6h 5D¢q 
5D¢q Dq —4\+2Ai1—2h 
—Dq—4+2As+2h SD¢ 
SDq Dq +4) +2Aa+6h 
4Dq 
a 
4Dq—-} —Arth 


=3 2 —1 

| 2 
—Dq+24+2A1—4h 

SD¢q 

2a 


ot 
4Dq—2. ~Ar+3h 


2 i 0 
0 2 i 2 
5D¢q 
—Dq+2A2+2h oh 


oh 4Dq +h —As+3h o> 
o> 6Dq —2A14+4h 


2 —2 1 
1 i 2 2 
—Dq+24+2A1+4h 5Dq 
SD¢q —Dq—2\+2A: 
2d 4Dq +2) 
6 q 3h 
6Dq—2A1—2h o> 
6h 4Dq—2—A1—3h 


Matrix I 


This is Matrix I transformed so that the cubic field is along the diagonal. The wave functions WV are given in 
the text by Eq. (4). 


v1 ve o: { ve Tal 
~6Dq+2A: —2(2)% ) 2(3) th 
~2(2)%h -6Dq+2A: 2(2)%h 2(3) 2/ —(6)% 
2(2)th —6Dq—2A: 2 —2(3) 
—(2/3)%h 2(3)* (2/3)9h : 
2(3)% —2(2/3)%h +h +7 ah 
—2(3) 4h —2(6)> 2 (2)*h 
2(3) th — (6) —2(3) th 4Dq+h—At 
ve vo vu 1 vin bu 
—6Dq+2As+h +3th 2(3/5)* —(3/5)th 2h 6-107 —3 10h 
+3%h ~6Dq—2A: 54h 2 on —6-th (3/10)%8 
2(3/5)* —(3/5)*h sh 4Dq —2 —As+(3/D) 6/5)%h 
6 2-3. —3-4h (159/2)h 2 2 2th 
24h -~6* —6 th (6/5)th 4Dq4+h—As —(9/2)5 th 


2 


6-107 —3-10-4h 3/10)% 9/2)5 th 4Dq +3 ~Asa—(7/Dh 


vu vis ! 17 vu vie 
~—6Dq+2A: —2-2%h 6/5)%h 2-3» —2-Sh 
—2-2%h —6Dq—2A1 2.2% 2-(3/s)% 3(2/5) 
2-2 ~6Dq—2A: 6/5)%h —2-5%h 
6/5)th 2(3/s) (6/5)*h 4Dq-—2\—A:z —3(2/5)%h 
2-3 3(2/S)th 4Dq+r—As —3(3/S)th 
2-SAh (2/5) 2-Sh 3(3/5)%% 4Dq4+342As 


on on on ? ou ou 
~6Dq+2Ar+h — 3h 2(3/5)*4 2) 4h 6107243 .-10%h 
~3h ~6Dq—2A1—h 54h 2 On +64 —(3/10)% 
2(3/5). +(3/S)% -54h 4Dq-—2—A1 : 6/5)%h 
—h 2-3.43-4h —(15/4)th / hk Ih 
—(2)7h —6h +6 4h ~ (6/5)%h 4Dq +h —As+(3/Dh (9/2) Sh 
6 X1072 +3 x10 —(3/10)th 9/2) -Sh 4Dq +34 —As+)7/)2 
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APPENDIX II 


We want to prove that (d||U*||d) 
cording to Racah (IIT): 


10 Dg(70)'. ; 


(d* ®*DM \\U,'\ d* *dM’) 
1 (d* *D{d*L'd ®D)(L'd DM | U,\ L’'d §DM’) 
X (d°L'd *D}d* *D). 


the Eckart-Wigner the 


pendence on M and M’ can be written 


According to theorem 


(L'd ®DM | U,4\ L’d *DM’) 
= (— 1)?+ M(L'd *DiiU™ L'd ®D) 


x [(—1)?-*/(2.4+1)'](DDM’— M | DD4—4q). 


U* operates on d but not on L’: 


(L'd 5D\|U4\\L’d *D) = (—1) “+L (214-1) (2/+-1) }) 


XW (dDdD; L’4)(d\|\U*\d). (3) 


PHYSICAI REVIEW VOLUME 


AND 


M WEGER 
Substituting Eqs. (3) and (2) into (1 
(d° ®DM | U,'\d* *DM’ 


= (—1)¥-9(5/3) (d\| U4\|d 


we get 


22M’—M|224—q) 


Z1°( 
x (d®L’d ®D}d* *D). (4) 
The sum is 
4 
> (—1)"'(d* *Did*L'd 
L=0 


90709 


D)V 


D\d* *D) = 3/50. 
Hence 
(d* *D0| Us'|d* "DO 
(—1)*-(5/3) (d\| U4\\d 
- yo ( i} d 


220—0 0)(3/50) 


224 


(36/70)! (5) 


But this matrix element is according to the usual calcu- 


lation +6 Da, therefore 


10 Dg 70). 
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Paramagnetic Resonance and Optical Spectra of Divalent Iron in Cubic Fields. 
II. Experimental Results* 
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rhe paramagnetic resonance absorption of Fe®* in MgO is observed at 
line is found at 10000 cm™. The paramagnetic resonance spectrum indi onside 
origin of the line at 6.86 is discussed. 

In tetrahedral ZnS a paramagnetic line is found at g=2.25 and optical absorption at 3 « and 0.7 


absorption 


covalent bonding. The 


explanations of this spectrum are discussed 
A short discussion of the optical absorption 


INTRODUCTION 


N the preceding paper’ we have calculated in detail 

the energy level scheme of the °D level in an 
octahedral and tetrahedral crystal symmetry. This paper 
will be divided into two main sections, (A) The para- 
magnetic and optical spectra of Fe**+ in MgO and 
(B) The paramagnetic and optical spectra in tetrahedral 
sphalerite (ZnS). Section (C) will deal with a number 
of additional observations on these crystals. In Secs. (A) 
and (B) it is shown that the spectra in MgO can be 
understood along the lines developed in (I), but that 
a definitive interpretation of the spectra in ZnS is at 
present still lacking 


* This research was supported in part by the U. S. Air Force, 


Office of Scientific Research 
t Now at the Department 
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1W. Low and M. Weger, preceding paper 
1119 (1960) ], (to be referred to as I) 


of Physics, University of California, 


Phys. Rev. 118, 


spectra of trivalent iron ir 


1959; revised manuscript received January 20, 1960 


g= 3.428 and 6.86 he optical 


rable 
u. Possible 


MeO is pre 


A. THE PARAMAGNETIC AND OPTICAL SPECTRA OF 
Fe** IN THE OCTAHEDRAL CRYSTAL 
SYMMETRY OF MgO 


Magnesium oxide has a face-centered cubic structure. 
Each magnesium ion is surrounded by six equidistant 
oxygen ions. In this octahedral crystal field the ground 
state is an orbital triplet (I's). This triplet which is 
fivefold spin degenerate splits into a number of levels 
let is the lowest. 
As shown in (I), this to a first order 
Zeeman splitting in an field. Transi- 
tions among these levels are permitted. Since the other 
1 that the spin-lattice 
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Fic. 1. Paramagnetic res- 
onance spectrum of Fe** 
in MgO g=3.428 for both 
the narrow and wide line 


Experimental Results 


The paramagnetic resonance spectrum is shown in 
Fig. 1. The line occurs at g=3.428+0.002 and is 
isotropic. The tota! width at half power at liquid 
helium temperature is 8-10 gauss. Superimposed on 
this relatively narrow line is another wide line of 
width 450+50 gauss and approximately the same g 
factor. At approximately half-field (40/2 or 2g) there 
is another line with a peculiar shape as shown in Fig. 2. 
The line shape has a sharp cutoff at the high field 
side, rises to a maximum and then slowly tapers off 
to the low field (Note that Fig. 2 shows the 
derivatives of the absorption line.) We have investigated 
in detail the ratio of the intensity of this half-field line 
and the wide line relative to the narrow line at Ho for 
four crystals coming from different batches of crystal 
growing. In all the crystals (we have looked superficially 


side. 


ed 


Fie. 2. Half-field transition of Fe** in MgO. The sharp cutoff 
at the high field side is at g=6.86. 





at about 8 crystals) the wide line and the half-field 
appeared in addition to the narrow line at H». However, 
the ratio of the intensity of these lines varied signif- 
icantly from one crystal to another. In one particular 
crystal the half-field and the wide line were of consider- 
able smaller intensity. 

The optical spectrum could only be observed with 
great difficulty since the amount of iron in the crystal 
was less than 0.01% and a fraction of this amount was 
in the trivalent state. Fortunately, we were in possession 
of one crystal of over 2 cm thickness which made the 
spectrum observable and as shown in Fig. 3. Later we 
were to observe this line at 1 w even in thinner plates 
by reducing the Fe’* present in these crystals to Fe?* 
by heating the crystal in the presence of molecular 
hydrogen. The total width at half power of the optical 
absorption line is about 600 cm™, 


Discussion 
In the previous paper we have shown that the 
expected g factor for the lowest triplet is about $+ (9/25) 
X (A/Dg) (see notation in I), It is convenient to use 
the notation of an effective spin Hamiltonian which is 
given by 
esH-S S=1, (1) 


with 
and 


3(1.00114)+4}+(9/25)(A/Dg). (2) 


The first factor is the contribution to the g factor by 
the spin of the triplet and the second factor is that of 
the orbital moment. We have multiplied the orbital 
contribution by the orbital reduction factor & as 
introduced by Stevens.? This factor is a measure of 
the ionicity of the crystal. If there is covalent bonding 
k will be smaller than one. This factor is defined by 


(VY, Li¥V.. = haw (dn| L| de), (3) 
2 W. K. Stevens, Proc. Roy. Soc. (London) A219, 542 (1953). 


g=gst+ert+é£Ls 
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Fic. 3. The optical spectrum of Fe?* in MgO. Absorption is 
downwards. There is a wide peak at about 10000 A. This peak 


decreases in intensity if Fe®* is oxidized into Fe* 


where WY are the molecular orbitals appropriate for 


and d are the atomic d 


third term in Eq. (2) 


octahedral symmetry usual 


wave functions. The 


gives a 
measure of the contribution of the higher Stark level I’; 
admixed by the spin-orbit coupling (A). This spin-orbit 
coupling evaluated in the molecular orbital manifold 


is given by 


(V,, AoL|V, roV ,.N aa L dm > (4) 


where A=Ao.V,n.V, and Xo is the spin orbit coupling 
appropriate to pure d wave functions in the crystal. 
Presumably Xo is the same as the spin-orbit coupling 
in a free ion although experimental verification of this 
is so far lacking. In general the normalization factor 
\,.V,, will differ from &,,,, since the former is evaluated 
between two different orbital levels, whereas the latter 
within the same orbital level. It is found that in most 
crystals Va. m<An»m- In many ions whose ground state 
is F, N,N ,, is of the order of 0.75. We shall assume this 
to be so for the case of Fe**. At any rate an error of 
10-15% in this normalization constant effects the g 
value only in the third decimal plac e. 

From the optical spectrum we find that 10Dg+3n 

10000 cm or Dg=1030420 cm". 
VN m=0.75, \o= 100 cm™, and Dg 
find k=0.80+0.02 reduction 
factor for so called ionic crystals as well as for the co- 
valent cyanides. This large reduction of the orbital con- 
tribution seems to indicate considerable r bonding with 
the surroundings. A comparison of various orbital re- 
duction factors in the iron group having a degenerate 
ground state is given in Table I. 

We have also considered the possibility of admixtures 
to ground Stark level of other Stark levels of the d® 
configuration. The only 
contribution to the 


i 377). Sing e 
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This is a considerable 
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T,(4P) and 
15 000-20 000 
above the ground state their contribution to the 
g factor admixed by spin-orbit coupling, will be less 
than 0.01 the 
negligible. 
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these levels are about 
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one finds that there wi 1 Maximum at the observed 


g value. The linewidt shape will depend on the 
From the measured 


480 gauss one can infer that 
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distribution function line width 


of about the axial compo- 


nent is relatively small. Another possible explanation 
is that the wide Jin caused by dipolar broadening. 
This would mean that at ain uces the 
divalent iron tends to 
The half-field line 
Such a transition i 
Weak 
The intensity of these tr ons would vary roughly as 
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unsymmetrical line shape as fi 


Cry stal 


toa AM 
trictly forbidden 


2 transition 
field 
fields 


in a cubk 


transition observed in axial 


ild be 


would lead to an 
yund experimentally by 
nonKramers doublets of the 
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it can be shown that the intensity is given by 
(2g8)° 6H / 6H 
J] ) E . 
2hv 6Ho \bHo 


where 6H = (#7; 


2)—H is the deviation of the magneti 


field from that field at which resonance occurs. 


f(6H/6Ho) = f(As*/ Ao”) 


is the distribution of A»* with a certain range parameter 
5H». Irrespective of the assumption about the distribu- 
tion function it is seen that 7=0 when 6H=0, i.e. 
when H = H)/2. The intensity increases in the direction 
of decreasing field, i.e., H<Hp». Assuming a Gaussian 
distribution the maximum intensity would occur when 
6H =5H >. Experimentally one finds that the extrapo- 
lated cut off occurs at 2145+5 gauss, AM +1 line 
at 4812+2 gauss, and 6H» about 32+5 gauss, at a 
wavelength of 1.298 cm. It is seen that the half-field 
line has a smaller spread than the wide line at Ho. 

Actually the line has not quite a sharp cutoff on the 
high field side. It seems to taper off slightly at the end 
of the high field side and to extend a little beyond 
H,/2. Any broadening mechanism of course will cause 
a distortion of the line shape as given by (7) and may 
be the cause of this minor deviation. 

The origin of the wide line and this so-called forbidden 
transition is not known. It is of course very tempting 
to consider the possibility that it may be caused by an 
incipient Jahn-Teller effect. The Jahn-Teller theory 
indicates that the system whose ground state is orbitally 
degenerate will be unstable. A distortion which will 
lift this degeneracy will lower the energy. Somé evidence 
for a Jahn-Teller distortion has been found in cupric 
salts having trigonal symmetry.*’ These crystals show 
a high temperature spectrum in which the g factor is 
isotropic. Abragam and Pryce® have explained this as 
an average g value of a system in which the system 
resonates between distortions having the same energy 

There is also a low-temperature spectrum’ in which 
the g factor is highly anisotropic, and the spectrum 
indicates at least 3 inequivalent sets of ions. Finally 
there is a range of intermediate temperatures in which 
both the low- and high-temperature forms coexist 

If the observed spectra were to arise from a Jahn- 
Teller effect then the narrow isotropic line would corr 
spond to the high-temperature form, the wide line as 
well as that at H»/2 to the low-temperature anisotropic 
form. In view of the fact that the line shape of the low- 
temperature form is independent of the orientation of 
the crystal with respect to the magnetic field this 
distortion must have equal probability in nearly all 
directions rather than along definite orientations. If 

5H. A. Jahn and E 
220 (1937). 

* A. Abragam and M. H. L 
A63, 409 (1950) 

7 B. Bleaney, K. D. Bowers, and R. S. Trenam 
London) A228, 157 (1955). 


eller, Proc. Roy. Sox Al6l 
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Pryce, Proc. Roy. Soc Londor 
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however, and there are 


three or more inequivalent magnetic ions, it may prove 


these distortions are small, 
to be difficult to observe any variation of line shape with 
orientation. 

As tempting as this explanation is, we are not 
convinced of its necessity or truth. As mentioned above 
the ratio of the intensity of the line to the 
One would have 


, narrow 
wide line varies from crystal to crystal 
to assume that the Jahn-Teller effect needs a priming 
agent to get it started and that its extent may depend 
on other factors such as concentration, strains, and 
dislocations 

Another explanation of the two types of spectra may 
be the presence of many other impurities in the crystal. 
Nearly all crystals of magnesium oxide have para- 
magnetic impurities and diamagnetic impurities in 
concentration larger than the iron 
impurity. Some of these impurities have the “‘wrong” 
or Cr**, These will tend to cause 
distortions and dislocations either near their lattice 
site or at some other site. It is possible that the divalent 
iron may fit poorly in the lattice and tend to aggregate 
near dislocations 

Vote added in proof.—Orton et al. [(J. W. Orton, P 
Auzins, and J. E. Wertz, Phys. Rev. Letters 4, 128 
(1960) | have suggested that the narrow line corresponds 
to a double quantum transition the levels 
S,=—1 and S,= +1 of the ground state triplet which 
has an effective spin 1 

We would like to make here another comment on the 
Jahn-Teller effect. It has been pointed out by Opik and 
Pryce® 


omparable or 


valence such as Fe* 


between 


and also by Van Vleck’ that a large spin-orbit 
coupling may stabilize the It seems in general 
preferable to diagonalize the total matrix including the 
spin-orbit coupling and only then use the Jahn-Teller 
perturbation. It is then found that the Jahn-Teller 
matrix elements are considerably smaller. In this 
connnection we want to point out that it may be 
worthwhile to consider the Jahn-Teller effect taking into 
account covalent bonding with the surroundings. It is 


system 


not inconceivable that certain types of covalent bonding 
may tend to stabilize the against 
Jahn-Teller distortions. 


configurations 


B. THE PARAMAGNETIC RESONANCE AND OPTICAL 
SPECTRUM IN TETRAHEDRAL ZnS 


Experimenta! Results 


The paramagnetic resonance spectra of three ZnS 
sphalerite crystals were observed at 3 cm and 1.25 cm 
wavelength at liquid hydrogen and liquid helium 
temperatures." The spectroscopic analysis of the three 


crystals is given in Table II 


‘U Opik and M. H. L. Pr ce, 
A238, 425 (1957 

* J. H. Van Vieck (private communication 

One of these crystals has been kindly loaned to us by Dr. L. M. 
Matarrese (see L. M. Matarrese and C. Kikuchi, J. Phys. Chem 
Solids 1, 117 (1957). Incidenta! to this work we have remeasured 
the paramagnetic resonance spectrum of Mn** and determined 
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The spectrum was measured at 1.25 cm wavelength 
to 13.000 gauss (g~1.3) and at 3 cm to about 6000 
gauss (g~ 1.15). All three crystals gave the same spectra, 
2.255 (at 1.25 cm) and g=2.245 
(at 3.3 cm). The line had the following peculiarities. 
When the crystal was mounted on one ot its cleavage 
planes, i.e., Ho|\[ 111] plane and H1Ho, there was a 
slight anisotropy in the g factor when measured at the 
maximum absorption. The anisotropy was of the order 
of 3 parts per thousand of the g factor, of the order of 
the line width. The angular variation of the g factor 
repeats itself every 60°. If the crystal was mounted 
along the [001] plane the pattern repeats every 90°. 
Another aspect, which is not understood, was a variation 
in line shape. Both the line shape and intensity changes 
as the direction of Ho» is varied. The line shape was 
asymmetrical for most angles (see Fig. 4). Since the 
derivative of the absorption is recorded it is very 
unlikely that part if not all of the angular variation in 
the g factor is caused by changes in the line shape. 
(We suspect that we are seeing a superposition of two 
different inequivalent lines which are very close. The 
relative intensity and separation of these line changes 
with the angle between the symmetry axis and the 
external magnetic field.) 

The optical spectrum was taken on five different 
crystals and is shown in Figs. 5 and 6. All crystals 
gave the intense absorption at 3 uw although the detail 
of the fine structure in this band varies slightly from 


one single line at g 


TABLE II. Spectroscopic analysis of ZnS sphalerite crystals. 


Sample 1 Sample 2 Sample 3 
in % in % in % 
<0.001 

0.01 
0.001 
0.03 
0.01 
<0.001 


<0.001 
0.01 
0.001 
0.03 0.1—1 
0.03 0.02 
0.001 0.01—0.1 


0.01 
0.01—0.1 


the sign of the cubic field splitting of manganese to be positive. 
rhis is in agreement with the recently published note by G 
Watkins [G. O. Watkins, Phys. Rev. 110, 986 (1958) ]. 
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ZnS SPECTRUM 
+ 


crystal to crystal. The 3 u band contains at least two 
resolved peaks at 3700 cm™ and 2850 cm™. The band 
in the visible range consists of three peaks at 13 950 
cm, 14550 cm™, and 15 000 cm“, It is less intense 
than the 3 w band and was obtained on a single crystal 
of 1 cm thickness 


Discussion 


either the 
spectrum 


We cannot explain satisfactorily 
magnetic resonance or the optical 


following possibilities aris 


para- 
The 


(a) Spectrum cau ed by Co** 


The paramagnetic resonance spectrum of Co** in 


tetrahedral symmetry (if d°p interaction is neglected) 
is expected to give a g factor of g=2.0023—8)/A. 
As } is of the order of — 180 cm and A about 3500 cm 

the g factor would be about 2.4. If \ is reduced to about 
— 106 cm™, g could be about 2.25. The optical transition 
at 3 w corresponds in this case to the ‘T', — ‘I’, transi- 
tion, and that at 0.7 uw to ‘Tl, — *T,4(P) transition. The 
fine structure separation of the last band of ~ 1000 cm™! 
corresponds to that expected of 6A, or about 900 cm™ 
The following arguments speak against this assignment : 

1. The spectroscopic analysis (see Table Il) shows 
that in two of the three crystals the amount of cobalt 
is less than 0.001%. The amount of iron and manganese 
of these crystals is 0.3, 0.01 and 0.01, respectively. The 
intensity of the paramagnetic resonance spectrum was 
about half of the integrated manganese spectrum. 

2. The optical spectrum of cobalt in CaF, and in 
spinels has been investigated in detail." In spinels the 
cobalt has a tetrahedral symmetry, as in ZnS. The 
spectrum always consists of three bands at 3 y, 1.5 yp, 
and 0.6 » approximately. Furthermore the intensity of 
the band at 0.6 u is by far stronger than either of the 
two bands. The absence of the band at 1.5 zu is difficult 
to understand. There exists of course the possibility 
that the band at 3 uw consists of 
Fe** and of Co** 


two spectra, that of 
supe rimpose d one on top of the other. 


“MR. Stahl-Brada and W. Low, Phys. Rev. 113, 775 (1959). 
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The spectrum of Co** at 3 uw and at 1.5 w may be 
weaker than that at 0.6 uw, so that the band at 1.5 yu is 
not detected. The possibility that the spectrum arises 
from Co?* is, therefore, not ruled out, although it is 
most unlikely. 


(6) Spectrum caused by Fe** in cubic field 


The energy levels of the d* configurations in tetra- 
hedral symmetry predict that the ground state would 
show isotropic lines at g= 1+4d/Dg. Similarly the large 
separation of the fine structure components cannot be 
accounted for. 

Assuming A=Ao=—100 cm™ and Dg~300 cm", 
there would be an energy level giving rise to a linear 
Zeeman splitting at g=0.93 and another level, separated 
by 18\*/5Dg~ 10 cm", at g=1.07. Transitions corre- 
sponding to AM = +2 are forbidden, except if there are 
deviations from cubic symmetry. 

The optical spectrum presents some difficulty as 
well. The band at 3 « could correspond to the transition 
from T;—> T's. The width of the band, however, would 
be expected to be about 5A or maximum 500 cm™, and 
the fine structure consisting of three lines would have 
an approximate separation of about 200 and 300 cm™, 
respectively. The experimental separation between 
peaks is about 900 cm™. The band at 0.7 yu is not 
understood either. It could conceivably originate from 
‘T,(*H) which would be split into a triplet, through 
spin-orbit interaction. It is difficult, however, to 
account for the relative intensity of this spin-forbidden 
transition. 
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Fic. 5. The optical 
spectrum of ZnS in the 
infrared. Some of the 
crystals show an addi 
tional weak peak at 
about 2800 cm". 
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Fic. 6. The optical spectrum of ZnS in the visible range. 


1000 


(c) Effect of configurational mixing 


If the conjectures in the preceding paper (I) are cor- 
rect nearly any g factor can be expected. A relatively 
strong admixture of d*p may reverse the energy levels 
in the ground state bringing the g=2.2 level lower. 
The admixture of d'p may contribute to the g value 
as well, i.e., 


£ =a'g(d*)+>> b?g.(d°p) +> cfg;(d*f), 


where g(d*) is the contribution of the d* configuration 
and g(d*p), g(d°f) measure the g factor contributions of 
the various excited levels in the d°p and d*f configura- 
tions. The optical fine structure separation would not 
correspond to the 2:3 ratio but may show large 
deviations. 


(d) Jahn-Teller distortion 


If a Jahn-Teller distortion is present it is very 
likely to be along the cubic axes. For such an axial 
field one obtains a quintet at +2A, and a similar 
quintet at —2A». The lower quintet (2A, negative) 
consists of one doublet having a first order Zeeman 
effect at —3)/SDq+g8H(1—}\/Dgq) and one doublet 
at —(6/5)M/Dgq as well as a singlet at — (9/5)d*/Dg. | 
If X~—62 cm, the g,, factor would be about 2.24. 
However, the expected g,=0. Possibly this may account 
for the peculiar shape of the absorption line which is 
very similar to the AM =2 transition for Fe*+ in MgO. 
Similar considerations might hold true for a weak axial 
distortion along the [111] direction. The optical split- 
ting of about 900 cm™ would correspond to about 
5A+3A:2, from which one may infer Az to be of the 
order of 200 cm™. 
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C. PARAMAGNETIC AND OPTICAL ABSORPTION 
SPECTRA OF TRIVALENT IRON IN MgO 


The results of trivalent 
iron in MgO have been briefly reported previously." 
It was found that the spectrum can be described by 
a cubic spin Hamiltonian with an initial splitting of 
3a= +615 10~* 2.0037 +0.0007. This 
information is now supplemented by the observation 


paramagnetic resonance 


cm™' and g 
of weak optical bands at the following wave numbers: 
12 000, 15 200, 18900, 25500 and 38500 cm“. In 
addition there are a still weaker bands at 20 600 
and 21 700 cm™. In all these crystals manganese was 
present. 


few 


gives weak bands in the visible 
region and this makes a definite assignment of these 
transitions difficult 


Manganes 


[wo aspects permil, however, to 
make a reasonable assignment of these bands. One is 
the relative ease with which parts of the divalent iron 
can be converted into trivalent iron in these crystals 
and thus the intensity of these bands is enhanced. The 
second point is that there is a very close similarity 
between the optical spectra of the iron group hydrates 
and the oxides. Schlaefer'’ finds of 12 000 
12 500, 18 500, 24500, 27500 cm™ in Fe(H.0),* 


bands 
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CONCLUSION 


The spectrum ol be?* iy g has been satisfac torily 


explained along the lines of a simple theory of a crystal 
field. The wide line ilf-field line may be caused by 
local defects in the crystal structure or by a Jahn-Teller 


distortion. The ZnS is at not 
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NUCLEAR MAGNETIC 


Fic. 1. (a) Unit cell of rutile lattice 
The Fe** ions are represented by dark 
circles at the corners and the body 
center, the F~ ions by open circles. 
The origin of the coordinate system 
used in the text is at the lower left- 
hand corner; (b) Perspective drawing 
of Fe** ion and the distorted octa 
hedron of fluoride ions 


lished simultaneously with the results of an independent 
study* by Baker and Hayes. In this article we shall 
present additional experimental results and a general 
method of interpreting the measured NMR shifts in 
terms of the hyperfine interactions. An interpretation 
of the measured hyperfine interactions in terms of the 
spin densities in fluorine orbitals will be attempted and 
the attendant limitations discussed. 


EXPERIMENTAL 


FeF, is isomorphic with MnF,, CoF», NiFs, and 
ZnF,. All these compounds have the rutile structure, 
space group D,,"'— P4/mnm shown in Fig. 1. Accurate 
values of the crystal structures have been determined® 
by x-ray diffraction studies. The fluorine positions ar 
determined by the parameter wu since the fluoride ions 
in a unit cell are at +(u,w,0) and +(4+u, 4—u, 4 
The two metal ions at (0,0,0) and (4,4,4) are located 
once the lattice constants are known. The crystal struc 
tures were determined by Stout and Reed while a more 
recent investigation® by Baur has refined the value of 
the parameter u. In the opinion of one of us (J.W.S 
the best weighted mean values of u with the consequent 
interatomic distances are shown in Table I. 

A single crystal of FeF,; was grown from the melt 
as described previously.’ Spectrochemica! analysis r 
vealed that less than 0.004 weight percent Co, Cu, 
Mg, Ni, and Si were present while there was 0.08% 
Mn. Similar crystals had been shown to contain ~0.1% 
Ferric ion. 

The nuclear resonance experiments were made with 
a spherical sample ~6-mm diameter obtained from the 
crystal by cutting and grinding. This sphere was glued 
to a single crystal sapphire rod }-inch diameter so that 

‘J. M. Baker and W. Hayes, Phys. Rev. 106, 603 (1957 

J. W. Stout and S. A. Reed, J. Am. Chem. Soc. 76, 5279 (1954 

*W.H. Baur, Naturwissenschaften 44, 349 (1957) 

* M. Griffel and J. W. Stout, J. Am. Chem. Soc. 72, 4351 (1950). 
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(b) 


the [110] direction was parallel to the axis of the rod. 
During the experiment whose results are shown in 
Fig. 2 the crystal was inserted into a Varian Associates 
fixed frequency induction probe operating at 60,000 
Mc/sec. The external magnetic field was in the (110) 
plane so that upon rotating the rod through 360° one 
passes through the positions where Hp» is parallel to 
(001 }, (110), [061] at 90° intervals. The frequency 
was kept at the constant value of 60.000 Mc/sec during 
these experiments and the magnetic field varied to 
bring about resonance. These measurements include all 
the independent data obtainable about the hyperfine 
interactions from NMR measurements of this crystal 
at a given temperature in the paramagnetic state. With 
Hy || [001], the resonance field was measured at 300°K, 
220°K, and 90°K. These results are presented in Table 
II along with the ratio of the NMR shift to the parallel 
susceptibility x, at each temperature. In Table II the 
measured values of the NMR shifts are presented in 
terms of a from the equation 


gnBwHy(1+a), (1) 
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T=300* kK 
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Fic. 2. Magnetic field required for resonance at a constant 
frequency of 60.000 Mc/sec as a function of the angle between 
He and {1 10) in the (110) plane 
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TaBie I. Weighted values of the structure parameters of the isomorphic iron group fluorides. The lattice parameters are taken from 


the room temperature measurements of Stout and Reed (see reference 5) while the mean values of u in¢ 


reference 6). 


MnF; 


4.87344-0.0002 
3.3099 +0.0005 
0.307 +-0.002 
2.123 +0.01 
2.116 +0.02 


Fel 2 


4.6966+-0.0002 
3.3091 +0.0001 
0.300 +0.002 
2.122 +0.01 
1.993 +0.02 


a,A 
c,A 


ype I, A 
ype Il, A 


“ 
d(M—F) T 
d(M—F)T 


where the frequency » is related to the nuclear gyro- 
magnetic ratio gy, the nuclear magneton By, and the 
external field Ho by including the effects of the magnetic 
electrons in a. When a=0 the resonance coincides with 
the normal fluorine resonance. For comparison the 
data of Baker and Hayes‘ are presented and it can be 
seen that the two independent measurements agree to 
within the experimental errors quoted by each source. 
Equation (1) was presented by Bleaney® in this par- 
ticularly convenient form for use when Hp» coincides 
with a principal axis of the hyperfine interaction. For 
arbitrary orientations of H» more general expressions 
are available.'” 

The NMR lines were Lorentzian in shape and at 
300°K with Hy!) [110], the two resolved lines had 
widths between derivative extrema of 3342 and 40+2 
gauss, corresponding to T.= (1.22+0.07) K 10~* seconds 
and 7,= (1.01+0.05) X 10~* seconds, respec tively. The 
broader line was more displaced. Similar dependence of 
line widths upon strength of the hyperfine interaction 
were reported’ in CoF». In the next section these ob- 
served variations are compared with existing theories® 
of line widths based upon exchange narrowing. 


INTERPRETATION 


Most of the features of the fluorine resonance can be 
explained by interactions with the magnetic electrons. 


TaBie II. Measured values of the fractional NMR shift, a, 
where hy=gw8wHo(1+<a), at different temperatures and orienta- 
tions. The comparative data of Baker and Hayes (see reference 4) 
are included in column 4 and agree within combined experimental 
errors. The last two columns list the ratio of shift to susceptibility, 
a relation which is discussed more fully in the text. We have used 
the subscripts B and F to refer to the susceptibility data of Bizette 
and Tsai reference 12) and Foner (see reference 14), 
respectively. 


(see 


Direc 
tion of 


Ho 
(001) 


Tempera 
ture Measured 


aX 1 


Baker and Hayes 
aX le 


This study 
a/xXp a/xXF 
3.79 
3.72 


3.82 


0.03 3.52 
- 0.03 3.49 
0.03 3.62+0.13 3.51 


90 7.49 
220 4.58 
300 3.77 
[110] 


300 t-0.03 


2.48+0.03 


+0.13 
55+0.13 


4.03 27 
2.86 3.04 


90 
300 


6.09+0.03 
2.99+0.03 


3.48 
3.43 


3.68 
3.64 


[100] 
3.03+0.13 


* B. Bleaney, Phys. Rev. 104, 1190 
* T. Moriya, Progr. Theoret. Phys 


1956) 


Kyoto) 16, 23, 641 1956) 


lude the results of Baur(see 


CoF; NiF; ZnF; 
4.7034+0.0002 
3.1335+0.0003 
0.304 +0.002 
2.038 +0.01 


2.022 +0.02 


4.6951+6.0002 
3.1796+0.0003 
0.307 +0.002 
2.042 +0.01 
2.038 +0.02 


4.6506+0.0002 
3,0836+-0.0004 
0.304 +0.002 
2.010 +0.01 
1.999 +0.02 


There are dipole fields at the fluorine sites arising from 
the magnetic electrons primarily located at the Fet* 
sites. In addition there are hyperfine interactions whose 
atomic origin we shall discuss in more detail below. As 
illustrated in Fig. 1, the rutile 
of two Fe** ions, one at (0,0,0 
These two ions differ from each 
about the [001 | direction which 
of both octahedra. There aré 
bonds which have 
by Tinkham.” Each Fe** 
fluorines 2.12 A away in the yz plane. Along the x axis 
of each octahedron lie two Type II fluorines at 1.99 A 
from the Fe** ion. Consider in Fig. 1 the fluoride ion 
at the position (u,u,0) having a hyperfine interaction 
(Type II) with one Fe** ion at (0,0,0) and a Type I 
hyperfine interaction with two Fe** ions, at (4,3, +4). 
Consider the origin of the coordinates to be at the lower 
left-hand corner. The [110] 
the x direction of the Fe** ions on the corners and the 
y direction of the Fe** ions in the cell centers. The 
[001 } direction is the z direction of all Fe** 
the [110] is the y direction of the corner Fe** ions and 
the x direction of the center Fe* For this 
geometry the energy of the fluoride ions is expressed by 
the Hamiltonian! 


K=—gwBwl-(Hot+H”)+25'- A! 
The dipole field, H?, is 


lattice of FeF, consists 
and the other at (44,4). 
other by a 90° rotation 
is defined the z axis 
two distinct I Fe** 


labeled Type I and lype II 
four Type I bonds to 


been 


ion has 


direction in the crystal is 


ions and 


ions. 


I+S"-A".1. 


H?=> 


The summation extends over all Fe** ions 
r; is the vector from the fluorine atom to the ith dipole, 
the the molal 
susceptibility of a Fe** ion, V is Avogadro’s number, 
and H is the field at a Fe** ion. [Notice that the 
interaction term of Eq. (A-1) of reference 
multiplied by minus one. ] For a spherical 
may put H=Hp, the appli 
difference between these two quantitie 
the anisotropy in the dipole 
atom position, is throughout the paramagnetic region 
negligible compared to the errors i 
susceptibility. In the paramagnet 


in the crystal, 


“i is second-order nsor describing 


dipole 
1 should be 
sample one 
in FeF; the 


from 


rhe ld, since 
arising 


field as seen from a metal 


the experimental 


region we replace 


A236, 535 


”M. Tinkham, Proc 
(1956). 


Roy. Soc London 549 
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S by its average value (S) which will also be related to 
H» through a second-order tensor. In this region meas- 
urements were made with Hy along the [110], [110], and 
[001] directions. The equations can be resolved into 
components along these axes. The symbol H, refers to 
the component of Hy along the axis. If one represents 
the exp-rimental nuclear resonance results by (1), then 


gNBw (ao— Hoy? / Ho) = — (1/Ho)(S,)(2A,'+A-"), (4) 
gnBw(ar0— Ai? H } 
=— (1/H»)(US)AP+(S)A."), (5) 
gnBw arto Ai”, Hi } 
(1/Ho)(WSA)AN+(S Ay"). 
The dipole fields, calculated for a spherical sample « 
x.(3 cos’6;— 1) 


Hoi? /Ho= ar, — 
Nr? 


=0.047x,, 


Hi10?/Ho=0.373x2+0.044y,, (8) 
Hijo /Ho= —0.159y,—0.305x ¢. (9) 


These numerical values were calculated by one of us 
(J.W.S.) and have subsequently been checked on an 
IBM 704 computer. 
The pertinent Hamiltonian acting on a magnetic ion 
may be written" 
K=D,S7+D,S74+ DS? 
+ (g.5-H.+¢,S,H,+2.5.H:)B 
— (AH ?Z+A,H7+A.H?) 
+antiferromagnetic interactions, 
where D,+ D,+D,=0 and Ay= (2—g,)/2A. From this 
Hamiltonian one obtains, treating the antiferromagneti 
interactions in a molecular field approximation and ex- 
panding in inverse powers of temperature, 
N@(2—g.) 2N6*g, 21 (OD, 
ie aos and | eee te] 
r k(T+A) 10 k(T +A) 


(10) 


Xz 


[traceS, exp(—3/kT) } 
(S,)=—— 
[trace exp(—3/kT) ] 


(x.—N#(2—g,) d] 
2 eee —H,, 
Ngb 


(12) 


with corresponding expressions where z is replaced by 
x or y. Thus in order to determine (S) in a particular 
direction, one has to subtract the estimated tempera- 
ture independent susceptibility from the total measured 
and then divide by — Vg8. The measured susceptibilities 
consist of the formula given by Bizette and Tsai,” 
x= 3.88/(T7+117) for the powder and the measure- 


: 1 A. Abragam and M. H. L. Pryce, Proc. Roy. Soc 
A205, 135 (1951) 
2H. Bizette and B. Tsai, Compt. rend. 212, 119 (1941) 


(London) 
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ments" on single crystals of the anisotropy. Using this 
formula and the anisotropy data, xu™x. and x 
=(x.+x,)/2 can be calculated at any temperature 
required for these experiments. 

Tinkham” in his electron resonance experiments on 
Fe*+ in ZnF:, measured g,=2.25 and estimated 
(g-+-g,)/2= 2.04. He also calculated from his data the 
parameter 7= | D,—D,| /vV3D,=0.167+0.020 but could 
not tell from his data whether D, or D, were larger. For- 
tunately there is not much difference in the suscepti- 
bility in the x and y directions. We have estimated, 
neglecting the spin-spin interaction which is small and 
whose neglect enables one to relate the D’s, g’s, and A, 
i.e., [ge—av=2D,/r etc.], that |xe—xy| is about 
twenty percent of x;,— xu. This difference almost com- 
pletely vanishes, however, in the calculation of (S,) and 
S,) which turn out to be identical to better than one 
percent between 90° and 300°K. The errors in the 
powder susceptibility measurement are considerably 
larger than this. One also needs to know the sign of 
X2—x, in calculating the dipole field. Trying both 
possibilities at room temperature the difference is 0.4% 
in the calculated value of 2A,'+ A," and considerably 
less in 2A,'+A,"'. This error is also negligible. We may, 
therefore, to well within the accuracy of the available 
experimental] data, consider the susceptibilities in the 
x and y directions equal to each other and to x.. We 
are essentially forced to do this because there is no con- 
vincing evidence as to whether xz or xy is larger, but 
fortunately the error introduced by this approximation 
is negligible compared to the experimental errors. 

In order to estimate the temperature-independent part 
of the susceptibility let us take A= —70 cm. It is — 103 
cm in the free ion and a change to about ~70 cm™ in 
the crystal is consistent with Tinkham’s’® estimates. 
Then N@#*(2—g,)/A=0.93K10, and Nf(2—g,)/dr 

N#(2—g,)/A=0.15X 10 giving 


Cx —0.93% 10-7] 
ahs : Ho, 


2.25NB8 


(13) 


~0.15% 10] 
Ap. (14) 
2.04NB 


Using the powder susceptibility data of Bizette’® com- 
bined with measurements” of the magnetic anisotropy 
of FeF2, and substituting into Eqs. (4), (5), (6), (13), 
and (14), one obtains the hyperfine coupling constants 
listed in Table III. The two alternatives for the x and 
y components arise because of the impossibility of dis- 
tinguishing the two resonances observed with Hp in 
the (001) plane. Absolute values of these combined 
hyperfine interactions are only determined to +3 10™ 
cm™ since they are no more accurate than the measured 
values of the susceptibility which we estimate to be 

4 J. W. Stout and L. M. Matarrese, Revs. Modern Phys. 25, 
338 (1953). 





W STOUT 
ABLE 


300°K 
63.7 
2. 


yr 


169.4 


2 : 51.4] 
53.6 


¥ 
) 
2A,! 


about six percent. Recent measurements by Foner" of 
the susceptibilities of single crystal FeF, indicate that 
- are too high 
of the A’s in the z direction 
by eight percent and in the x and y directions by six 
percent. However the relative values are known more 


the powde r data The use of Foner’s data 


would in rease the values 


accurately depending as they do upon the anisotropy 
of the susceptibility and the NMR shifts. These rela- 
tive values are known with an accuracy of +0.5X10™ 
cm", 

A fourth independent measurement of the hyperfine 
interactions is provided by the measurements of the F¥ 
frequency in the antiferromagnetic state. This has been 
183.2 Mc/sec. The hyperfine 
interactions measured by these observations are 


measured’ to occur at 


[(2A,! 
[ (2 


A,'")(cm™) +-0.285 X 10**g8gvBw || S 
(74.1 
L(2A 


cm!) +7.9510-* || S 


(183.2 10°) (2.998 & 10! (15) 
0.285107" is = 
ferromagnetic state, g 


where ar *(3 cos*0;—1) in the anti- 
and |S! is the expecta- 
tion value of the spin in the antiferromagnetic state at 
the temperature of the measurement, namely 4.2°K. 
No exact value of |S) is available. Recent theory pre- 
dicts'* for a spin of 2 that the spins will be only 98% 
aligned. The results of substituting | S| = 2.00 
S 1.96 into Eq. (15) are 


2.25 


and 


2A; q 1! = 22.610 cm: |S 


23.2K10~ cm; |S 


2.00: (16 


1.96. 
The values of hyperfine interaction in FeF, measured in 


state and pres nted in Table III can 
We 


be compared with the similar parameters in MnF 
MnF, at 


have tl 
with greater 


the paramagnet 


remeasured e resonances of FY in 
300°F at a frequency of 60.000 Mc/se« 
accuracy than previously reported. Th 
very h the 
and are 


new values 


agree well wit previously published! values 


$7.1X10~ cm“, 
48.2 10-* cm 
46.1% 10 cm~ 


In MnF~, these 
x10 cm 


£1.5 
because of uncertainties in the suscepti- 


values have an absolute error of 


4S. Foner (private communication 

VY. Jaccarino, R. G. Shulman, J. | 
Bull. Am. Phys. Soc. 3, 41 (1958 

6 J. C, Fisher, Bull. Am. Phys. Soc. 4, 53 


Davis, and J. W 


stout, 


1959 


AND 


III. Values of hyperfine coupling constants in units 
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of 10 


90°K 


61.1 


bility while the re 1’s are known to 


+3%. 
It is pos ible to wl | compone nts 


of the hyperfine inter 


AN=A 
18 


where i=, y, [ or II for Type I or Type II 
bonds; and the interaction 1s A, . 
The anisotropic hyperfine interactions, associated with 
unpaired p electrons 


between the unpaired spin density 


lescribed by the differences 
{ ilong two directions 
as compared with the 

The 
simply, regardless of 


isotropic interaction in be evaluated quite 
the 


and Zz, 


model used to nterpret 
anisotropic terms. Summit q ( r, ¥, 
the anisotropic terms ¢ the values 
of Table III we find 
+2.5X10~ cm“, It 

the MnF» measurement 
xX 10* cm'. To convert tl 
their equivalent degree of unpaired 
orbitals from each bond 


Tinkham" 


56.5 

ompare this with 
1,§'=47.141.5 

¢ hype rfine interactions into 
spins in fluorine s 


relation given by 


19) 


where | V(0 tron in | 


ion to be four it the nu i i molecular orbital 
represents the 


approximation 
amount of its admixtut nt intibonding orbital 
These in | LLIOI vel nore detail e ise 
il d 
rison between the 
Vv(0 
Moriya,’ we find th Imixture for 

(0.48 +0.02)% 
(0.46+0.03)% 
experimental 

Sus¢ eptibilities 
trends as one 


where } need not be 
repeated her rning to the compa 
two compouns given by 


Mnlk to be 


move 


results alone. 
17 A. Mukherji and T. P. Das 
iS F. Keffer, T. Oguct W. ( 
Rev. 115, 1553 (1959 
®R. G. Shulmar Magnetic 
American Societ Meta 


” W. Marshall, Bull. An 
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For FeF. we do not have enough data to determine 
the individual anisotropic hyperfine interaction pa- 
rameters. It can be seen in Eq. 18 that six independent 
parameters are required to describe the interaction 
while only four independent measurements can be 
made. The main difficulty in obtaining a reasonable 
solution (which would then justify the assumptions 
made in obtaining the solution) can be seen from the 
relative values of the terms in Table III. When thes: 
are written in terms of components it is seen that the 
A, contributions to 2A,'+A," are both positive. For 
the other two measured interactions the A, contribu- 
tions are smaller. On the usual assumption that @ inter- 
actions are much stronger than @ interactions this term 
should be the largest of the three measured which it is 
not. The fact that the anisotropy is larger than that 
observed in MnF3 suggests that the interaction between 
the de orbitals of the ferrous ion and the p, fluorine 
orbitals is important. The extra electron in Fe** 
pared to Mn** is in a de orbital and would contribute 
mainly to the anisotropic @# interactions whereas in 
Mn** the # interactions should be cancelled by the x’. 
More direct evidence that the # electron interaction is 
large and in fact comparable with that of the @ electron 
has been obtained lately” by NMR measurements on 
single crystals of NiF». If the w interactions are large 
then they cannot be ignored in solving Eq. (18) in 
terms of the values of Table III and, as mentioned 
then we do not have enough independent 
measurements. 

We may compare our A,’s with those that Tinkham 
obtained in ZnF,— FeF>. His values are A,'= 100 10™ 
cm and A,!!'=6410- cm. The correction for the 
dipole interaction between the Fe*t* spin and the 
fluorine nucleus is (g3gw8y/her*)[3(s*/r?)—1). For the 
Type I bond (1/r*)(3(2?/r*) — 1 ]=0.086X 10% cm~, and 
for the Type II bond this number is — 0.126 10" cm 
The corrected A’s are then 


com- 


above, 


A= (100—10=90) X10™ cm™, 
A= (64+ 14=78) 10 cm”. 


(20 


These are on a basis of a fictitious spin of }. To convert 
to the true spin they should be divided by 4(1—7’/8 
3.99 to give 


* R. G. Shulman (to be published). 
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A,' = (22.6+1.3)X10™* cm 
1,’ = (19.64+1.0)k10™ cm 


If we assume that S| = 1.96 we obtain 


{.'= (21.441.5)K10~ cm 


(22) 
A," = (19.6+1.5)K10™ cm 


The agreement is good, in fact better than one has any 
a priori right to expect. This agreement leads one to 
expect that a more detailed analysis of the hyperfine 
interactions would be possible if additional paramag- 
netic resonance results on Fe** in ZnF, were available. 
Now we consider the line widths. Their Lorentzian 
shape coupled with our inability to saturate them indi- 
cates that they are exchange narrowed. Moriya’ came 
that the contributions to the line 
include well 
hyperfine interactions. His expression is 


1 r\' S(S+1) 
( ) z. {cos’6, +} sin’6,)A 7, 
T> 2 ahw, ‘ 


to the conclusion 


widths would nonsecular as as secular 


(23) 


where 6; is the angle between the ith principle axis of 
the hyperfine interaction and the direction of nuclear 
spin quantization. Included in Eq. (23) are contribu- 
tions from ali three principle axes to the line width 
observed with Hy, along any particular axis. For 
H,|| [110], as mentioned sbove, the experimental 
values of the two line widths are (1.2240.07)x10~* 
seconds and (1.01+0.05)10~-* seconds. The experi- 
mental 1.22/1.01= 1.21+0.09 
while the theoretical ratio calculated from Eq. (23) is 
1.18. This excellent agreement proves the importance 
of the nonsecular contributions. Substituting numerical 
values into Eq. (23) and including the dipole inter- 


ratio of line widths is 


actions in the values of A,, we calculate that w,= 5.3 
X10" sec'. This agrees rather well with the value of 
w,.= 5.710" sec calculated from the molecular field 
approximation. 
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The static and high-frequency dielectric constants and the effective charge of LiF are calculated on the 


basis of a simplified model in which the polarizability of the positive ion is neglected and th 
ion is attributed entirely to perturbations in the outermost subsheli (29) of electrons. The present 
differs from the variational treatment of Yamashita mainly in the inclusion of perturbed 
for the 2p electrons which are orthogonal to the core-electron wave functions 

employed in evaluating portions of the energy of the crystal in a field and in dk 


at of the negative 
calculation 
functions 


different methods are 


wave 
Also 
lucing the effective charge 


ratio e*/e from the calculated energy. It is found that the use of trial wave functions which preserve the 
orthogonality within individual ions is of prime importance, and leads to results in generally better agreement 
with observation than the previously used nonorthogonal functions. 


I. INTRODUCTION 


T has been pointed out by Brown! that the complete 
theory of dielectrics involves the simultaneous 
consideration of quantum theory, statistical mechanics, 
and many-body electrostatic interactions. Any one of 
factors gives considerable difficulty; a 
treatment including any two of them is at present the 
best one can hope to pursue with some success. In the 
case of ionic crystals, it is usual to neglect temperature 
effects (the dielectric constants change only by several 
hundredths percent per degree”), and proceed to an 
approximate theory which takes account of one or both 
of the other complicating factors in a crystal at absolute 
zero. Although the theory of dielectric constants of 
ionic crysfals has received much attention from this 
point of view, no completely satisfactory treatment has 
yet been given. 

The simple classical theory considers only one of the 
complicating factors, the many-body interactions. The 
furthest advance of this approach is represented by the 
well-known Szigeti equation,’ which relates the high- 
frequency dielectric constant ¢,, the static dielectric 
constant ¢€9, and the rest-strahlen frequency »;. For a 
lattice of singly-charged ions of reduced mass M, this 
important relatior y be written 


these alone 


, (1) 
we VU 


where the quantity e* appears in place of the net ionic 


charge e. In the classical theory, the magnitude of e* is 
determined empirically from known values €o, €,, and 


t Based on a thesis submitted to the Graduate Council of 
Temple University (by E. R. L.) in partial fulfillment of the 
requirements for the degree of Doctor of Philosophy 

1W. F. Brown, Jr., Handbuch der Physik, edited by S. Fligge 
(Springer-Verlag, Berlin, 1956), Vol. XVII, p. 20 

2 A. Eucken and A. Biichner, Z. physik. Chem. 27, 321 (1934) 

* B. Szigeti, Trans. Faraday So 45. 155 (1945) 


v,, in accordance with 
determination of e* is classical 
grounds. The ratio e*/e is less than unity for all alkali 
halides of the NaCl structure. When e* is interpreted 
as the “effective charge” that is displaced with the 
center of mass of an ion, it clear that the 
simple classical theory fails in its inability to treat 
quantitatively the electronic redistributions that accom- 
pany relative displacements of neighboring ions. 

The failure of the classical theory necessitates intro- 
duction of the second complicating factor—quantum 
theory. Recently, Dick and Overhauser‘ treated the 
alkali halides semiclassically, using a “spring” model 
for the ions and obtaining the interactions of nearest 
neighbors by extrapolation of the quantum-mechanical 
results for the interaction energy of 


this equation; no independent 
possible on strictly 


becomes 


two helium atoms 
While 

over the simple 
classical theory, in that it provides explicit description 
of the ionic deformations and also incorporates quantum 
effects ve rlapping of electron 
clouds, several factors limit its effectiveness: A number 
of broad assumptions and some rather rough approxi- 
mations must be made in deriving the constants for the 


to other closed-shell configurations the method 


presents considerable improvement 


connected with the o 


model ions, in characterizing the near-neighbor inter- 
actions and in taking ac: 


mechanisms. Yet, the 


ount 


f various polarization 


ratio e*/e (and the com- 


only 


pressibility, which does not enter the present discussion) 


have been evaluated, and 


the dielectric constants 


themselves. 
Because of 


these difficult that 


tical meth- 


appears an 


approach based entirely theore 
ods is required to pla 1 firm foundation. 
That this is a difficul 


measure for the dearth of work along these 


counts in large 
lines. The 


only quantum-mechani of dielectric con- 


4B. G. Dick, Jr., and A. W. Overhauser, Phys. Rev. 112, 90 
(1958) 
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stants to date is the variational calculation for LiF and 
MgO by Yamashita.’ He describes the distortion of 
the ions in the presence of an applied field by assuming 
a simple form for changes of the electronic wave 
functions. Several points in this treatment are open to 
question, the most important being that the wave 
functions employed do not fulfill the tacitly assumed 
condition of orthogonality among the atomic orbitals 
associated with a given ion. It is well known that such 
a situation often leads to large errors in the calculated 
energy of a system. While Yamashita’s results suggest 
that his calculation is not seriously in error, it is of 
considerable interest to know the extent to which the 
orthogonality of the wave functions influences the 
calculation. The present paper is intended primarily to 
elucidate this aspect of the theory. 

A new calculation for LiF, following the general lines 
of Yamashita’s variational method, is presented. The 
energy of the crystal in an applied field has been 
completely re-evaluated, rather than amended to take 
account of the nonorthogonality of the Yamashita 
wave functions. Different methods, believed to give a 
truer accounting of the nearest-neighbor interactions, 
are employed to obtain the energy, and several energy 
contributions neglected in the earlier treatment have 
been included. The energy calculation, which is of 
central importance, is described in Sec. II. Then, in 
Sec. III, the dielectric constants and the effective 
charge are deduced from the resulting energy expression. 


Il. ENERGY CHANGE IN AN ELECTRIC FIELD 


We consider the LiF crystal a lattice of F~ and Li* 
ions. In the absence of an externally applied field, the 
ions are all sphericaily symmetric, centered at the 
normal lattice sites. The electrons are described by 
atomic orbitals (AO) of the central field type: for the 
Li* 1s and F~ 1s, 2s orbitals we used the analytical 
functions of Léwdin,* which closely approximate the 
Hartree free-ion functions; for the F~— 29 orbitals we 
employed the radia! function given by Yamashita.’ 
All of these radial wave functions may be expressed as 


Taswe I. Radia! wave functions for F~ and Li* 
Pailr)=r ly A; exp(—aw)+r 2. Bi exp(—8w) 


k=l k=2 k=l k=2 


ak 2.4346 
Ae 6.6641 


44250 
2.5618 


8.1890 


as 12.187 
Ae 40.285 


9.5770 


7.1485 


a 1.6465 
Ae 11.755 


—1.3054 


2.7178 
—8.7816 


3.05 
11.07 


5 J. Yamashita, Progr. Theoret. Phys. (Kyoto) 8, 280 (1952 
* P. O. Léwdin, Phys. Rev. 90, 120 (1953). 
7 J. Yamashita, J. Phys. Soc. Japan 7, 284 (1952) 


LiF 


(OD) 


Fr -—— 








No Field High Frequency Field Static Field 


Fic. 1. Polarization of crystal (schematic). 


sums of exponentials in the form 
Pailr) =7> Ane war tig? >, Bye Bar (2) 


The constants Ax, a,, etc., are given in Table I. 

When a field is applied to the crystal, the electron 
distributions about the nuclei are altered and the ions 
have induced dipole moments. We neglect the distortion 
of Li* ions, in view of the fact that their polarizability 
is 30 to 40 times smaller than that of the larger F 
ions.** In a high-frequency (optical) field, the entire 
polarization of the crystal then results from the F--ion 
distortion dipole moments; in a static (or low-fre- 
quency) field, relative displacement of the positive- and 
negative-ion lattices gives rise to an additional polar- 
ization component. We can consider that the negative 
ions remain fixed in position while all the positive ions 
are displaced a distance d in the direction of the field, 
as illustrated schematically in Fig. 1. The distortion of 
the F~ ion in a static field is expected to be smaller than 
the corresponding distortion in a high-frequency field, 
because the displacement of the positive- and negative- 
ion centers towards each other reduces the space 
available for distortion. This results in an effective 
charge that is less than unity. 

The polarizability of the F~ ion is assumed to arise 
entirely from alterations of the 2p orbitals, which are 
given (without spin) by the trial functions 


vn= V,—m,A15| ¥,.)— 2,25! ¥,), (3) 


where ™,, and m2, are the F~ 1s, 2s orbitals, respectively, 
and 


(is| Y,)= featadr: (2s Va) f was¥adr 


The functions Y, are, in turn, given by 
Y,=¥1°(1+Ar cos#) 
VY 2=y2"(1+-Ar cosé) 
[ P2y(r)/r | sind cosp(1+ Ar cos8), (4) 
Y,= (1+ Ar cosé) =(P2,(r)/r] sind sing(1+ Ar cosd), 


4 


[ P2p(r)/1 | cos8(1+ Ar cos8), 


where the y,” are the F~ 2 orbitals in the normal 


* L. Pauling, Proc. Roy. Soc. (London) A114, 181 (1927). 
*j. R. Tessman, A. H. Kahn, and W. Shockley, Phys. Rev. 92, 
890 (1953) 
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crystal (no field) and d is a variational parameter; the 
polar (@) axis is antiparallel to the applied field. The 
Y, are the variational wave functions employed by 
Yamashita. While they are orthogonal to each other, 
one of them, ¥;, is not orthogonal to ™, or t,. The 
function y, [w=1, Eq. (3)], constructed from Y, 
according to well-known procedures,” restores the 
orthogonality within the F~ ion. It is to be noted that 


Y,and ¥3 are orthogonal to m4, and t#,, so that po= V2 
and ¥;= V3. In what follows, the function Y, will be 
termed the “‘nonorthogonal wave function,” and the y, 
the “orthogonal wave function.” 
The Hamiltonian of a crystal in an applied field may 
be written 
H= H+ V, (5) 


where Ho is the Hamiltonian in absence of a field and 
V is the operator for potential energy due to the field. 
If the field is uniform over the crystal and acts in the 
v direc tion, 

V el ( » 


ZaXa— >i Xi), (6) 


where x, designates the x coordinate of the nucleus a, 
that of the ith electron. Since all 
functions are AO centered on the 
meaningful to separate Hy as 


the wave 
nuclei, it 


and x 


is 


ionic 
Ho 


H,, 


Hoon 


where >,“ denotes summation over only those electrons 
which occupy AO associated with the nucleus a, and 
ae 

those occupying AO associated with nucleus a. Then 
H,. LEq. (7) | contains only operators associated with 
interactions within individual ions, and leads to the 
self-energy of the ions; Hoon LEq. (8) 
interactions between different 


indicates summation over all electrons except 


| contains all the 
ions, and leads to the 
cohesive energy of the crystal; similarly, V | Eq. (6 ] 
interaction of the lattice with the field—th« 
“field energy.”’ The energy per ion pair resulting from 


gives the 


application of the field can be conveniently discussed 
in terms of these three contributions 


(1) The Field Energy 


The total cry Stal 
Hamiltonian V, 


energy arising from the partial 
Eq (© lis 


Ep 


-F > oI e(Z.—tha roe Dit f veabdr , (9) 


McGraw-Hill 


® See, e.g., L. I. Schiff 


Book Company, New Y: 


Quantum Mechanics 
rk, 1949), p. 171 


BE. 
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where n, is the number of electrons associated with the 
nucleus a, Z, is the atomic number of the nucleus, and 
y is the total crystal wave function (a Slater determi- 
nant of the one-electron wave function in the presence 
of a field). Since all the ions are singly charged, and the 
positive- and negative-ion lattices are displaced rela- 
tively by a distance d from their normal positions, the 
first term in brackets | 
displacement dipole moment ed per ion pair. Identifying 


of (9) gives rise to an average 


the second term in brackets as the dipole moment e#(a) 
of the electronic of 


charge ion a, the field energy per 


ion pair becomes 


Ey Li? (10) 


This is just the (classical 
pair in the field 
Neglecting the small contribut 


energy of the dipole per ion 
ion due to the over- 
lapping of neighboring ions, we may write 


rif os6, ydr 


F)dr, (11) 


r cos# ¥ 


where the W; are now the one-electron wave functions. 
The Li* AO are spherically sy 
that #(Li*)=0. Similarly, the I 
contribution to the ionic dipole moment; the whole of 
#(F-) arises from the perturbations of the 2p orbitals 
in the applied field. The numerical values of Z(F-) 
calculated from (11) for the AO (3) and (4) are shown 
in the first line of Table II. The present result for the 
nonorthogonal wave functi 


mmetric 1s functions, so 


is, 2s AO make no 


yn differs from that given by 
of different normalization criteria: 
2p AO over all space ; 


of radius equal to the 


Yamashita because 
We normalized the 
normalized 


Yamashita 


has in a sphers 


interionic distance 


(2) Self-Energy of the Ions 


Although the partial Hamiltonian H,. (7) is inde- 
pendent of the external field, the self-energy of the ions 
changes because the wave functions are altered in the 
presence of a field 
evident that the 
ion depends only on the 
with it and not on its posit 


Again neglecting overlap, it is 
change in self-energy of a particular 
changes in the AO associated 
ion in the lattice. The change 
in self-energy of an ion pair is then just that of a single 
F~ ion, and is independent of displacement param- 
eter d. From th« 
the change in 


statement of H,,. it can be seen that 
consists of three 
energy of the 2p 


ractions be 


self-energy of an F~ ion 
contributions: the changes in 

electrons, the altered Coulomb att tween the 
2p elect ms, a the 
energy 


nucleus and the altered Coulomb 


and exchangs among the electrons. Yamashita 


ted the intra- 


included the kinetic energy, but negle 
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TABLE II. Contributions to energy per ion pair due to field 


Source of contribution Nonorthogona! wave function 
—dF —8.82\F 


x# 


Field energy 
Self-energy of ions «Ad 
Kinetic 

Coulomb 

Exchange 


Cohesive energy 
Electrostatic 
Exchange 
Overlap 


—0.333 
— 0.306 
0.768 


—0.0189 
— 0.0482 
0.0752 


ionic interactions. All of these contributions to the ioni: 
self-energy were considered in the present treatment. 

The calculated values of the separate contributions 
to the change in self-energy of an F~ ion are given in 
Table II, to second order in the variational parameter 
\. These were obtained by straightforward procedures. 
For the evaluation of the electronic kinetic energy, we 
used an expression derived by Kirkwood" in an investi- 
gation of the polarizabilities of rare gases. The electron- 
nucleus Coulomb contributions, which are one-center 
integrals, were obtained by simple integration. The 
electron-electron interactions (Coulomb and exchange) 
are two-center integrals, which were evaluated analyti- 
cally by expanding the operator 1/rj2 in spherical 
harmonics.” 


(3) Cohesive Energy 
The cohesive energy contributions to the change of 
energy per ion pair were calculated on the basis of the 
well-known expression of Léwdin™ for the cohesive 
energy of an ionic crystal. According to this formulation, 
the cohesive energy itself may be considered as the sum 
of three contributions: the electrostatic energy Ez, 
the exchange energy Ey and the overlap energy Es: 
Eeon=Eert+Ext+Es, 
Er=e > al 3 > 3 (ZZ5 fas) +> (i H*\1) 
+4 > 2d “'(ij/G\ij)] 
=—4e >. DD i* (ij|G| fi), 
—2 Fe Ut Di (Sif (j| A |i) 
+ >> m* (jm'|G! im)—(j7'G! ji) ) 
+S, 5S) H* | )+3E0,.° (im|G) im 
—4$(ij\G\ij) }} 


In these equations S;; is the overlap integral, 


(13 


Sum f ve 1) ;(1)dr(1), 


and the quantities in parentheses denote matrix ele- 


"J. G. Kirkwood, Physik. Z. 33, 57 (1932) 

@ See, e.g., D. R. Hartree, The Calculation of Atomic Structure 
John Wiley & Sons, New York, 1957), p. 46. 

% P.O. Léwdin, Arkiv Mat. Astron. Fysik 35A, No. 30 (1948) 


Orthogonal wave function 


dk 


Yamashita 
—7.19\F —7.00\F 
x x? 
5.08 
0.97 
0.24 


«Ad Ad xa 


3.00 


0.0189 
0.0482 
0.0752 


0.271 
0.289 
0.724 


0.98 
0.15 
0.37 


0.019 ~0),294 


0.251 


—1.11 


0.0278 0.80 


ments of the one-electron wave functions, which may 


be identified as 
Ba 
= > (i| H*| 5), 


(i| H’| j) s fren 
Bra 


Wi*(1)0* (2) (1), (2) 
(17\G\ mn) f dria. 
r\ 


The energy is just the total of the 
Coulomb interactions between the ions; in the normal 
crystal these interactions produce the Madelung energy. 
The corrections to the Madelung energy brought about 
by the distortion of the F~ 2p orbitals in an applied 
field can be expressed as lattice sums involving the 
multipole moments of the F~ charge cloud. However, 
these sums may be readily shown to be equivalent to 
the energy obtained from assumption of the Lorentz 
field factor (44/3)P. If uw is the dipole moment of an 
ion pair and a the interionic distance, the electrostatic 
part of the cohesive energy per ion pair is then [see 
Eq. (10) }: 


~ > Za/rig Ws(1)dr(1) 
(14) 


electrostatic 


1 4r 
Ex Pu 
2 3 2 


1 4x [ed+e8(F-) 
" (15) 
3 2a 


The numerical values of this contribution are given in 
Table Il. Again, the differences between our results for 
the nonorthogonal wave function and the corresponding 
terms from Yamashita’s paper are due to the difference 
in normalization procedures. 


(4) Treatment of Exchange and Overlap 


Evaluation of the changes of Ey and Eg resulting 
from application of a field presents the most formidable 
problem in the energy calculation, since both Ey and 
Es depend entirely on products of AO centered on 
different nuclei. We have treated this problem by 
approximation techniques which closely parallel the 
rigorous mathematical treatment. Considering only 
nearest neighbor overlap, and writing the perturbed 
F- 2p orbita's as y= +Ad@i, each of the overlap 
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Fic. 2. A negative ion and its positive neighbors, showing the 


symmetry of the negative-ion orbitals (schematic). 


integrals has the form 


Sin - fv r)W,(r)dr verdets f adr 
= fectar T af vitae, 


where ¥, is the 1s AO centered on one of the Lit* 
neighbors (p,). The total overlap integral S;, essentially 
represents a charge, which we will designate as the 
“overlap charge’’; the integrands p;,° and p;,’ are then 
charge densities—the “‘overlap-charge densities.” All of 
the terms in Ey and Eg may be considered as electro- 
static interactions involving the overlap charge distri- 
butions. For example, the exchange integral 


(16) 


Ex(ty) 


- foe 1 Wy v| 2)(1 ‘Tre Wy( 1 Wi(2)dris 


(17) 


dri 


{= 1)+Api,’ (1) Iey9(2) + Apiy’ (2)] 


Tie 


may be interpreted as the electrostatic interaction 
energy of two similar charge distributions of density 
(pix? +Apiy’ ). 

In order to carry through the approximate treatment 
of the exchange and overlap on this basis, it is necessary 
to investigate the spatial distribution of the overlap 
charge densities and their variation with relative 
position of the neighboring ions. Figure 2 is a schematic 
representation of a reference negative ion and its six 
nearest neighbors, showing the symmetry of the unper- 
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turbed negative-ion AO (i=1, 2, 3). The interactions 
corresponding to (ty)=(11), (16) are the most im- 
portant for the field direction shown in the diagram. 
The (22)-type interactions are about two orders of 
magnitude smaller; the four equivalent sets of these 
interactions [ (i7)= (22), (25), (33), (34) ] influence the 
results by only a few percent. All other interactions are 
zero or negligibly small. 

Figure 3 shows p;;° and p,;’ as functions of distance 
along the line joining the Li and F nuclei, for the normal 
internuclear distance of the LiF crystal (a= 3.81 atomic 
units). On the opposite side of the Li nucleus, along this 
line, the overlap charge densities decrease more rapidly 
with distance from the Li nucleus, since in this region 
both Wr; and y; are decaying exponentials. Along any 
direction in the plane perpendicular to this line, the 
dependence of pi;° and p;’ on distance from the Li 
nucleus is determined mainly by the Li*-ion wave 
function. The behavior along al! three directions is 
shown in Fig. 4. To determine the effect of relative 
displacement of positive and negative ions on the 
overlap charges, it is necessary only to note the expo- 
harge distributions 
Li* and F 


nential character of the overlap « 


(see Fig. 3). Since both the AO are almost 
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Fic. 3. Wave functions and overlap-charge densities as functions 
of distance along line joining Li and F nuclei. The ordinates are 
in arbitrary units. 
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pure exponentials in the vicinity of the Li nucleus, the 
total overlap charge S,;, must vary with small displace- 
ment of the nuclei in much the same way p;, varies 
with distance from the Li nucleus. Accordingly, we 
have assumed S;, (and p;,) to vary exponentially with 
relative displacement of the positive and negative ion: 


pr’ (d) = e%4p;;"(0) ; 
pis’ (d) = €~*4pi¢°(0) ; 


pr’ (d) = e**4p;,' (0), 


(18) 
prs (d)=€-™4px9' (0), 


the constants a» and a; being given by the reciprocals 
of the distances (Fig. 4) in which p,;°(x) andp 1)'(x), 
respectively, decay to 1/e of their values at the Li 
nucleus. The S;, themselves were evaluated, for the 
case where the nuclei are at the normal interionic 
distance, by expanding the Li* 1s function in spherical 
harmonics about the nucleus of the neighboring F~ ion 
and then integrating the product yw,. Because of the 
orthogonal properties of the spherical harmonics, only 
a few terms of the integrated expansion are nonzero. 

The most important terms in the overlap energy of 
the crystal are those which reduce to the form 


Es(1)=Sj,(y| H*7|i) and Es(2)=S;,(vy|G| iy), (19) 
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Fic. 4. Directional dependence of p,;° and 1’. 
The ordinate is in arbitrary units. 
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which represent the interaction of the overlap charges 
with the positive ion on which the overlap is localized. 
These terms, together with the exchange energy, which 
we have already characterized [ Eq. (17) ] as interactions 
among the overlap charges, constitute the major contri- 
bution of overlap to the crystal energy. To evaluate 
this contribution, we represented the overlap-charge 
densities as decaying exponentials of ellipsoidal sym- 
metry, centered on the Li nucleus: 


pu’ = exp[ — R(a¢@ cos*O+8¢ sin’@)!] 
pu’ « expl — R(-ye cos*O+8¢ sin’@)!] 
pu’ <expl — R(a;’ cos*?0+8/ sin’@)*] 
pu’ « exp — R(y2? cos*9+-8/ sin*@)!] 


0<O<2r/2 
4/2<O<, 
0<O<xr/2 
4/2<O<x. 
(20) 


This representation is in consonance with both the 
symmetry discussed above and the exponential behavior 
illustrated in Fig. 4. The constants ao, Bo, and yo were 
taken as the reciprocals of the distances (Fig. 4) along 
x, y, and —<, respectively, in which pi," decays to 1/e 
of its initial value at the Li nucleus; a, 8, and 7, were 
similarly obtained for py:’. The total charge contained 
in the distributions was normalized to the value of the 
overlap integral Si, in accordance with (16). With 
these charge distributions, the terms (19) and the 
exchange integrals were readily obtained by standard 
techniques. 

We have also calculated the exchange energy (for the 
case d=) by expanding both the Lit*-ion wave function 
and the operator 1/r;2 in spherical harmonics about the 
negative-ion nucleus, and then computing each ex- 
change term as a series of one-center integrals. Although 
the series converged rather slowly, we obtained the 
series limits by approximation estimated to yield the 
exchange energy with an accuracy of about 10%. [The 
exchange, however, is only a small part of the total 
energy (see Table II), so a 10% error here is equivalent 
to an error of only ~ 1% in the over-all energy calcu- 
lation. | The exchange energy calculated by this method 
was in good agreement with the corresponding result 
obtained with the ellipsoidally-symmetric overlap- 
charge distributions (20). 

The remaining terms in the overlap energy, i.e., those 
which are not of the type (19), may all be characterized 
as electrostatic interactions between the overlap charges 
and charges not associated with the positive ion on 
which the overlap is localized. For the evaluation of 
these terms, we have considered the total overlap 
integra! S;, to be a point charge at the center of the 
positive ion. This representation accords well with the 
indications in Fig. 4 that the overlap is appreciable 
only in a small region near the Li nucleus. Dick and 
Overhauser have also used the point charge assump- 
tion in connection with their “exchange charge” 
(=4>°, S;,*). Figures 3 and 4 show clearly why their 
“extreme” case, in which the exchange charge is 
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situated at the center of the positive ion, gave somewhat 
better results than the normal case, where the exchange 
charge is located at points of tangency of Zachariasen 
spheres. 

Numerical values of the exchange and overlap energy 
contributions, computed by the methods described in 
this section, are given in Table II. 


III. DETERMINATION OF DIELECTRIC CONSTANTS 
AND EFFECTIVE CHARGE 


The sum of the separate contributions of Table II 
represents the total energy per ion pair resulting from 
application of a field to the LiF crystal. To second 
order in the distortion parameter A and the displacement 
parameter d, this energy can be written in the general- 
ized form, 

AE Fd— AF)+- BX?+ Bol? +Cn’. (21) 
Minimizing the energy with respect to both A and d, 
we obtain for the case of a static or low-frequency field 
(d¥0) 


2B 
C 


4B, B-C 
and for a high-frequency field (d=0 


A= AF/2B, (24 


AF, = —4{A2/2B]F*. 


(25) 


Now, from elementary considerations, the energy in a 


polarized dielectric ts hy F?, where x is the (macro- 


scopic) susceptibility : Accordingly, we can identify the 
(23) and 


quantities in brackets in (25) as the 
static and high-frequency susceptibility per ion pair, 
respectively. The corresponding dielectric constants are 


obtained from the relation 


4rV x, (26 


where NV is the number of ion pairs per unit volume. 
The effective charge ratio e*/e can also be determined 
simply from the coefficients of the energy expression 
(21). Following the treatment of Szigeti, the total 
polarization ol a crystal in a static (or low-frequency ) 
field may be written as the sum of the high-frequency 
(optical) polarization and an infrared component 


Po= Piz+ Pe. (27) 


The infrared polarization contains the effects of both 
the displacement of the ions as a whole and the elec- 
tronic redistributions which accompany displacement 
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of the ions. The effective cl e* is defined (for Z=1) 


by 

P;-= Po— P= Ne*d (28) 
Eq. (10) ff.], the 
stat field is (ed+eAXo), 


it is eAX,. Then, from 


From the previous discussion [see 


} 


and in a high-frequency fiel« 
(27) and (28) 


dipole moment per ion pair in a 
j 
, 


e*/e=1 A.~—Ao)/d (29) 


, and d from 
(22) and (24), e*/e may be expressed completely in 
terms of the coefficient 
yields the surprisingly 


By substituting for the quantities A, A 


s of the energy expression; this 
result 


sIMpie 


e*/e=1 


(30) 


IV. RESULTS AND DISCUSSION 


The coefficients for the energy equation (21) are 
obtained by summing contributions of 
Table II. The resultant values are given in Table ITI, 
together with the dielectri and effective 
charge ratio deduced Results obtained 
with both the “orthogonal” and “‘nonorthogonal” wave 
effect of the 
1’s results for LiF are also 

Significant 

for the 
V ide n 
| ind B, 


the several 
constants 
from them 
functions are included to illustrate the 
orthogonalization ; Yamashit 
differences between 
non- 
s particularly so for 


listed for comparison 
the coefficient 
orthogonal cases are « 


energy orthogonal and 


the coefficients which more will be 
said presently 

The results for our nonorthog and Yama- 
comparable, since the 


onal ase 


shita’s calculation are directly 
same wave functions were employed for both. Although 
considerably hod 
particularly in 

resu fairly well on the whole. 
sign of tl oefficient C 
Referring 
the negative value of C caus */e to deviate in the 
s connection it should 
he value 0.76 for 


derived the 


different met! 


were employed for the 
energy calculation the nearest neighbor 
interactions—the 
The difference in 


quite significant 


ts agree 
is, however, 


_ it is seen that 


wrong direction from unity 
Yamashita 
Table III), as we have calculated 
The difficulty lies in the deri- 
i used the relation 


be noted that 
e*/e, rather than 1.06 
for his data from (30 
vation of e*/e: Yamashit 


(31) 


where 


ay 
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pair. Since a, may be applied only to the high-frequency 
polarization component, P, rather than P» should 
appear on the right of (31). 

There is little difference between the static dielectric 
constants obtained with the orthogonal and non- 
orthogonal wave functions. This is a consequence of the 
fact that the term Bod?, which is not affected by the 
orthogonalization of the wave function, is dominant in 
the energy expression. Despite its importance, this is a 
difficult term to evaluate accurately, for (see Table IT) 
it is the sum of positive and negative contributions of 
nearly the same magnitude; its numerical value is a 
small remainder, close to the limits of the approxima- 
tions used in the cohesive energy calculation. 

The calculated high-frequency dielectric constant and 
the effective charge, on the other hand, are greatly 
affected by the orthogonalization of the wave function. 
The coefficients A and B completely determine e,, [ see 
Eq. (25)] and, since C is not greatly affected by 
orthogonalization, are also of prime importance in 
fixing the value of e*/e. While BX’ is the composite 
result of a number of different energy contributions, 
its value, in all three sets of data given in Tables II 
and III, is very close to the altered kinetic energy of 
the electrons alone. The total energy change in a 
high-frequency field then essentially contains just two 
contributions: the kinetic energy of the electrons and 
the interaction of the negative-ion distortion moment 


with the macroscopic field. Thus the key to the theory 


of the dielectric constant—at high frequency, at least 
appears to be the choice of orthogonal wave functions 
that produce an ionic dipole moment and altered 
electronic kinetic energy which are in proper balance. 
From this discussion, it is concluded that the use of 
wave functions which preserve the orthogonality within 
individual ions is very important in the quantum 
theory of dielectric constants. In this connection, one 
further aspect of the present results is worthy of note. 
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According to the variation principle, no wave function, 
used in conjunction with the correct Hamiltonian, can 
lead to an energy that is lower than the true energy of 
a system. This is equivalent to the requirement that 
the dielectric constant deduced from a complete vari- 
ational calculation cannot exceed the observed value. 
The values 2.63 and 2.33, listed for «. in Table Iil, 
violate this requirement. The apparent contradiction 
arises from the fact that nonorthogonal wave functions 
were used in the calculations, but were treated in the 
same way as orthogonal wave functions; the energy 
terms thereby neglected would presumably remove the 
difficulty. Since the «, obtained with the orthogonal 
wave function is somewhat lower than the observed 
value, while that obtained with the nonorthogonal wave 
function is considerably higher, the implication is that 
the orthogonal wave function employed here over- 
compensates in some way for the errors inherent in the 
use of the nonorthogonal wave function. Better choice 
of the orthogonal trial function could lead to results 
which are better in agreement with experiment, even 
with the simple model employed in this paper. A 
negative-ion wave function that is not so much peaked 
in the direction of the nearest neighbor may be indi- 
cated. 

Finally, it should be mentioned that the method 
employed in this paper is not generally applicable to 
all ionic crystals because the positive-ion polarizability 
is neglected and the entire negative-ion polarizability 
is attributed to the outermost subshell of electrons. 
However, the results obtained indicate that an idealized 
model such as this can be applied with reasonable 
success to other ionic solids in which the positive-ion 
polarizability is small compared with that of the 
negative ion. It is also hoped that the broad features 
of the present work will be useful in considerations of 
more complicated systems, where these conditions are 
not well met. 
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A study has been made of the formation of colloids in additively colored sodium chloride. Both natural 
and synthetic single crystals were additively colored by heating in a vapor of sodium and by injecting 
electrons from a point cathode. Subsequent irradiation with ultraviolet light and heating of the synthetic 
crystals produced an absorbing type colloid throughout the crystal. The same treatment applied to the 
natural crystals produced F centers throughout the bulk of the crystal and absorbing type colloid specks 
at localized points in the crystal. In the synthetic crystals the formation of these colloids is shown to be 
related to the presence of hydroxyl ions in the crystals prior to coloration. In the natural crystal the 
formation of such colloids is dependent upon the presence of small occlusions of water distributed randomly 


in the crystal prior to coloration. 


INTRODUCTION 


Kk )R the purpose of this paper color centers produced 

either by additive coloration or by ionizing radia- 
tion will be divided into two general classes. In the 
first class are atomically dispersed centers such as 
F’, M, and R centers. In the second class are the colloid 
centers which are generally ascribed to aggregates of 
the alkali metal. It is the second class of centers upon 
which the present work is focussed. The early work on 
colloids in the alkali halides is well summarized by 
Seitz' and Prizbram.? Most of the work on the formation 
of colloids involves the use of crystals in which F 
centers are present. A band attributed to colloids is 
subsequently produced by heating an additively colored 
crystal containing F centers to a few hundred degrees 
centigrade. It is well known* that some alkali halides, 
e.g., KCl, when additively colored, are relatively free 
of colloids. Even if a KCI crystal is slowly cooled from 
the additive coloring temperature of 500 to 700°C a 
prominent F band appears. In contrast, an additively 
colored NaCl crystal must be rapidly quenched in 
order to obtain a prominent F band. In the present 
work the absence of F centers after additive coloration 
was desirable and hence NaCl slowly cooled from the 
additive coloration temperature was used. 

Compton has shown that a colloid-type band 
appears in synthetic NaCl crystals which have been 
irradiated with 1.3-Mev electrons or Co® gamma rays. 
This band was readily detectable at doses above 10% 
roentgens. Its formation was attributed to the presence 
of OH™~ ions in melt-grown crystals. 

The present work indicates that the absorbing-type 
colloid band (henceforth referred to as the A band) 
formed by heating an additively colored crystal con- 
taining F centers is due to the presence of OH™~ ions 
in the melt-grown crystal prior to the additive colora- 


tion. It will also be shown that the appearance of a 


1 F. Seitz, Revs. Modern Phys. 26, 7 (1954 

2K. Prizbram, /rradiation Colours and Luminescence (Pergamon 
Press, New York, 1956 

*Z. Gyulai, Z. Physik 35, 411 (1925) ; 37, 889 (1926 

*W. Dale Compton, Phys. Rev. 107, 1271 (1957 


blue color in certain portions of slowly cooled additively 
colored natural NaC] is due to the presence of occluded 
water in the crystal prior to the additive coloration. 
It is necessary to point out at this time that a distinc- 
tion should be made between the large aggregates of 
colloidal metal which decorate dislocation lines and 
grain boundaries’ regardless of whether synthetic or 
natura! crystals are used, and the colloid formed upon 
heating an additively colored crystal which contains 
F centers. It is the latter colloid whose presence 
depends upon the reaction of the metallic sodium at 
the additive coloring temperature with the hydroxyl 
or water content of the crystal. 


EXPERIMENTAL PROCEDURE 


The sodium chloride used in these experiments was 
obtained from various sources. The synthetic crystals 
were obtained from Harshaw Company, Optovac 
Company, or grown in our laboratory by the 
Kyropoulos technique. The natural crystals from 
Baden-Baden, Germany were obtained from the 
Smithsonian Institution, Washington, D. C. The additive 
coloration experiments were initially carried out using 
doubly and triply distilled sodium. It was soon apparent 
that such precautions were not necessary, and sub- 
sequent colorations were carried out without distilling 
the alkali metal. Although different additive coloring 
temperatures were tried (i.e., 550°C, 650°C, 750°C) 
there was little effect of the coloring temperature on 
the subsequent optical measurements. The data were 
taken on crystals colored at 650°C for 18 hours unless 
otherwise noted. After additive coloration the crystals 
were cooled to room temperature in about 6-8 hours. 
All crystals were additively colored in a stainless steel 
bomb whose mass determined the rate at which the 
crystal cooled. Crystals containing various amounts of 
hydroxyl were additively colored together with the 
natural NaCl which contains no measurable amount 
of hydroxyl. The presence of hydroxyl in the crystals 
was determined by measuring the absorption spectra 
1956 
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from 184 my through 240 my before additive coloration 
and noting the magnitude of the 185 my band.* 

Crystals were also additively colored by injecting 
electrons at 600° using a point cathode. These crystals 
were slowly cooled by merely cutting off the power 
to the furnace, and removing the crystal a few hours 
later when the furnace had reached room temperature. 

Hydrided crystals were produced by heating addi- 
tively colored crystals to 700°C in an atmosphere of 
hydrogen for about 6 hours. The specimens used were 
less than 0.25 mm in thickness. 

The optical absorption spectra were measured using 
a Cary Model 14M _ spectrophotometer. Data were 
taken from 800 my to 184 my at room temperature 
and at liquid nitrogen temperature. 


EXPERIMENTAL RESULTS 


Synthetic and natural crystals of sodium chloride 
that have been simultaneously additively colored and 
slowly cooled are strikingly different in color when 
removed from the bomb. By transmitted light the 
synthetic crystals are uniformly blue and the natural 
crystals are yellow. There are some patchy blue areas 
in the natural crystals which will be discussed in 
detail later. Microscopic examination of all of the 
crystals by reflected light indicates the presence of 
colloidal particles of about 0.1y to 1.0y decorating 
grain boundaries. Extinction measurements on these 
crystals indicate that the natural crystal contains F 
centers and the synthetic crystals contain a small 
amount of a scattering type colloid in the 580 my to 
620 my region (the position varies somewhat depending 
upon the source of the crystal). In addition, the 
synthetic crystals have a U band at 192 my and two 
longer wavelength ultraviolet bands at 228 my and 
288 my. The presence of the U band is due to the 
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Fic. 1. Absorption = of additively colored sodium chloride. 
Both crystals were slowly cooled from the additive coloring 
temperature of 650°C. Solid curve—synthetic ape crystal ; 

curve—natural single crystal. 


* H. W. Etzel and D. A. Patterson, Phys. Rev. 112, 1112 (1958). 
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Fic. 2. Production of an absorbing type colloid band (A band). 
Curve 1—-synthetic crystal as received from bomb. Curve 2—after 
exposure to ultraviolet radiation from a hydrogen arc lamp. 
Curve 2’—-after exposure to light from a tungsten lamp. Curve 3— 
after being heated to 420°C for two minutes. 


reaction of hydroxyl ions present in the synthetic 
crystals with sodium during the additive coloration.* 
Figure 1 shows the spectra of a typical synthetic crystal 
and a natural crystal. Such crystals are relatively inert 
to further heat treatment provided that the additive 
coloring temperature is not exceeded. 

F centers are produced in the synthetic crystals by 
irradiating into the U-band region with an Allen 
hydrogen-arc lamp equipped with a lithium fluoride 
window. The irradiation decreases the U band, the 
228 my band, and the 288 my band. Subsequent 
heating of the crystal containing F centers to about 
400°C removes the F-band absorption and produces a 
strong A band. If the F centers in a crystal are optically 
bleached R, M, and N bands will be produced, but 
subsequent heat treatment at 400°C will nevertheless 
produce the same A band. The U band is unchanged 
by the heat treatment, but the 228 my and the 288 my 
bands are partially restored. These sequences are 
shown in Fig. 2. If a synthetic crystal which has been 
additively colored at 750°C is baked in a stream of 
hydrogen at 700°C the 228 my and the 288 my are 
removed and only the hydride band at 192 my remains. 
The 228 my and the 288 my bands will henceforth be 
referred to as the O; and Oy bands, respectively. 
Irradiation of this crystal at room temperature with 
ultraviolet light produces an F band. Subsequent 
heating of this crystal to about 400°C restores the U 
band and no A band appears. This is shown in Fig. 3. 

If crystals containing different amounts of “OH” 
band at 185 my are additively colored at the same 
temperature, exposed to the same number of ultra- 
violet quanta, and then heated for the same length of 
time at the same temperature, then the resulting 
A band is found to be proportional to the magnitude 
of the “OH” absorption band in the crystal prior to 
treatment. This is shown in Fig. 4. 
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Fic. 3. Absence of the A band in hydrided sodium chloride. 
Curve 1—synthetic crystal after hydriding. Curve 2—after 
exposure to ultraviolet radiation from a hydrogen arc lamp 
Curve 3—after being heated to 420°C for two minutes. 


After additively coloring and slowly cooling natural 
crystals, spectral absorption measurements indicate 
that the bulk of the crystals contain F centers. Random 
patches of blue color are present and are apparent to 
the naked eye. Closer examination of these areas with 
a 100X microscope indicates the presence of a bubble 
in the center of each blue patch. If such a crystal is 
irradiated with ultraviolet light, the volume im- 
mediately surrounding the blue area becomes deeply 
colored with F centers. Subsequent heating of the 
crystal produces a A band encompassing only the 
volume around the bubbles. Spectral measurements 
indicate that the band in these localized areas of the 
natural crystal is the same band that appears in the 
synthetic crystals after ultraviolet irradiation and heat. 


DISCUSSION 


The data of Fig. 4 indicate that the formation of the 
absorbing type colloid (4 band) is dependent upon the 
presence of hydroxyl ions in the synthetic crystals. 
The work of Williams’ shows that the reaction of 
sodium with sodium hydroxide above 300°C proceeds 
as follows: 


2Na+ NaOH — Na.O+ NaH. 


The crystal at the additive coloring temperature 
contains free electrons some of which cause the above 
reaction when they are trapped at sodium ions whose 
nearest neighbor is a hydroxyl ion. A discussion of the 
kinetics of the resulting dissociation will not be at- 
tempted here. The products of the dissociation are 
predicted by the above equation. The hydride ion is 
present in the form of a normal U center (see Fig. 1). 
The bands described in Fig. 1 as O; and Oy are ascribed 
to the presence of the other product of the dissociation, 


7D. D. Williams, Naval Research Laboratory NRL Memoran- 
dum Report No. 33, 1952 (unpublished). 
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O~. These absorption bands are removed when a thin 
crystal is baked at 700°C in an atmosphere of hydrogen. 
If the spectra are measured at 78°K, the absorption 
band designated as O; narrows, increases in magnitude, 
and the peak shifts to higher energy. This band is 
about as sensitive to lattice vibrations as the F or U 
bands, indicating that it is not a colloidal type center. 
From previous work it is known that the O; band is 
associated with a donor type center.* Data on the On 
band are not as extensive. This band is removed by 
the hot hydrogen treatment. Low temperature spectral 
measurements on this band do not a marked 
dependence on the Oy band on the lattice environment. 
The dependence shown in Fig 


show 


4 does not imply that 
the hydroxy] ion itself is responsible for 4-band forma- 
tion. The colloid does not form upon heating a virgin 
crystal, nor upon heating the slowly cooled additively 
colored crystal, but only after heating an irradiated 
additively colored crystal. It has been experimentally 
determined that the irradiation need not be from an 
ultraviolet source, but may be x rays, gamma rays, or 
electrons. Since the irradiation ionizes the U’ and O, 
centers, it is possible that either of these centers may 
be the nucleation center for colloid formation. The 
ionized U center is ruled out as a nucleation center 
because it is present in the hydrided crystals, which 
form no colloids after irradiation and heating. The 
electron centers formed by the » Py a, 
R, etc.) at room temperature are only an intermediate 
step in the formation of the colloid by heat. Figure 2 
shows that it makes no differenc« 

distributed as shown in curve 2 or 2’, the same A band 
forms upon heating the crystal. The 
curve 1 dire« tly to curve 
by simply heating the 


irradiation (i.e 


if the electrons are 
transition from 
3 of Fig. 2 may be achieved 


crystal during irradiation. It is 
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Fic. 4. Relationship in various synthetic crystals between 
the “OH” band and the A band 


*H. W. Etzel, Bull. Am. Phys. Soc. 2, 126 (1958 
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suggested that the ionized O; center or this center in 
combination with a lattice defect is responsible for the 
growth of the A band. 

The formation of the 4 band in the natural NaCl 
occurs only in localized areas. The portions of the 
crystal in which this colloid will appear can be pre- 
dicted by close examination of the crystal after additive 
coloration. Faint dots of blue can be seen, and under a 
100X microscope each blue dot has within it one or 
more bubbles. By reflected light the dot area shows 
Tyndall scattering. Since the natural crystals are 
grown from solution, it is reasonable to expect that 
the bubbles contain some water. During additive 
coloration the water reacts with the sodium, and now 
in these localized areas the initial conditions for 
promoting the growth of an absorbing type colloid are 
present. Optical absorption measurements in the 
immediate area of the bubble indicate the presence of 
a U band, and a trace of O; band. The behavior, then, 
of the area immediately surrounding the bubbles in 
natural NaCl is identical with that of the bulk of the 
synthetic NaCl containing hydroxyl ion impurities. 

Scattering type colloids which decorate grain 
boundaries form in all sodium chloride crystals which 
are slowly cooled from the additive coloring temper- 
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ature. It appears reasonable to conclude from the 
present work that the formation of an absorbing type 
colloid band in additively colored sodium chloride is 
due to the presence of impurities acting as nucleation 
centers. The formation of absorbing type colloid bands? 
observed in other alkali halides after additive coloration 
may be due to the presence of hydroxyl ions*-” in these 
melt grown crystals. 

Since the natural crystal contains no hydroxy! ions, 
the areas in the crystal free of bubbles contain F 
centers after additive coloration. These F centers are 
present whether the crystal is slowly cooled or quenched 
from the additive coloring temperature; the only 
optical difference is that the slowly cooled crystal will 
also be decorated. 
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Crystal Potential and Energy Bands of Semiconductors. 
III. Self-Consistent Caiculations for Silicon* 
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An approximately self-consistent crystal potential is constructed for Si from a superposition of free-atom 
core and a sampling of crystal valence band charge densities. Valence-core exchange is calculated directly 
from core wave functions while valence-valence exchange is included using momentum-independent and 
momentum-dependent approximations taken from the results for a free-electron gas. The resulting crystal 
potential is surprisingly similar to one previously obtained by Woodruff from a superposition of free-atom 
charge densities. The calculated valence wave functions in the core region differ substantially from those of 
Woodruff because of the variational method used by him to calculate wave functions in that region. As a 
result the calculated energy gap is changed from Woodruff's value of 4 ev to about 1.5 ev, in substantially 
better agreement with the experimental value (1.1 ev). The various uncertainties in the calculation are listed; 
it is concluded that the relative position of levels near the band gap should be correct to within about 1 ev. 
Effective masses are also calculated and compared with experiment ; the agreement is quite good. 


I. INTRODUCTION 


HIS is the third paper of a series' whose object is 

to present a careful study of the crystal potential 

seen by electrons inthe covalently bonded semicon- 
ductors and to calculate the energy bands resulting 


* Supported in part by the National Science Foundation 

+ National Science Foundation Predoctora! Fellow. 

t National Science Foundation Postdoctoral Fellow. Present 
address: Royal Society Mond Laboratory, Cambridge, England 

'L. Kleinman and J. C. Phillips, Phys. Rev. 116, 880 (1959), 
hereafter called I. 

? L. Kleinman and J. C. Phillips, Phys. Rev. 117, 460 (1960) 


therefrom. The problem—rewarding in that experi- 
mental verification of the results is possible—is difficult 
on two counts. First there is the mathematical difficulty 
of obtaining good wave functions; this was solved for 
diamond by Herman’ using the method of orthogonalized 
plane waves* (OPW) and by us in I using the repulsive 
potential method.* 

'F. Herman, Ph.D. thesis, Columbia University, 1953 (un- 
published ) 

*C. Herring, Phys. Rev. 57, 1169 (1940). 

‘J. C. Phillips and L. Kleinman, Phys. Rev. 116, 287 (1959), 
hereafter called PK 
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We regard the repulsive potential method as an ap- 
proximation to the OPW method which has as its chief 
virtues its ease of calculation and the physical insight it 
lends to the problem. It is particularly well suited for 
demonstrating the error incurred by orthogonalization 
to incorrect core wave functions. In the next section we 
briefly review the repulsive potential method and dis- 
cuss the best choice of core wave functions and the effect 
of incorrect functions on the repulsive potential. 

Because of the second difficulty, obtaining the correct 
crystal and repulsive potential, none of the other valence 
semiconductors have previously been treated satis- 
factorily. In I we studied the valence electron contribu- 
tion to the potential and showed that, at least for 
diamond, a simple superposition of atomic charge 
densities leads to a nearly self-consistent valence po- 
tential. This fact, together with the simplicity of the 
core, led to Herman’s satisfactory results. There is no 
a@ priori reason to expect the same thing to be true for 
silicon. We therefore form our crystal charge density 
from an assembly of free atomic core charge densities 
arranged in the form of a diamond lattice plus a self- 
consistent crystal valence charge density. The self- 
consistent valence potential is discussed in Sec. IV where 
two choices for the exchange contribution are presented. 

It is generally conceded that the most accurate crystal 
potential calculation for a polyvalent element beyond 
the second period was done by Heine® for aluminum. 
Because he could assume the valence wave functions to 
be single orthogonalized plane waves, he was able to 
aim for and probably achieve a relative accuracy of 
0,02 ry in the energy levels. In doing silicon which lies 
next to aluminum in the periodic table, we shall be able 
to take advantage of some of Heine’s work as the cores 
of the two atoms are to within a scaling factor almost 
identical. The core and repulsive potentials are calcu- 
lated in Sec. III with an accuracy approaching Heine’s. 
However, in going from aluminum to silicon, one goes 
from a case of nearly free valence electrons to the case of 
covalently bonded electrons. Because there exists no 
satisfactory treatment of exchange and correlation for 
this more general case, the relative accuracy of our final 
eigenvalues is limited to about 0.05 ry. 

In the past few years two calculations of the energy 
bands of silicon have appeared. Woodruff’ and Bassani,® 
who manufactured their crystal potential from a super- 
position of neutral atomic charge densities formed from 
analytic Slater®” wave functions, would have obtained, 
had they carried their calculations to convergence, an 
indirect energy gap about 0.25 ry too large. Jenkins," 
who manufactured his Hartree crystal potential from a 
superposition of singly charged silicon ion charge den- 
sities and used a cellular method of calculation, found 

*V. Heine, Proc. Roy. Soc. (London) A240, 340 (1957). 

7™T. O. Woodruff, Phys. Rev. 103, 1159 (1956). 

* F. Bassini, Phys. Rev. 108, 263 (1957). 

* J. C. Slater, Phys. Rev. 36, 57 (1930). 

J. C. Slater, Phys. Rev. 42, 33 (1932) 
1 D—. P. Jenkins, Proc. Phys. Soc. (London) A69, 548 (1956). 
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silicon to be a conductor. Because of the similarity in 
both method and results, we find it easy and instructive 
to compare our results with Woodruff’s. The conclusions 
drawn from this comparison are that the crystal po- 
tential is insensitive to any reasonable approximation in 
either core or valence charge densities (a superposition 
of atomic valence wave functions is even closer to being 
self-consistent for silicon than for diamond) while the 
repulsive potential is very sensitive to approximations. 

In Sec. V the energy bands are presented and because 
of our improvement over Woodruff’s repulsive potential, 
agreement with the experimental energy gap and valence 
band width is obtained to within the uncertainties due 
to the valence-valence exchange. 

In Sec. VI the effective masses of holes at the top of 
the valence band and electrons at the bottom of the 
conduction band are computed including the effect of 
the rapid oscillation of the wave functions in the atomic 
core region. Agreement with experiment is found to be 
quite good. 


Il. ORTHOGONALIZATION TO CORE LEVELS 


We here give a short derivation of the repulsive po- 
tential method in order to obtain a simple means of 
displaying the physical significance of orthogonalization 
and the effects of small errors in the core wave functions 
upon orthogonalization. 

Let us assume we know the crystal wave function y. 
which transforms according to I’,, an irreducible repre- 
sentation of the cubic point group which has s or p 
atomic symmetry. Since ¥. must be orthogonal to the 
core states of similar symmetry, ¥.", we can write 


va=¢ “2 GaVe", (2.1) 
(2.2) 


We find the Schrédinger equation satisfied by ¢a, the 
“smooth” part of Ya by substituting (2.1) in the 
Schrédinger equation for Wa, 


KRYa Ea. 
Thus 
Reoat>d n On*(En—E)Wa"=EGa. 


— 


If we now introduce 


we obtain 


(K+ V zg) a> —V*+V-+ Vr) ¢a= (2.6) 


Ue: 
If we now expand ¢, in a series of symmetrized plane 
waves transforming according to the irreducible repre- 
sentation Iq, 


> Ye en 


+ 


Ki 


then applying the variational principle we obtain the 
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usual secular determinant 
det( Vr(K ;,K ) + (k2— E)8,; )=0, 


where V7(XK,,K,) represents the matrix element of 
V+V x between the ith and jth symmetrized combina- 
tion of plane waves and consists of one or more Fourier 
transforms of V+ Vx. Our secular equation (2.8) is like 
that obtained in the method of orthogonalized plane 
waves* but does not contain the complicated direc- 
tionally dependent terms present there. Convergence of 
Eq. (2.8) is just as rapid as is obtained using OPW 
because Eq. (2.8) is the secular equation for the smooth 
part of the wave function. An examination of Eq. (2.5) 
shows the repulsive potential to be very nearly inde- 
pendent of angle because in the core region (where ¥." 
is large) ga may for most irreducible representations, a, 
be approximated to very great accuracy by a radial 
function times the same spherical harmonic contained 
in Pa". 

For those irreducible representations transforming 


(2.8) 


with both s and p atomic symmetry (i.e., ga=@¢a" 


+b¢.”) the repulsive potential may still be written in 
an angularly independent form: 


Valr)=AVa'(r)+ BV a(n), 


where V g* and Vg” are pure s and p repulsive potentials 
obtained using separately the s and p parts of ¢. in 
Eq. (2.5). In PK we showed how A and B may be 
obtained from a and 6. 

In the core region the radial part of ¢, may be ap- 
proximated by a function of the form r'e~*" where / is the 
azimuthal quantum number. The determination of 8 
(as well as £) in a self-consistent manner is discussed in 
the next section. There it is also shown that this ap- 
proximation causes only a small error which we almost 
completely eliminate by calculating the perturbation of 
the error on the energy levels. In return for this incon- 
venience we obtain not only a much easier method of 
calculation than OPW gives us, but also a means for 
displaying the physical significance of the orthogo- 
nalization terms. 

Consider, for instance, the Fourier transforms of the 
effective potential listed in Table XI. One sees that all 
the Fourier transforms of the Coulomb potential but the 
(111) are very nearly cancelled by the repulsive po- 
tential seen by the s valence electrons while for p valence 
electrons the cancellation is not nearly so good. As we 
have pointed out in PK this is due to the fact that we 
have eliminated all the radial nodes in the wave func- 
tions but the » wave function contains an angular node 
that cannot be eliminated. If one adds the kinetic energy 
of the angular node [i.e., the centrifugal potential 
l(i+-1)/r*] to the p repulsive potential the sum is very 
nearly equal to the s repulsive potential. This explains 
the slow convergence of p wave functions in OPW 
calculations which has been a puzzle for some time. We 
might further note that it is the electrons’ response to 
the lack of cancellation of V;,; that causes the formation 


(2.9) 
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of covalent bonds. In metals all the Fourier transforms 
(except Vooo) are very nearly cancelled out by the re- 
pulsive potential ; thus the electrons are nearly free. 

Herring, in his original paper‘ discussed the errors 
which result from orthogonalizing to incorrect core wave 
functions. These errors are often of two types. The first 
results if the valence wave functions are orthogonalized 
to eigenfunctions of an incorrect Hamiltonian such as 
free atomic core wave functions rather than to core 
eigenfunctions of the crystal valence one electron 
Hamiltonian. Even if the core functions are eigenfunc- 
tions of the valence Hamiltonian, a second kind of error 
may occur if they are determined by a variational tech- 
nique which leads to first-order errors in the wave 
functions. Woodruff’ calculated the core eigenfunctions 
of silicon variationally while Heine® avoided the problem 
by calculation of the core eigenfunctions of aluminum 
numerically. 

The repulsive potentia! method is particularly well 
suited for displaying these effects and a detailed dis- 
cussion for silicon is given at the end of the next section. 


Ill. CALCULATION OF CORE AND 
REPULSIVE POTENTIALS 


There are no self-consistent calculations of the wave 
functions of the neutral silicon atom available in the 
literature; however, there exist both Hartree” and 
Hartree-Fock" calculations for the Si** ion. We wish to 
approximate the neutral silicon atom core with the Si* 
ion. As was pointed out by Heine,* neglecting the 
shielding of the valence electrons on the core causes only 
small variations in the core charge density. The 
Coulomb potential seen by the valence electrons is ex- 
tremely insensitive to these small core variations. Fur- 
thermore, these small variations will be reduced if one 
approximates the neutral silicon atom by the Hartree 
Si** ion rather than the Hartree-Fock ion. For the effect 
of exchange is to increase the attractive potential seen 
by the core electrons and hence tends to cancel the 
shielding of the core electrons by the valence electrons. 
It can be seen that the neglect of exchange in the 
Hartree calculation does not overcompensate the neglect 
of valence electron shielding on the atomic cores since 
Table III shows that the Hartree ion eigenvalues calcu- 
lated by McDougall” actually still lie below the experi- 
mental x-ray term values of the silicon atom.“ We 
therefore took our core Coulomb potential from 
McDougall’s Hartree calculation. It is listed in the 
second column of Table I as a function of r. The core- 
valence exchange potential is obtained from"** 


‘ ‘ . 1 Walri) 
y (fore-val ex(7,)= > fov-ra Wi(72)drz—- : (3.1 
a Ti2 


¥i(r1) 


2 J. McDougall, Proc. Roy. Soc. (London) A138, 550 (1932). 

4 W. Hartree, D. R. Hartree, and M. F. Manning, Phys. Rev. 
60, 857 (1941). 

4 American Institute of Physics Handbook (McGraw-Hill Book 
Company, New York, 1957). 

s . C. Slater, Phys. Rev. 81, 385 (1951). 
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TABLE I. Contributions to Z(r)= —rV(r) as seen by valence electrons in the spherical! approximation. Column 2 lists the Coulomb 
] ( 


contribution of the core. Columns 3 and 4 list the exchange contribution of the core with s and p valer lectrons 
list the exchange and Coulomb contributions of the valence electrons. Columns 7 and 8 are the sums « 


respectively. 


core-\ re 


r Zs exch Z» exch 


0.039 
0.217 

0.352 
0.458 
0.547 
0.669 
0.429 
0.340 
0.512 
0.634 
0.743 
1.132 
0.093 
0.041 

0.016 
0.006 
0.002 
0.000 


0.0050 
0.0247 
‘0.0451 
0.0672 
0.0907 
0.1165 
0.1572 
0.2019 
0.2725 
0.3679 
0.4966 
0.6703 
0.9048 
1.221 
1.649 
2.014 
24600 
3.004 


0.036 
0.192 
0.285 
0.337 
0.359 
0.368 
0.380 
0.412 
0.498 
0.623 
0.765 
1.083 
0.215 
0.014 
0.008 
0.002 
0.000 


4.0000 0.000 


where the summation is over the core states. The scaling 
of atomic wave functions has proved useful in extrapo- 
lating Hartree potentials" 
valence electrons to small errors in core charge density ; 


due to the insensitivity of 


for the same reason it is possible to extrapolate Heine’s 
aluminum core-valence exchange potential to silicon. 
By matching the nodes and maxima of the wave func- 
tions, one finds to a ve ry good approximation in the core 
region 


Wsilr (1 0.958) Wa 1(7r/0.95). ‘2 


By substituting Eq. (3.2) into Eq. (3.1) one immedi- 


ately finds 


Vg core-val ex(, val ex(¥/0).95), (3.3a) 


1/0.95) V4," 


or 


Zy(™ * (0.957) = Z, oO *(r), db 


where Z 

The exchange potential (3.1) has been smoothed out 
over the region where it becomes infinite but this makes 
little error because of the node in y,(r;). The valence 
wave functions used are the free atom wave functions 
which do not change appreciably in the core region on 


—rV. 


going to the crystal except for their normalization of 
which Eq. (3.1) is independent. Columns 3 and 4 of 
Table I list Z°"**" **(r) for s and p valence wave func- 
tions. Table II compares the Fourier transforms of 
—— re-valeX(») with those of Woodruff. 


Slater free-electron gas 


(ry) and J 
Because Woodruff 
approximation 


used the 


V(r) = —6[(3/8r)p(r) |! (3.4 


for his total exchange potential, lumping both core and 
valence charge densities together, the separation of his 
exchange potential into core and valence terms is some- 


6 T). R. Hartree, Proc. Cambridge Phil. Soc. 51, 684 (1955 


olumns 5 and 6 
5, 6, and 2, 4, 5, 6, 


Zexch Z 


0.006 
0.028 
0.051 2.2 
0.076 0.252 ! 7 11.496 
0.103 0.309 10.821 
0.132 0.362 10.181 
0.179 0.434 9 328 
0.229 0.507 8 547 
0.309 0.618 5 7.538 
0.418 0.775 6.491 
0.564 0.993 5 549 
0.761 298 5.048 
1.027 i] 8.35 4.236 
1.597 3.387 
2.027 Z 3.204 
186 ; 2 2.988 
218 ‘17 2.715 
126 j 9 2 308 


0.026 
0.115 


0.188 


13.783 
12.989 


19 999 


The 
trapolating his higher Fourier transforms, which result 
almost entirely re, down to the (111 


This procedure \ elds 


what arbitrary separation was obtained by ex- 


from the 


transform well-defined results 


transform 


be AUSE Pyag) IS SO EXlt nded that only the 111 


is large (see Sec. I\ 
We that the 


exchange potential 


note difference 


sma 


i errors 


character of the irreducil entations will lead 
only to small errors in tl xchange potential The 
similarity between Woodruff’s K 


even though he used Slater wave functions for hi 


and ours 
s Core 
charge density confirms our earlier remarks about the 
| } 


insensitivity of the valence electron mali changes in 


core « harge ae nsity 


We now turn our attent culation of the 


core eigenfunctions needed to calcul: the repulsive 


potential The contribution tn ilence electrons to 


the crystal potentia 


onsistently in 


the next section; howe, al ap 
proximation to the valence electrons in tl core region 


of an atom in the 
calculation of the core eigenfunct 


It is assumed that the valen 


cTrysta 


crystal can be approximat iperposition 


lattice s 


atomic-like wave functior 
whose smooth radial part 


as and ap, were chose! ipproximate agreement 


with p;;; obtained self cor These smooth wave 


sistently 


functions must be orthogona red to the core elgen- 
functions of the valence Hamiltonian which for this 
purpose we approximate by the analytic 1s, 2s, and 2p 


Slater*®:” wave functions, obtaining for the radial part of 
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Si 


raBce II. Comparison of Fourier coefficients of core contribution to potential with those of Woodruff. Column 2 lists Woodruff's core 
Coulomb term. Column 3 lists our core Coulomb term. Column 4 lists the exchange potential due to the core seen by Woodruff’s valence 
electrons. Columns 5 and 6 list the exchange potential due to the core seen by our s and p valence electrons. Column 7 is the sum of 
columns 2 and 4. Column 8 is the sum of the average of columns 5 and 6 with column 3. The coefficients have not been multiplied by 


the form factor cos(#/4)(K,+K2+K;). 


2 
K 
V weore Coul(K) Yeore Coul(K) VV ,core-val ex 


—0.754 
—0.334 
—0.263 
—0.201 
—0.141 
—0.108 
—0.077 


A 
3 0.737 
8 0.328 

11 0.258 
0.191 

—0.131 
0.103 
0.075 


—0.050 
—0.044 
0.042 
0.039 
0.029 
0.019 
0.008 


7 


ai 


40 
64 


the wave functions 


Vs. =0.9104[ e °°" — 26.7974 5"+-6.625¢e-"-7" |, (3.6a) 


Vap= 1.636r[e7*-* — 11.394], (3.6b 


We choose our atom to have (17/8) p electrons and 
(15/8) s electrons as this is approximately the number of 
each in the valence band averaged over the Brillouin 
Zone (see Table V). The potential due to these valence 
electrons is computed from Poisson’s equation 


VV = —8np, (3.7) 
and Slater’s'® free electron exchange approximation 
(Eq. (3.4) ]. 

Due to the nonlocal nature of the exchange potential! 
the rapid oscillations of the valence charge density in 
the core will not be seen by the valence electrons and 
following Heine® we have therefore averaged the charge 
density over the core before inserting it in Eq. (3.4). 

It should be mentioned that the spherical approxima- 
tion neglects the overlap of charge density from other 
crystal sites. Hence there is an unavoidable error in the 
Hamiltonian for which we are calculating the eigen- 
functions. In the core region this overlapping charge 
density should be small and approximately constant 
Neglecting this overlap is therefore equivalent to making 
E,, slightly too negative. On the other hand, we found 
after calculating p;;; self-consistently that a, and a, and 
hence the shielding due to the valence electrons were too 
large. As these errors are in opposite directions and each 
causes an error in the repulsive potential of less than 
0.01 ry, no attempt was made to correct them. Columns 
5 and 6 of Table I list Z°°”"' *(r) and Z™™ “"'(r). We 


TaBLe III. Eigenvalues of 1s, 2s, and 2 core functions in ry 
determined in four different ways 


Is 


— 141.20 
— 134.597 
— 131.4208 
—135.4 


2s 2p 


— 14.135 11.230 
— 11.1237 — 8.17697 
— 12.00415 — 8.72145 
—11.0 —7.3 


Hartree* 

Woodruff’s variational! 
Present calculation 
Atomic x-ray term values” 


* See reference 12. 
> See reference 14 


V 


re-val ex (K ) 
0.041 
0.035 
0.032 
0.028 
-0.023 
0.016 
0.009 


V weore(K) 


0.037 
0.033 
0.031 
0.027 
0.022 
0.017 
0.009 


0.787 
0.371 
0.300 
0.230 
0.160 
0.122 
0.083 


repeat that these spherical valence potentials are used 
only to compute the lower eigenvalues and eigen- 
functions of the valence Hamiltonian. Columns 7 and 8 
of Table I list the total spherical potential for s and p 
electrons, respectively. 

To facilitate the numerical integration of the radial 
part of the Schrédinger equation the following substi- 
tutions are made’? : 


Inr, 


Prh 


(3.8a) 
(3.8b) 


p 


P’ yr, 


This gives 


(a? P’/dp*)+[ Ee*+2Zer— (i4 4)? |P’=0 (3.9) 


in atomic units (Z in ry, r in Bohr radii) which was 
integrated with the boundary condition (dy/dr)r,=0, 
where Z rV(r) and r, is the radius of the equivalent 
volume sphere (r,= 3.18). Table ITI lists the eigenvalues 
for the 1s, 2s, and 2 eigenfunctions and compares them 
with those of Woodruff and the Hartree core wave 
functions. We note that Woodruff’s variational eigen 
values lie above ours with the exception of the 1s. This 
is because he did not average the charge density over the 
core before computing the exchange potential and so his 
exchange potential is much too great in the 1s region of 
the core. 

The repulsive potentials are obtained from Eqs. (2.5) 
and (2.2) by inserting these calculated 1s, 2s, and 2p 
eigenfunctions and eigenvalues into Eq. (2.5) and ap- 
proximating ¢. by ¢, and ¢, of Eq. (3.5a, b). Table IV 
gives the 1s and 2s repulsive potential as a function of r 
for Ty and the 2p repulsive potential for ys and the 
total spherical potential (including repulsive) for I’ and 
I'\s. Figure 1 is a graph of the total spherical potential 
for r ; 

The percentage of s and repulsive potential to be 
used in each irreducible representation was determined 
by a preliminary expansion of its symmetrized combi- 
nations of plane waves into produc ts of spherical 
harmonics and radial functions. These were then inte- 
grated over the core eigenfunctions yielding essentially 
weighted sums of the orthogonalization contribution to 


17 PD. R. Hartree, Phys. Rev. 46, 738 (1934). 
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Tasie IV. Charge Z(r)=—rV(r) due to repulsive (orthogo- 
nalization) potential] in spherical approximation. Columns 2 and 3 
list the 1s and 2s repulsive contributions to 'y which are totaled in 
column 4. Column 5 is the repulsive charge seen by I';s levels. 
Columns 6 and 7 list the total effective charge seen by 'y and I's 
levels which is obtained by adding the repulsive charge to Z(s) for 
I'y and to Z(p) for T's. Z(s) and Z(p) are listed in Table 


r Za'*(Tr) Za*(Tw) Zal(Tw) Za(T is) Zot (T's) 
0.0050 
0.0247 
0.0451 
0.0672 
0.0907 
0.1165 
0.1572 
0.2019 
0.2725 
0.3679 
0.4966 
0.6703 
0.9048 
1.221 


— 5.088 0.692 
—17.612 2.379 
~24.811 3.225 21.586 

28.080 3.399 24.681 
—28.347 2.992 25.355 
~26.537 2.104 24433 
~21.776 0.223 21.553 

16.264 ? 006 18.270 

9.662 4.937 14.599 

—4.170 8.012 12.182 

—1.275 9.580 10.855 

0.259 9117 9.376 

0.070 6.618 6.688 
—0.017 3.739 3.756 
1.649 —0.005 1.546 —1.551 
2.014 0,001 0.683 0.684 
2.460 0 0.250 0.250 
3.004 0 0.127 0.127 


4.396 
15.323 


0.661 
2.847 
—4.662 
—6.213 
7469 
8.481 
—9 495 
10.022 
10.077 
~9.375 
7.954 
6.023 
3.849 
-2.143 
~1.004 
~0.528 
0.256 
0.117 


9.390 
—2,310 
9.291 
13.064 
14.346 
3.952 
175 
797 
047 
680 
328 
279 
330 
342 
661 
308 
467 


271 


ow 


| 
RNR OK wun 


w 
Cee vee sere 


a 


i | 
iit 
o 
== 
wu 


NNR 


the diagonal matrix elements in the OPW method [see 
Eqs. (3.10) and (3.11) ]. The percentage of s and p 
repulsive potential was then taken equal to be the 
percentage of the s and p contributions to these sums. 
Although in principle the percentage of s and p repulsive 
potential can be calculated exactly, it is extremely 
difficult in practice and of not much advantage as our 
spherical approximation for gq has already introduced 
some error into the repulsive potential. In Table V is 
listed the percentage of s and p repulsive potential used 
in each irreducible representation. We estimate it to be 
accurate to within about 3%. 

The error introduced in the repulsive potential is cor- 
rected as follows. The contribution of the orthogonaliza- 
tion terms to the matrix element in the OPW method is 
given by 


YS (E—EndAni*(kdAatlks)) X Pi(cosd;;) 


ni ky ky 


cell 


xX D eftei-e (3.10) 


where ° 














Fic. 1. Graph of —Z(r)=rV (r). The lower curve is the Coulomb 
and exchange charge. The upper curve is the repulsive or orthogo 
nalization charge for the 'y level. The middle curve is their sum, 


the total effective charge for the I'y level. 


AND J 


rRILeirs 


1 
Aatl(k)=- [» rje*®*dr 
Qo! J. 
4 (2/+-1)7! " 
= | - Jf rWailr)jilkridr, (3.11) 


where P;(cos6,;;) is the /th Legendre polynomial of the 
angle between k,; and k,, the sum over n, / is over core 
functions, the sum over k;—k, is over all k;—k, ap- 
pearing in the product of the ith and jth symmetrized 
combination of plane waves, R, is a vector to each atom 
in the unit cell, Qo is the normalization constant for the 
plane waves, and j,(kr) is the /th spherical Bessel 
function. The difference between the contribution ob- 
tained from the repulsive potential, >>, —x, V e(ki—k,), 
and by OPW is listed in Table VI for certain matrix 
elements and all solutions of all irreducible representa- 
tions of interest 

We shift all diagonal elements of 
make the error in the diagonal element of interest zero 


a matrix so as to 


V. Percentage of s and p repulsive potential 


computing various crystal! eigenstates 


TABLE used in 


[i.e., the (11) element if we want the lowest solution or 
the (22) element if we want the next lowest ]. The 
correction which must be made when the matrix is now 
diagonalized is given by first-order perturbation theory 


as 


where a; is the amplitude of the jth symmetrized com- 
bination of plane waves appearing in the kth eigen- 
function transforming according to some particular 
irreducible representation and 6V,; is the 
(i7)th matrix element (6V 4; is now zero). 6, was calcu- 
lated cutting the sum over i and j off at k—13Si, 
j=k+1 and is listed in the last column of Table VI. We 
can make several interesting observations about these 
corrections. We note that the largest correction com- 
puted is less than 0.015 ry and estimate the largest error 
made by cutting off the sum (3.12) to be of order 0.005 
ry. The signs of the corrections for X,, Ly and L, indi- 
D Li and Le to have too much p 


error in the 


cate that we ¢ hose X, 





CRYSTAL POTENTIAL 
character and X,® and L,® to have too little p charac- 
ter. We note that in general the errors in the matrix 
elements of p-like irreducible representations are larger 
than those in s-like. There are two reasons for this. 
Firstly, even at the center of the Brillouin Zone the 
eigenfunctions of these irreducible representations are 
not pure s or p but have small amounts of higher angular 
symmetry mixed in; p eigenfunctions have small 
amounts of d and higher symmetry mixed in, while s 
eigenfunctions tend to have smaller amounts of g and 
higher symmetry mixed in. Secondly, the repulsive 
potential is much more sensitive to errors in the ap- 
proximation of g. by ¢, and ¢». From Eqs. (2.5) and 
(2.2) we see that Vz depends only on the shape of ¢. 
and not its normalization. ¢, is fairly flat in the core 
region and hence not sensitive to small errors in the 
exponential by which it is approximated, while ¢, is an 
increasing function in the core region and hence sensi- 
tive to errors in its shape. 

The repulsive potential is most sensitive to the core 
orbitals ¥.". To illustrate the way in which different 
choices of Yq" affect the repulsive potential, Table VII 
lists Fourier transforms of repulsive potentials obtained 
from three different 2p wave functions: (1) our 2p wave 
function which is obtained by direct integration of the 
Schrédinger equation using the valence one electron 
Hamiltonian; (2) the Hartree 2p wave function which 
is also obtained by direct integration but which uses the 
core Hamiltonian; (3) Woodruff’s 2p wave function 
which is an eigenfunction of a valence Hamiltonian very 
nearly the same as ours but which is subject to first- 
order errors because it was obtained variationally. The 
Hartree core functions are seen to yield too large and 
Woodruff’s too small a repulsive potential. 

The main reason for the Hartree wave functions 
yielding too large a repulsive potential is that their 
eigenvalues, E,, are much lower than those of the core 
eigenfunctions of the valence Hamiltonian. The core 
electrons see a larger nuclear charge than the valence 
electrons due to the valence electrons being screened by 
all the core electrons while each core electron is screened 
only by the other core electrons. Thus the core wave 
functions are pulled in tighter and have lower energy 
than the eigenfunctions of the valence Hamiltonian. On 
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Taste VI. Errors in ry in various matrix elements incurred by 
using the repulsive potential rather than OPW. The last column 
lists the error in the various eigenvalues due to these errors after a 
constant has been added to the diagonal matrix elements. 


(11) 


0.04866 
0.08728 
0.09068 
0.03346 
0.07254 
0.04512 
0.07886 
0.08669 
0.07275 
0.05932 


(22) 


0.02972 
0.06111 
0.05081 
0.04466 
0.00238 
0.03587 
0.15849 
0.08732 
0.04396 
0.09902 


(33) 


(21) 


0.00177 
0.02086 
0.00727 
0.01356 
—0.00744 
0.00744 
0.01426 
0.01481 
0.01358 
0.01959 


(32) sE 


0.00019 
—0.01097 
—0 00085 
—0.00508 

0.00895 

0.00255 
—0,00583 
—0.00826 

0.01355 
—0.01422 


—0,02018 
0.04074 
0.007275 


—0,00749 
—0.00755 
—0,00110 


0.19005 
0.35307 
0.36266 


0.01304 
0.00723 
0.00119 


0.07693 
0.08757 
0.05485 


0.04910 
0.007% 
0.03345 


the other hand, Woodruff’s core eigenfunctions yield too 
weak a repulsive potential because the tail of a wave 
function does not affect the energy very strongly ; it 
therefore is poorly determined by a variational calcula- 
tion. However, the tail of the core function makes a 
large contribution to the repulsive 2p potential because 
the product of the core and smooth valence p functions 
is large in the tail of the core function. The three 2p 
functions are compared in Fig. 2. The differences are 
seen to be small, emphasizing the importance of a very 
accurate calculation of the core eigenfunctions of the 
valence Hamiltonian. 

Table VII also lists the s repulsive potential Fourier 
transforms calculated by Woodruff and by us. The 2s 
potentials are seen to be much more nearly alike than 
are the 2p. This is because although the 2s repulsive 
potential is equally as sensitive to errors in eigenvalue as 
is the 29, it is less sensitive to the shape of the eigen- 
functions. The relatively large error in Woodruff’s 1s 
repulsive potential is due to his use of the Slater wave 
function rather than a variational wave function for W,.. 

That the repulsive potential is more sensitive to any 
source of error in the shape of the core wave functions 
than is the s can be shown analytically, by considering 
the factor a,* appearing in the repulsive potential [ Eqs. 
(2.5) and (2.2) |. In the core region to a first approxima- 
tion the smooth part of the 3s wave function is a con- 
stant and the smooth part of the 3p wave function 


Taste VII. Comparison of Fourier coefficients of ae er Columns 2, 3, and 4 list the repulsive potential for the eigenstate 


Tis as computed from the 2p eigenfunction and eigenvalue o 


Woodruff, of a Hartree core calculation, and of us. Columns 5 and 6 list 


the 2s and 1s contribution to Woodruff’s f', repulsive potential listed in column 7. Columns 8 and 9 list the 2s and 1s contribution to 
our I'y repulsive potential listed in column 10. The coefficients have not been multiplied by the form factor cos(#/4)(Ki+K3+K5). 


a 2 
(=*) 
2 Vr™ (Tis) Ve" (Tis) 


3 

8 
11 
16 
27 
40 
4 


Vallis) 





0.2974 
0.2240 
0.1934 
0.1558 
0.1061 
0.0748 
0.0463 


0.495 
0.350 
0.294 
0.232 
0.155 
0.108 
0.067 


0.3909 
0.2653 
0.2213 
0.1734 
0.1151 
0.0787 
0.0476 


Vp" (2s ) 
0.5153 
0.3380 
0.2671 
0.1847 
0.0879 
0.0386 
0.0063 


if a (1s) 


0.0766 
0.0750 
0.0740 
0.0725 
0.0693 
0.0657 
0.0598 


Ve" (Tr) 


0.5919 
0.4130 
0.3411 
0.2572 
0.1572 
0.1043 
0.0661 


V g(2s) 


0.5178 
0.3322 
0.2623 
0.1834 
0.0899 
0.0398 
0.0061 


Valls) 


0.1003 


0.0970 
0.0952 
0.0924 
0.0868 
0.0812 
0.0724 


Vall y) 


0.6181 
0.4292 
0.3575 
0.2758 
0.1768 
0.1209 
0.0784 
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0.04 


0.02 


0.01 











0.006 


Fic. 2. Logarithmic graph of the 2p wave function determined 
as Hartree solution to core Hamiltonian (solid line), eigenfunction 
of valence Hamiltonian (long-dashed line), variational eigen- 
function of Woodruff’s valence Hamiltonian (short-dashed line). 


increases as r; hence 


ade,™ [oear, 
ao f veardr. 
5 f var [va 0 


indicates that dy, the error in y, tends to be positive 
about as much as it is negative. Therefore a2, is small 
but 5a2, (which is weighted by an extra factor of r) may 
be quite large if (as is usually the case) the sign of dye, 
changes only once Fig. 2). Hence Woodruff’s 
variational determination of the core functions was 
satisfactory for the s repulsive potential but not the p. 

The qualitativ e argument we have just given in terms 
of the repulsive potential can also be given an OPW 


(3.13b) 


(3.14) 


(see 


interpretation With the definitions 


i(X)=sinN/X and j,\(X)=sinX¥/X*—cosX/X, 
we see from Eq. (3.11) that the s orthogonalization 
terms of the OPW method consist of a single integral 


involving the core functions while the p terms consist of 


TABLE VIII. Comparison of OPW orthogonalization coefficients 
Az» is equal to the difference between Az," and A2,°* and 
therefore is much more sensitive to errors then A, which consists 
of a single integra! 


n ((2/ ea) ,,((@/ ra)(l 
As," Asp A q,l@/ ee 1 Aagl ] 


0.1388 
0.1377 


0.07047 
0.09148 


0.27665 
0.26647 


0.34712 


0.35795 


Woodruff 
Present 
calculation 
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the difference between two such integrals and hence are 
susceptible to much larger errors. This isdemonstrated 
for A,{(2r/a)(111)] in Table VIII, using both 
Woodruff’s core wave functions and ours 


IV. SELF-CONSISTENT VALENCE POTENTIAL 


The transforms of the 
potential due to the smooth part of the valence charge 


nonzero Fourier Coulomb 


density are given by 


642 
px(k)dr,, (4.1) 


] 


where ox (k) is the amplitude of the Kth Fourier com- 
ponent of the smooth part of the charge density of all 
electrons with wave vector k in the first Brillouin zone 
and rt; is the volume of the Brillouin zone. We have 
pointed out in I that the integration over the Brillouin 
zone may be replaced by 
points k determined as 


1 summation of px(k) over 


fol ows Re ipro al spac e is 


TABLE IX. The contribution of charge densities representing 
different sub-zones in the valence band to the Fourier coefficients 
of the crystal potential using both exchange potentials described in 
the text. The last line lists the total = {T}+{X}+ {ZL}. Each of the 
latter represents the contribution of each term multiplied by the 
degeneracy and weighting factors listed in columns 2 and 3 
Degen 


Term eracy 


Weight Via V 2 V inst Gee V 220" dp 
0.004514 
"oe" 0.007852 0.0000770 
rT} 0.02807 
i 0.005975 
‘ 2 0.005132 
X} 0.06664 
i 


OOO0TRS 0.005410 
0.007559 
0.02809 
0.006634 
0.004638 
0 06763 
0.003756 
0.006556 
0.005860 
0.08813 
0.22472 
0.18385 


—0.0001799 
0.0001 236 
—0.000551 
0.0001218 
0.0005305 
0.002452 
0.0000094 
0,0003374 
0.0004821 
0.002544 
—0.00441 
0.00555 


0.000152 
0000469 
).0005175 
002824 
0.002354 0001169 
0.005992 0002402 
. 2 0.005902 ).0004657 
L)} 0.08060 0.003233 
ar 0.22456 0.00122 
Total 0.17531 1.00621 


divided into similar resembling the first 


Brillouin zone. The first division used the B.z. about 
each reciprocal lattice point ; 


volumes 


the second division refines 
the first by introducing new subreciprocal lattice points 
midway between the 


lattice points of the first division. 
New subzones are now drawn about each of the points 
of the new lattice (which includes all the points of the 


previous lattice). The subzones are similar to the original 
zone, but have 2~* the volume. This mesh process can be 
used to obtain an arbitrarily fine covering of reciprocal 
space and px (k) is summed over the subreciprocal lattice 
to (1/r S ox (k)dr: 


points. Thus the first approximatior 


18 
{Ti} +3{T 


and the second approximation is 


(4.2) 


4 
LIT} +3(P as} +L (Li) + {Le 
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Taste X. Comparison of Fourier coefficients of valence contribution to potential with those of Woodruff. Columns 2 and 3 list 
Woodruff’s valence Coulomb and valence exchange contributions. Because of the form of his exchange potential it is not possible to 
separate out the small valence contributions to the higher Fourier coefficients. Columns 4 and 5 list our self-consistent valence Coulomb 
Fourier coefficients for the momentum independent and dependent valence-valence exchange potentials, the Fourier coefficients of which 
are listed in columns 6 and 7. The coefficients have not been multiplied by the form factor cos(#/4)(A,+Ke+As). 


val Coul V wval-val ex Vk-indep 


a 2 
2x Vu 
3 0.1468 


8g — 0.0074 ? 
11 — 0.0078 ? 


— 0.0778 0.1451 


16 0.0038 
27 — 0.0029 
40 0.0003 
64 0.0002 


* For all other states 
» For states Li), Ly, 


, Xi, 

where { } denotes ¥*y for a nondegenerate level and the 
average of y*y for degenerate levels and the summations 
are over the four (111) directions and three (100) direc- 
tions. Higher approximations require wave functions for 
general points in & space making the calculation feasible 
only with the largest digital computers. Inspection of 
Table [X will indicate that Vi,, is probably given quite 
well by the second approximation. Columns 4 and 6 list 
the self-consistent (in the second approximation) smooth 
valence Coulomb V ;,, for two different valence exchange 
potentials. In the extended zone scheme the first ap- 
proximation consists of the charge density at the bottom 
of the zone plus thrice the charge density at the top of 
the zone—a very poor sampling indeed. In the second 
approximation we sample at 28 additional points spaced 
throughout the zone. Hence since the charge density 
varies slowly throughout the zone,"* one expects the 
change in going from the first to the second approxima- 
tion to be much larger than any change in going to 
higher approximations. Table [IX shows this first change 
to be less than 0.05 ry; hence we estimate the error in 
the second approximation to be 0.01 or at most 0.02 ry. 
V 220 is seen from Table CX to be 0.006 ry and all higher 
Fourier transforms wil! be even smaller; hence the error 
in the (220) and higher Fourier transforms 
0.003 ry. 

The large negative value of Vi; is due to valence 
electrons from all over the Brillouin zone responding to 
the large (111) component of potential [due to the 
atomic cores lying along (111) directions]; while the 
contributions to V2.0 from different points in the B.z. 
are seen to add with random sign. 

The total valence Coulomb potential is determined by 
writing the wave functions in the form of Eq. (3.5a, b) 
with the parameters chosen so V;;; computed from the 
leading terms agrees with V;,; in Table IX. Then the 
renormalization of the smooth part of the wave function 


is of order 


18 There is a sudden change in charge density in going across the 
gap separating L, and Ly due to the large mixing of these levels. If 
L, and Ly are averaged and considered as a single double de- 
generate level, our statement is true. 


val Coul 


. val-val ex 
Ve dep 


—0.0467* 
—0.0933> 


. val-val ex 
Vk-indep 


val Coul 
| k-dep 


0.1518 0.0669 


—0.021 
0.010 
0.005 
0.002 


(due to the addition of the nodes) and the contribution 
of the nodes to the potential can be calculated straight- 
forwardly. The fourth and fifth columns in Table X list 
Fourier transforms of the total valence Coulomb po- 
tential for the two different exchange potentials dis- 
cussed below. A remarkable similarity is seen to exist in 
Table X between the self-consistent valence Coulomb 
potential and the valence Coulomb potential constructed 
by Woodruff from a superposition of spherical free-atom 
Slater wave functions for all Fourier transforms except 
the zeroth. 

The zeroth Fourier transform of the Coulomb po- 
tential is given for a spherical charge density, p(r), by'® 


167? 


- foe \r‘dr. 


One would not expect a superposition of spherical charge 
densities to yield Vooo correctly because it weights p(r) 
strongly for large values of r—just where the spherical 
approximation is worst. We therefore estimated the 
total Coulomb and exchange contribution to Voo9 as 
follows. The energy required to remove the four valence 
electrons from a free aiom of silicon is 7.58 ry; the 
cohesive energy of silicon is 0.27 ry per atom; the aver- 
age valence electron energy per silicon atom in the 
crystal is therefore —7.85 ry. The only effect of Vooo on 
the relative positions of the energy bands is through its 
effect on the absolute position of the levels which enter 
the repulsive poteniiz il through the factor (E—E,,). We 
therefore determine the Vo09 which will lead to absolute 
values of the energy bands which when averaged over 
the Brillouin zone (in the same manner as we averaged 
the charge density) yield the correct average valence 
electron energy. 

The 


graph is inaccurate 


lim— 
K-#0 


(4.4) 
3X6 


“cohesive energy” argument of the last para- 
because the repulsive valence- 
valence terms which enter the cohesive energy should be 


19 J. L. Birman, Phys. Rev. 98, 1863 (1955). 
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Taste XI. Fourier coefficients of total potential. Column 2 lists the sum of the core Coulomb and core-valence exchange contributions 
of Table II. Columns 3 and 4 list the sum of the valence Coulomb and valence-valence exchange contributions of Table X for the 
momentum independent and dependent exchange potentials. Columns 5 and 6 list the sum of column 2 with 3 and 4, respectively. The 
last three columns list Fourier coefficients of the repulsive potential for T')s, !'y, and [';® states which must be added to the coeffi- 
cients in columns 5 or 6 to obtain the total effective potential for one of these states. The differences between Ve(IT's) and Va(T:) are 


due solely to the differences in energy of the two levels. 


. val 
Vee-dep 


val 
Vi indep 
? 


0.105 
0.059 
0.008 


0.793 


8 0.368 
11 0.294 0.003 
16 0.229 0.001 
27 0.163 0 
40 0.124 0 
64 0.086 0 


® For all other states > For states Li), La®, T1), X1®), 

included twice in calculating one-electron energies.” 
This effect can be estimated as follows. According to 
Slater’s rules®:” in calculating one-electron energies the 
valence electrons screen the core by about 0.3e. The 
value of V oo discussed above may therefore be too nega- 
tive by an amount | Vo0/0.15/0.850.3 ry. This 
quantity is of the order of correlation energies in the 
solid and it is not certain that such terms can be repre- 
sented as a one-electron potential. We have therefore 
neglected this correction in our calculations; it will be 
seen later that uncertainties in V 090 of order 0.3 ry have 
a small effect on the relative positions of the bands. 

We used Voo=—2.90 ry for our k-independent po- 
tential and Voo=—3.00 ry for our k-dependent ex- 
change potential. The correct values can be determined 
self-consistently to be —3.00 and —3.03 ry; as the 
differences are small and in the direction of the correc- 
tion discussed in the preceding paragraph, we did not 
improve our self consistency. These values of Vo are 
to be compared with the — 2.00 ry obtained by Woodruff 
using the spherical approximation. 

In the Appendix of I we discussed various approxima- 
tions to the valence-valence exchange potential of 
diamond-type crystals. We concluded that two physi- 
cally reasonable approximations to this potential yielded 
satisfactory results for diamond. These were the Slater 
free-electron approximation [Eq. (3.4)] and a mo- 
mentum-dependent free-electron approximation. In the 
case of diamond only the (111) coefficient of the valence- 
valence exchange potential was large. In Si, because the 
core is larger the Slater approximation yields significant 
higher Fourier coefficients for this potential. In this 
case it is important to include the nonlocal nature of the 
exchange potential. This can be done by using Brooks’ 
“exchange-correlation hole’’ formula, 

V Brooks* == 2.97 V stater® {{ 1+0.3( Kr,)* } : 
~3[1+0.3(Kr,}°}, 
™F. Seitz, The Modern Theory 
Company, New York, 1940) 


(4.5) 
of Solids (McGraw-Hill Book 


‘ total total 
Ve indep 


Vk-dep V e(b is) Va(T 2) 


—2.695* 
— 3.305» 
0.688" 
0.764" 


0.523 0.801 


0.391 0.618 


0.429 
0.358 
0.276 
0.177 
0.121 
0.078 


—0.376 
~0.297 
— 0.230 
—0.163 
—0.124 
— 0.086 


0.265 
0.221 
0.173 
0.115 
0.079 


0.048 0.677 


which was also discussed in the Appendix of I [Eq. 
(A.9)]. The effect of this refinement is to leave 
Vier = practically unchanged but to reduce higher 
Fourier coefficients quite substantially. 

The various approximations just discussed were com- 
bined to yield two valence-valence exchange potentials. 
The first is the momentum-independent potential given 
by Eq. (4.5). The second is based on the observation 
that in a free electron gas the exchange potential is mo- 
mentum dependent with the strength of the potential at 
the Fermi surface } and at k=0, # its average value. We 
probably make a small overestimation of the momentum 
dependence when we arbitrarily assume that the s part 
of L,, Lo, X¥,™, and ';™ all experience an exchange 
potential appropriate to k=0 and the remaining states 
listed in Table XII except I',2 experience the potential 
appropriate to kr. Ty which contains no plane waves 
below (200) in a free electron gas picture experiences an 
exchange potential only 62% as strong as those states on 
the Fermi surface. We have used both these potentials 
to calculate this level. In semiconductors p is nearly 
constant and may be written 


p= (32/a){1+>-x pre ™**}. (4.6) 


where a is the lattice constant = 10.263. For silicon the 
calculation of the exchange potential is greatly simpli- 
fied by making the approximation (which is well justified 
here) 


p*= (32 a)*{1+4 > x pee™'*'} (4.7) 


In a free electron gas of the density of silicon the 
average V o0°"=—0.914 ry. Hence since our average 
V oo0° = — 3.00 ry, we have V ooo’! = —3.305 and 
— 2.695 ry at the bottom and top of the Fermi sea, re- 
spectively. From Eqs. (4.7) and (3.4) we compute 
Vi"! = 0.700 ry; hence V1," al-val ex_ —_ () 0933 and 
—0.0467 ry at the bottom and top of the Fermi sea. 
Table X lists the Fourier transforms of both exchange 
potentials; the momentum dependence of the higher 
Fourier transforms which are quite small is neglected. 
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Table X also compares the nonmomentum dependent 
valence-valence exchange with Woodruff’s. It is inter- 
esting to note that the two are quite similar; this is 
because Woodruff’s valence charge distribution is quite 
similar to ours. 

It is our feeling that either of our exchange approxi- 
mations may be in error by as much as 40% causing 
errors in V,,, of up to 0.03 ry. These are the largest 
uncertainties appearing in this calculation. The reader 
is referred to the Appendix of I where we give a thorough 
discussion of the uncertainties inherent in all approxi- 
mations to exchange and correlation. 

The Fourier transforms of the various contributions 
to the total potential are summed in Table XI for both 
exchange potentials. 


V. ENERGY BANDS 


The energy levels are computed by diagonalizing the 
secular determinant [ Eq. (2.8) ] and adding the correc- 


TABLE XII. Energy levels of various irreducible representations 
for momentum independent exchange potential (column 2) and 
assuming X,, L,™, Le, and 1) see valence-valence exchange 
potentiai appropriate to k=0 and remaining levels appropriate to 
Fermi surface in a free electron gas (column 3). 


-indep. exch. 


k-dep. exch. 


-- 2.787 ry 
— 2.588 

— 2.464 

— 2.396 

— 1,523 
~1.429 

— 1.297 
—1.178 
—1.115 

— 1.066 
—0.933 
—0.782 (—0.512*) 
—0.659 
—0.652 


1.002 
ly —0.931 
r,@ -0.869 


* Assuming Tis sees 
on the Fermi surface 


only 62% of the exchange potential seen by states 


tions of Table VI which is equivalent to diagonalizing 
the OPW secular determinant. The secular determinant 
of T'25 contained 469 plane waves; the others contained 
about 65 except for T'\2 which we carried out to a 3x3 
matrix (89 pw). Table XII lists the estimated converged 
energy levels for both exchange potentials. As we re- 
marked in I, beyond 65 plane waves the p levels con- 
verge quite similarly and the s levels drop less than the 
p; as T's drops only 0.009 ry after 65 pw, the estimated 
converged levels should be in error by no more than 
0.004 ry. In Fig. 3 the convergence of various levels 
(nonmomentum dependent potential) is shown out to 
65 pw. 

Orthogonalization to incorrect core functions causes 
the valence wave functions to converge slowly and with 
incorrect eigenvalues. In Fig. 4 we compare the con- 
vergence of the I',5, level using our nonmomentum de- 
pendent potential and using Woodruff’s. For the sake of 
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Fic, 3. Convergence of various valence term levels (k-inde 
pendent potential) as a function of the number of plane waves 
used in the expansion. 


comparison we took V 999= — 2.9 ry and E-— E,=7.18 ry 
for Woodruff’s IT's5. (hereafter called I'oy-") as well as 
ours. (Using V o0= — 2.9 ry, E—E, is actually 64 ry for 
I'2sy" making his repulsive potential even weaker; on 
the other hand, using his value of Voo=—2.0 ry, 
E—E,=7.3 ry.) 

Figure 4 gives an indication of how much of the poor 
convergence found in other semiconductor calculations 
throughout the literature may be attributed to the 
valence bond and how much is due to errors in orthogo- 
nalization. Even when the correct core wave functions 
are used, I'y5, drops about 0.3 ry on going from a 1X1 
reduced matrix (9 plane waves) to a 6X6 matrix (65 
pw); it drops only another 0.009 ry on going to a 34 34 
matrix (469 pw). On the other hand, I'y5-¥ drops 0.023 ry 
on going from a 66 to a 34X34 matrix and converges 
to a level 0.22 ry below Iss. (This absolute difference is 
meaningful as the same V 999 was used in both cases.) It 
should be pointed out that most of this difference is not 
due to Iss" collapsing into the core region. a5" falls 
below I's5- because the tail of Woodruff’s 2p eigenfunc- 
tion is too small, making the effective potential in the 
bonding region between atoms too attractive. Had 
Woodruff’s 2 tail been too big, Ixy" would have ap- 
peared to lie above our I'25,. Only after a large number of 
plane waves (perhaps 100 000) would it collapse into the 
core region and drop below I’. 





Fic. 4. Compari- 
son of the conver 
gence of I'm ob 
tained by us (upper 
curve) and obtained 
by Woodruff (lower 
curve) as a function 
of dimensionality of 
reduced matrix 
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Fic. § 
and (111) 
potential 


Sketch of the energy 
axes of the Brillouin 


bands of silicon along (100) 
zone for the k-independent 


The energy bands are sketched for both potentials in 
Figs. 5 and 6. The shape of the bands was determined 
from a knowledge of the slopes at points of high sym- 
metry, the location of the conduction band minimum, 
and the interpolation scheme of one of us." The differ- 
ences between Figs. 5 and 6 are an indication of the 
uncertainties in the energy bands due to uncertainties in 
valence exchange and correlation. 

The indirect energy gap, which is about 0.01 ry less 
than the I'y5-— X, difference, is known experimentally 
to be 0.09 ry; we obtain a I'x5,—X, difference of 
0.18 ry for the momentum independent exchange calcu- 
lation and 0.12 ry for the momentum dependent ex- 
change calculation. In the case of diamond both exchange 
potentials gave good agreement with experiment on the 
energy gap; this is qualitatively the case here also. 

We obtain for the momentum independent and de- 
pendent exchange calculations of the valence band width 
values of 10.3 and 20.3 ev, bracketing the value of 
16.7+0.1 ev obtained from soft x-ray emission spectra” 
and indicating that our simple approximation to the 
momentum dependence of the exchange is qualitatively 
correct but tends to overestimate the effect. This may 
be due to our neglect of the effects of correlation on the 
momentum dependence of V 090 or simply to the nonfree- 
electron nature of the problem. 

Because I'\s is not a point of minimum energy but 
rather a saddle point, the onset of direct optical transi- 
tions in silicon has not been observed. We can, how- 
ever, make a very good estimate of the direct gap, as the 
magnitudes of both the direct and indirect gaps are due 
primarily to the large drop in I'ys. We assume the direct 
and indirect gaps to vary consistently as we go from our 
momentum independent potential to our momentum 
dependent potential to the true crystal potential; 
knowing the experimental value for the indirect gap, we 
estimate the direct gap to be 0.17 ry. This direct energy 
gap plays an important role in the determination of the 
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H. Tomboulian and D. E. Bedo, 


nj.C 1958) 
SD Phys. Rev 
(1956) 

* W. Paul, J. Phys. Chem. Solids 8, 196 


104, 590 


1959) 


AND J. 


PHILLIPS 


hole effective masses which are calculated in the next 
section. 

Some of the results of our calculation are rather sur- 
prising at first sight; I» is about 0.44 ry above I';s5 and 
even lies about 0.1 ry above I when I; is assumed 
to see the same exchange potential as I’;5). It is knewn 
for germanium that I», lies below both I';;5 and I)» and 
with so much similarity between the two crystals a 
relative change of 4 ry between two energy levels is 
unexpected. With the aid of the repulsive potential we 
can see qualitatively how this comes about. I's contains 
a term —Vo and I'y» contains —2Vo. in the (11) 
matrix element. I’, in the (11) 
matrix element making the 'y,—I'y5 and '», —I'y» differ- 
ences very sensitive to Vo. and raising Ty here con- 
siderably above I'15 [| V220 is positive here for s states 
because the s repulsive potential has a larger (2,2,0) 


contains a term +3V oa 


Fourier transform than the true crystal potential }. In 
Fig. 1, we show a plot of the total effective charge Z(r) 
=rV(r) for 'y. Now 


fv r)e’* ty? sinOdrdéd¢ 


4or 
fz sinKrdr. (5.1) 
OK 


We note that sinKr is much larger in the core for 
K= (27/a)(2,2,0) than for K 2m/a)(1,1,1) and is near 
its maximum where Z(r sign. In germanium 
the attractive potential is much stronger in the core 
region than in silicon; furthermore the repulsive s and p 


changes 


potentials should drop off faster in the outer core region 
than the shielding of the d electrons builds up. Hence, 
V 220, which is most strongly affected by these changes 
which occur in the region where sin{ (2x/a)(2,2,0) ]=1, 
very likely is sufficiently more negative in germanium 
for both I’. and I';s to cause the required effect. 





Fic. 6. Sketch of the energy band ilicon 
(111) axes of the Brillouir valence-valence ex 
change potential! of the states / I r,, and X, is taken 
to correspond to that of free electrons at k=0 and the remaining 
states to that of free electrons at the Fermi surface 


along (100) and 


zone where the 
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According to Herman’s calculation, in diamond Ty» 
lies above 'y by about 0.8 ry (about 0.35 ry when scaled 
to the silicon lattice). This is because the lowest plane 
wave appearing in the I,» irreducible representation is a 
(200) plane wave. This adds (for silicon) to the lowest 
P'» solution a kinetic energy 0.375 ry above that of the 
lowest I» solution. However, because silicon has 2s and 
2p core functions, the repulsive potential seen by s and 
p states is about 0.4 ry stronger than in diamond. I, 
having d symmetry about the atoms does not see this 
repulsive potential and hence its relative position in 
silicon is lower than in diamond by the amount of this 
additional repulsive potential. 

Throughout this paper we have estimated errors in 
the potential wherever they were committed. We shall 
here estimate the effect of these errors on I's: and hence 
on the direct and indirect gaps. Like all p levels, the 
matrix elements of Is5, contain only differences of 
Fourier transforms; in particular, the (21) matrix 
element is 2(Vi::— Vai). For small changes in the po- 
tential the change in this quantity is very nearly equa! 
to the change in I'y5. Hence the uncertainties in Vy; of 
0.03 and 0.015 ry due to uncertainties in valence-valence 
exchange and the self-consistent valence Coulomb po 
tential cause errors of 0.06 and 0.03 ry in Ty. The 
uncertainty of 0.3 ry in Voo9 causes uncertainties 
through the repulsive potential in Vy; and V4); of 0.013 
and 0.0087 ry, giving an error in I’y5 of less than 0.01 ry. 

We have neglected several very small contributions to 
the potential. From Heine’s® aluminum calculation and 
Eq. (5.1), we estimate an error in T'g5 of about 0.001 ry 
from our omission of core polarization 
correlation). Spin-orbit coupling is an omission of about” 
0.003 ry in Toy. The effect of the overlap of the core 
eigenfunctions on the repulsive potential can be esti 
mated by adding an exponential tail to the core func- 
tions. A straightforward computation shows this leads 
to a change in Iss, of less than 10~ ry. 

We conclude this section by remarking that near the 
energy gap the band structure shown in Figs. 5 and 6 is 
approximately the same as that discussed by Phillips.” 
Phillips showed that such a structure was in good 
agreement with all that can, at present, be inferred 
experimentally about the positions of various levels ; he 
also estimated effective masses, neglecting orthogo- 
nalization corrections. All such corrections are included 
in the calculations of the following section 


VI. EFFECTIVE MASSES OF HOLES 
AND ELECTRONS 


The results of the last section suggest that the wave 
functions obtained in this paper are sufficiently accurate 
to justify a detailed calculation of the effective masses of 
electrons and holes in Si which have been measured by 
cyclotron resonance; these quantities provide a most 
severe test of the correctness of the calculation. For this 


*“R. J. Elliott, Phys. Rev. 96, 266 (1954). 
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TABLE XIII. Symmetry about point midway between atoms 
and atomic character of basis functions of irreducible representa 
tions appearing in effective mass parameters of holes at ‘the top of 
the valence band 


I. R. Basis Atomic character 
« yz 
8 ryt 


. 
2+ wry? -+- ws?) *]* 


bonding p,™ 
antibonding s“ 
antibonding ds, wy%sw%s*” 
antibonding p, 
antibonding d,,™ 


; 


6 xyl” 


*wt<l 
» Odd under inversior 


purpose it is again convenient to divide the crystal 
functions into their smooth and oscillatory parts: 


Wa ( rat Cat ¥ e a aa"), 


where C, is chosen to normalize ~,. This division is con- 
venient because the interband matrix elements of p 
which determine the effective masses are derived largely 


( Ga,Ga)= 1, (6.1) 


from the ¢ terms, the oscillatory terms making only a 
small contribution. Because ¢q has been expanded in 
plane waves, matrix elements of p for it are easily 
calculated; the oscillatory terms, being small, are then 
treated using analytic approximations. 

We consider first the holes at Ios. It is well known 
that under the spin-orbit perturbation the Iss level at 
the top of the valence band splits into two levels. By 
second-order degenerate perturbation theory the p, level 
which lies about 0.003 ry above the p, level can be shown 
to split into two doubly degenerate levels as one moves 
away from the center of the Brillouin zone.”*** 
E(k) =APA[ BPR+C (ROR IZ +kR?Z+R ZR?) |, (6.2) 
where, according to Dresselhaus,”® 

1=43(F+26+2H,4+2H,)+1, 
B=}4(F+2G—H,—H)), 
C?=4{ (F—G+H,—H,)'— (F4 


(6.3a) 
(6.3b) 
~H,—H,)*), (6.3c) 


in units of #?/2m, and where 


Hi, 


dx 1) 4 
(6.4d) 
- E, 


uG 
1955 
* G. Dresselhaus, Ph.D. thesis, University of California, 1955 
unpublished ) 


Dresselhaus Kip, and C. Kittel, Phys. Rev. 98, 368 
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TABLE XIV. The energy denominator of the first term, the first 
term of the sum and the total 1, 2, F and G (neglecting orthogo- 
nalization effects) together with the effective mass parameters A, 
B, and C calculated therefrom. The experimental! values of H,, F, 
and G are computed from the experimental! values of A, B, and 
C assuming H,=0 


Fo—E, First term Sum Experiment 
0.170 
2.10 
0.638 


0.785 


6.19 
0.01 
1.65 
0.78 


6.21 —6.1 
~0.01 oi) 
—2.14 —2.1 

0.78 —0.35 

4.38 4.0+0.1 

0.84 1.1+0.4 
+4.11 +4.1+0.4 


with E measured in ry. Table XIII lists the basis func- 
tions appearing in Eqs. (6.3) together with their sym- 
metry and their atomic character. 

The calculation of the four matrix sums of Eqs. (6.4) 
is straightforward and simple when only ¢z4 is retained 
in (6.1). The second column of Table XIV lists the value 
of Eo— EE, used in computing the four sums. With the 
exception of (1 \5)— £(T 25) which was discussed at the 
end of Sec. V, they are ail taken directly from the mo- 
mentum dependent valence-valence exchange calcula- 
tion as are the basis functions. Column 3 lists the first 
term in the sum and column 4 lists the four matrix sums 
as computed from the smooth part of the wave func- 
tions (i.e., the basis functions composed only of plane 
waves). 

The three parameters A, B, and C may be experi- 
mentally determined by fitting the cyclotron resonance 
hole effective mass curves (see reference 26). The most 
accurate values are probably those given by Lax’: 
A=—40+0.1, |B) =1.1+0.4, |C| =4.140.4. Taking 
H,=0 and neglecting the experimental uncertainties, 
Eqs. (6.3) may be solved for F, G, and H,. There are two 
sets of solutions; the physically reasonable set is listed 
in column 5 of Table XIV. Agreement of theory with 
experiment is seen to be excellent for F, Ay, and H, but 
the theoretical value of G is seen to be too large by a 
factor of two. Because of the experimental uncertainties 
and the small value of G, little significance should be 
attached to this point. 

An exact but extremely cumbersome calculation of 
the effective masses can be made using orthogonalized 
plane waves. We here approximate the effect on the 
effective masses of the oscillations in the wave functions 
in the core region using the spherical approximation for 
the core region. Because the resulting corrections turn 
out to be small we may approximate the core orbitals by 
Woodruff’s analytic functions.’ The valence wave func- 
tions in the core region then have the form, 


0.5667 __ 96, 7Ope—4-925r 


+-6.625¢-" *v) 


We 0.2568(e 
(6.5a) 
0.7995z(e 


Wap(Z 1.137 — 11.39¢+-5r) | (6.5b) 


7 B. Lax, Rev. Modern Phys. 30, 122 (1958). 


AND J. C. 


PHILLIPS 


1.262xye (6.5« 


3=1), (65d) 


¥3, and ¥;, follow from Eqs. (3.6); the choice of the 
factor 1 in the exponential of the d functions is some- 
what arbitrary but the results do not depend strongly on 
it. The normalization C;, of ¥3,= 1.069 and C;,= 1.044. 

The leading terms in Eqs. (6.5) represent analytic 
approximations to ¢, in the core region. They are the 
only terms which are large outside the core. Matrix 
elements of p involving ¢. alone can be taken from the 
results quoted above which were obtained using the 
plane-wave expansion of ¢, which is valid throughout 
the unit cell. Terms involving core orbitals will be large 
only in the core region, where Eqs. (6.5) represent an 
adequate approximation. In this way we find two 
corrections to the values previously obtained above 
using yg, only. The first of these, which is the larger here, 
stems solely from the changed values of C,; this correc- 
tion is listed in column 3 of Table XV. The second and 
more obvious correction comes from the cross terms 
involving core orbitals; this is shown in column 4. The 
contribution of the core to H; can be seen to be zero by 
symmetry. 

The values of H;, H2, F, and G including core effects 
are given in the last column of Table XV. The results, 
while only approximate, give a fairly good indication of 
the effect of the oscillations of the wave functions in the 
core region on the effective masses. The inclusion of 
these effects slightly worsens agreement with experi- 
ment; the values of A, B, and C are still correct to 
about 30%. 

It has been suggested by Kane”* and Phillips*® that 
the non-local nature of exchange and correlation po- 
tential tends to make the experimental values of F, G, 


TABLE XV. Column 2 lists the values of #;, H2, F and G com- 
puted from the smooth part of the wave function. When it is 
orthogonalized to the core the smooth part must be renormalized 
leading to the changes listed in column 3. Column 4 lists the direct 
contribution from the orthogonalization terms and column 5 lists 
the sum of columns 2, 3, and 4 together with the recalculated 
effective mass parameters A, B, and ( 


Smooth Total 
—7.37 
0.01 
— 2.08 
—0.85 
5.18 
1.20 
+4.12 


—6§.21 l 0 
0.01 ( 0 
2.14 0.58 


0.78 0.004 


236 

J. C. Phillips, J. Phys. Chem. Solids 7, 52 The dis- 
crepancy between the matrix elements of reference 29 and this 
paper stems mainly from the values of a» and by assumed there. 
While these are appropriate to Woodruff’s Si calculation, a» and bo 
there are too small because V’;,;°'' is too attractive. The normaliza- 
tion correction included here also contributes a significant change 
to the results of reference 29. 


%* E. D. Kane, J. Phys. Chem. Solids 6 
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and H larger than the calculated one-electron values. 
The sign of this correction, though not its magnitude, is 
uniquely determined by “exchange and correlation 
hole” arguments. While physically plausible these semi- 
classical arguments may fail in semiconductors, as was 
pointed out in the Appendix to I. We are inclined to 
believe that such is the case here, for if corrections as 
large as those suggested by reference 29 are used (and 
these are only half as large as predicted by the Slater 
model of reference 28) the calculated values will differ 
from the experimental ones by a factor of 2. 

We now turn to the case of the electrons at 4. The 


minima of the conduction band occur at the six equiva- 


lent points (2%/a)(a,0,0) where from both experimental 
and theoretical data” a~0.86. The energy as a function 
of distance from the k, minimum is given in ry by** 

E= Eot+ K 2(1+G1)+ (KZ+K 2)(1+G:2), (6.6) 
where 


(6.7a) 


| A,® |d/dy| Asi‘ é 


(6.7b) 


Eo—E; 
where As,” is the eigenfunction transforming like y of 
the /th twofold degenerate A; level and A,” 
eigenfunction of the /th A, level. Hence we may write 


E= Eo+(m,*/m)K 2+(mr*/m)(K 2+K 2), 


is the 


(6.8) 
where 


m1*/m= (1+G,) oe mr*/m= (14+-G:) ., (6.9a, b) 


G; and G, were calculated in the same manner as the 
matrix sums H,, H», F, and G and yield m,*/m=0.971, 
mr*/m=0.205.” The experimental values of reference 
25 are m,*/m=0.97, mr*/m=0.19. 

Thus again in the case of electron effective masses we 
find good agreement with experiment. Such agreement 
would not have been found had we used wave functions 

*” The wave functions at A were obtained by extrapolating the 


wave functions at X. This leads to an uncertainty of less than 0.01 
in the values of m ,*/m and mr*/m. 


AND 


ENERGY BANDS OF Si 1167 
derived from Woodruff’s incorrect repulsive potential 
(which was too weak). For his potential not only is the 
energy gap too large but the leading coefficient a, in the 
expansion of ga=)>_;a4K,) (where a=Tgy or As) is too 
small ; the corresponding values of the various constants, 
especially H, and G, are too small. (The same comment 
probably applies to the calculations of Herman* for 
Ge.) From the results that we have presented it appears 
that we can again conclude that our calculation is cor- 
rect to within the limits of accuracy imposed by neces- 
sary approximations for valence-valence exchange and 
many-electron interactions. 


VII. CONCLUSIONS 


There are several conclusions concerning the valence 
semiconductors to be drawn from this paper and from I. 
The most important of these is that it is possible in a 
fairly simple way to obtain semi-quantitative results for 
the band structure of diamond-type semiconductors. 
The crystal charge density surprisingly is close to a 
superposition of free-atom charge densities. The crystal 
Coulomb potential is therefore easily obtained and the 
momentum-dependent free-electron approximation can 
be used to obtain satisfactory values for valence- 
valence exchange. The only technical point that re- 
quires careful treatment is the calculation of the core- 
orbitals part of the valence wave functions. 

The results of a careful calculation can also be used to 
compute the effective masses in a one-electron, local 
potential approximation. Comparison of the computed 
and observed values indicates that these approximations 
yield good results for at least s and p electrons. Correc- 
tions due to the nonlocal nature of the many-particle 
potential appear to be quite small in this case, and much 
smaller than had previously been estimated from free- 
electron arguments. 
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The effects of crystalline fields on 3d charge densities and magnetic form f: 
are discussed on the basis of recent theoretical investigations augmented by an ar 
data. It is shown that the crystalline field has two effects on the free ion 3d 


their form factors as well: (1) a differentiation or “ 
expansion of the f2,(e, 


charge densities, and (2) 


show measurable deviations from the free atom results 
data shows a large expansion of the 3d charge density, in agreement with the magr 
ments of Hastings, Elliott, and Corliss. This agreement, based on the 


splitting”’ of the two typ 
orbitals and a contraction of the ¢,(ts, 
a net expansion of the charge distribution from the free ion value. The mag 
form factors due to this “splitting” effect when calculated according to the 


orbitals ri radial 
et 
Freeman 
A form factor for Mn“? b lo ubsorptior 


wr measure 


use of the oretic 


indicates that the well-known discrepancy between thecretical and experimental \ 
arises from tke fact that the quantities obtained experimentally are not true F*(3d,3d 
line potential due to an array of negative ion charge densities has been empl 


effects and their meaning with respect to a proper (essentially molecular) treatn 


INTRODUCTION 
_ and Freeman! have calculated the effect on 


form factors of nonspherical charge distribu- 
tions in various crystalline environments. They showed 
that large measurable deviations from the usual spheri- 
cal approximation resulted, and that a theoretical 
analysis of these “bumps” in measured form factor 
data led to a new technique for determining the spatial 
symmetry of the spin densities in magnetic materials. 
By applying this technique to the precise polarized 
neutron measurements of Shull, Nathans, and collab- 
orators,? they were able to determine the angular dis- 
ribution of the 3d spin densities in Fe, Ni, and (fcc) 
Co in terms of a mixing of the two types of 3d wave 
functions in a cubic field (i.e., a triply degenerate set, 
called ft, and a doubly degenerate set, called e,). 
Recently Pickart and Nathans* have carried out a 
similar analysis of their detailed measurements of the 
FeAl form factor. In these papers'* the usual assump- 
tion of a single radial wave function for both the to, 
and e, electrons about a given atom site was made. 


* A preliminary account of some of the work described in this 
paper was reported at the Fifth Conference on Magnetism and 
Magnetic Materials, Detroit, November, 1959 [J]. Appl. Phys 
(to be published) } 

t The research in this paper was supported jointly by the Army, 
Navy, and Air Force under contract with the Massachusetts 
Institute of Technology 

'R. J. Weiss and A. J 
147 (1959). 

?R. Nathans, C. G. Shull, G. Shirane, and A. Andresen, J. 
Phys. Chem. Solids 10, 133 (1959); R. Nathans and A. Paoletti, 
Phys. Rev. Letters 2, 1959) 

*S. Pickart and R. Nathans, presented at the Fifth Conference 
on Magnetism and Magnetic Materials, Detroit, November, 1959 


[J Appl. Phys (to be published 


Phys. Chem. Solids, 10, 


Freeman, J 
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(For Fe;Al, which has two types of Fe atom sit’s at 
which the Fe atoms have different magnetic moments 
and hence different spin distinct radial 
wave function for each site was of course needed to 
analyze the measured magnetic 

In this work theoretical form factors calculated from 
free atom (or ion) wave functions are used. The purpose 
the effects of « rystalline 
functions and in turn on 


densities, a 


orm factor.*) 


of this paper is to investigate 
fields on the free atom wave 
the theoretical form factors. Our discussion is special- 
ized to the case of a ion in an ionic 
compound where the effects of a crystalline field are 
expected to be large. The results of this study suggest 
that reciprocally, measurements of the magnetic form 
the 


transition metal 


factor would provide us with information about 


crystalline field as well 


WAVE FUNCTIONS FOR AN ION IN A 
CRYSTALLINE FIELD 


If, in an ionic crystal of cubic symmetry, we com- 
puted the potential at the site 
rest of the ions in the 
ternal) potential in 
wave functions, two effe: 
Appendix I). First, the 
“splitting” of the tw 
[by an expansion of 


of a metal ion due to the 
ind then used this (ex- 
the metal 


observed 


crystal 
1 | ion of ion’s 
would (see 
i differentiation or 
3d functions 


orbital and a con- 


ubi 


with respec t to their 
two different radial 


traction of the e, (or ts 
common free ion value, resul 


charge densities be ac- 


Second, this splitting would 


companied by a net expans ion’s charge 


distribution as compared witl free ion’s charge 


distribution—the expansion being most noticeable in 
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EFFECT OF CRYSTALLINE I 
the outermost electron shell (namely the 3d shell in 
our case). 

One of us‘ has recently carried out a Hartree-Fock 
calculation for the Mn**#(3d*) ion in an external cubic 
point charge field. This calculation gives some quanti- 
tative indication of the importance of the first crys- 
talline field effect (i.e., the 3d splitting) but due to the 
crude crystalline field used gives no information about 
the magnitude of the second effect (i.e., expansion of 
the radial charge density). In what follows, we use the 
results of this calculation, augmented by experimental 
optical absorption data, to estimate and discuss the 
variation in form factors due to both these effects. 


EFFECT OF 3d SHELL SPLITTING ON THE 
MAGNETIC FORM FACTOR 


For d electrons in a cubic crystalline fields, Weiss 
and Freeman! showed that the form factors of the two 
types of cubic d functions, ft, and ¢,, could be expressed 
in the form 


f (tog) < jo> —A (Akl) < j,>, 
f(€) = <jo>+§A (hkl) <j>, (1) 


where <j,> denotes the integral of the product of the 
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Fic. 1. The “splitting” effect on the calculated <jo> part 
of the form factor for the t,, and ¢, electrons along with the fre: 
atom result (labeled ‘‘standard”’). 


* W. Marshall (Bull. Am. Phys. Soc. 4, 142 (1959) ] has pointed 
out that an expansion of the 3d charge density would produce 
agreement with several pieces of experimental data (including 
neutron diffraction). 

*R. E. Watson, Quarterly Progress Reports, Solid State and 
Molecular Theory Group, Massachusetts Institute of Technology, 
July 15, 1959 (unpublished), p. 3; and Phys. Rev. 117, 742 (1960 
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Fic. 2. The “splitting” effect on the calculated <j,> part of 
the form factor for the 4, and ¢, electrons along with the free 
atom result (labeled “St.” 


radial charge density and the mth spherical Bessel func- 
tion, and the coefficients A (Al) contain the orientation 
dependence of the form factors at the Bragg reflections 
(hkl) for which scattering occurs. Since <jo> is the 
usual spherically symmetric form factor, the second 
term in Eq. (1) gives rise to deviations from a smooth 
curve which would be observed as “bumps” in magnetic 
form factor These authors further 
showed that an analysis of these “bumps” led to a 
determination of the spatial symmetry of the outer 
electrons in magnetic materials. 

in the Hartree-Fock calculation mentioned above, 
the external potential was due to an octahedral array 


measurements. 


_of negative point charges. The individual electrons were 


taken to have cubic symmetry (the “strong field” ap- 
proximation) and different radial wave functions were 
obtained for the two types of cubic 3d electrons. We 
have calculated the effect of this “splitting” on the 
magnetic form factor using the two cubic 3d radial 
charge distributions obtained by Watson.‘ The calcu- 
lations were carried out on Whirlwind I, using pro- 
cedures and routines described earlier.* In what follows, 
we use the results of a free ion Hartree-Fock calculation® 
for Mn** as a reference frame for our considerations. 

The “splitting” of the free atom 3d charge density 
by the crystalline field is reflected in the splitting of 
the <jo> and <j,> parts of the form factor [see 
Eq. (1) ], as is shown in Figs. 1 and 2, respectively, as 
a function of sin@/A in A~ units. 

As observed in earlier work,' the form factors for the 

* See A. J. Freeman, 
details 

*R. E. Watson, Phys. Rev. 118, 1036 (1960); and Technical 


Report No. 12, Solid State and Molecular Theory Group, Massa 
chusetts Institute of Technology, June 15, 1959 (unpublished). 


Acta Cryst. 12, 261 (1959), for complete 
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individual /,, and ¢, electrons calculated at the Bragg 
reflections in a cubic crystal fail to lie on a smooth 
curve. The use of different radial wave functions in 
Eq. (1) gives rise to further deviations or “bumps” 
from a smooth form factor curve at the observed Bragg 
peaks—deviations which are due to the radial charge 
differences alone. These “new” deviations cannot be 
described by a simple scaling of the free atom devia- 
tions since for some reflections the “bumps” are in- 
creased while for others they are diminished. These 
deviations from the free atom values have a magnitude 
of the order of 0.02 electron units [which is well above 
the experimental uncertainty (0.002) in current polar- 
ized neutron measurements },? or of the order of some 
“bumps” due to free atom nonsphericity alone. From 
this we see that in these cases a single form factor for 
both the e, and /,, electrons cannot give a unique de- 
termination of the spatial symmetry of the outer elec- 
trons, and an analysis along the lines suggested in this 
paper becomes necessary. 

Koster has pointed out to us that this 3d “splitting” 
mechanism may explain an observed absorption line 
in a manganous perchlorate solution.’ The Mn*? ion 
with its half-filled shell is a special case which would 
allow this effect to be seen since for nonclosed (but not 
half-filled) 3d shell ions there are many other effects 
which interfere with this observation. 

As a free ion the Mn*? ground state is (3d)5, *S which 
has a spherical charge distribution and hence its form 
factor would be the usual (spherically symmetric) 
smooth curve. The “splitting” effect however results 
in a nonspherical charge distribution which gives a 
form factor which shows deviations from a smooth 
curve even though three /:, orbitals and two e, orbitals 
are occupied (i.e., a half-filled shell). The “bumps” in 
the total form factor for these five cubic 3d electrons, 
which is the least favorable case that could be con- 
sidered, are not as large as the ones discussed earlier 
for the separate /,, or e, form factors—they are just 
outside of experimental uncertainty—and hence would 
be hard to observe. For transition metal ions with 
nonclosed (but mot half-filled) 3d shells this effect would 
be more readily observed. 

Deviations from a smooth form factor curve have 
been observed by Hastings, Elliott, and Corliss* for 
Mn** in several ionic compounds. From their results 
we have investigated their measured form factors for 
aMnS and MnO [since they both have the same 
(NaCl) structure |; these are shown in Fig. 3. The ob- 
served deviations are larger than the values calculated 
by us for these Bragg reflections on the basis of the 
“splitting” of the cubic 3d wave functions for a charge 
density made up of five 3d electrons. It therefore ap- 
pears that there are additional mechanisms which are 


7L. J. Heidt, G. | 
Soc. 80, 6471 (1958 

5 J. M. Hastings, N 
115, 13 (1959). 


Koster, and A. M. Johnson, J. Am. Chem 


Elliott, and L. M. Corliss, Phys. Rev 


AND R. 


WATSON 


contributing to these deviations (e.g., covalency effects). 
However, in agreement with our analysis, the observed 
deviations in the form factors show the same qualita- 
tive behavior [i.e., at common reflections in Fig. 3, both 
MnO and aMnS have the same relationship with re- 
spect to the smooth (spherically symmetric) curve }. 


EFFECT OF WAVE-FUNCTION EXPANSION ON 
THE MAGNETIC FORM FACTOR 


Since a point charge cubic field does not produce a 
charge density expansion in a half-filled 3d shell ion 
(a more appropriate handling of the crystalline prob- 
lem would do this’), the results of the calculation based 
on the octahedral array of point charges described 
earlier cannot be used to discuss the effect of charge 
density expansion on the form factor. For this reason 
we have looked into the information available from 
optical absorption data for transition metal ions in 
crystalline environments. This data” indicates that 
there are radical changes in the crystalline 3d charge 
distribution from the free ion values. 

In both the free ion and crystalline ion absorption 
work two parameters are interpreted to be integrals 
involving the 3d wave functions alone. These are the 
Slater F*(3d,3d These integrals are found 
to be substantially smaller for the crystalline ions and 
this can be interpreted as representing a substantial 
expansion of the atomic 3d radial function. We have 
taken a typical observed variation (about 15%) in the 


inte grals 








Fic 3. The magnetic form factor for Mn** in MnO (a) and 
a cubic MnS (0 ) as determined by Hastings, Elliott, and Corliss. 
The smooth curve was obtained by these authors by scaling the 
free atom Hartree-Fock result by a factor of 0.9. 


® See Appendix I for a discussion of this. 


” For example see ( 
26, 110 (1958) 

1 See E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1953), in par 
ticular Chap. IV. 


K. Jorgensen, Discussions Faraday Soc. 
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Fic. 4. The calculated Mn** free atom form factor, the pre- 
dicted crystalline Mn** form factor from optical absorption data 
(shaded region), and the measured magnetic form factor of 
Hastings et al. (dashed curve). 


F*(3d,3d) integrals for Mn** and from tabulated theo- 
retical F*(3d,3d) integrals for the iron series ions® we 
have selected 3d wave functions which show this same 
percentage change in F*(3d,3d) from the theoretical 
Mn*? free ion value. The V** and Mnt* 3d functions 
satisfy this requirement. Their. form factors, along 
with that for the free Mn** ion,” are plotted in Fig. 4. 
The region between the V** and Mn* form factors has 
been shaded to indicate a range in predicted form 
factor due to the expansion effect of the crystalline field. 
If we now also plot the observed Mn*? magnetic form 
factor, as determined by Hastings, Elliott, and Corliss*® 
for a variety of Mn compounds, we see that there is 
good agreement with our crude estimate made from the 
optical absorption data. This agreement suggests that 
both the optical absorption data and the neutron dif- 
fraction data can be understood as being due to an 
expansion of the 3d wave function from its free ion 
value. 

It is to be noted that the 3d functions used in this 
form factor estimate have F*(3d,3d) values which are 
nol in agreement with experimental optical absorption 
data F*(3d,3d)’s. This is due to the fact® that theo- 
retical and experimental F*(3d,3d)’s for the same ion 
just do not match. The fact that our estimate of the 
form factor agrees well with the Hastings, Elliott, and 
Corliss experimental one suggests that the F*(3d,3d) 
discrepancy is mot due to a difference between the 
theoretical and the actual 3d radial dependence but is 
instead due to the fact that the quantities measured by 
experiment are not true F*(3d,3d) integrals and in turn 


2R. E. Watson and A. J. Freeman, Acta Cryst. (to be 
published). 
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that we must go beyond a Hartree-Fock description of 
the atom if we are to have a detailed understanding of 
the measured quantities. 
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APPENDIX I. Mn ION IN CRYSTALLINE FIELDS 


The Hartree-Fock calculation‘ for Mn* in an octa- 
hedral array of point charges gave no estimate of the 
tendancy of crystalline environments to expand 3d 
functions. It seems worthwhile to discuss this briefly 
and to discuss what might be done to improve on this 
calculation. 

It was noted*” that the presence of an octahedral 
array of ions about an Mn** ion produces a spherical 
potential, Vo, which interacts with all the Mn* elec- 
trons and a cubic potential, V4, which interacts with 
only the 3d electrons. The spherical potential (Vo) due 
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Fic. 5. The spherical! potentia! V(r) as a function of r due to: 
(a) negative point charges at ro, the interionic distance (full 
dashed curve) and (b) negative ions at ro (broken dashed curve) 


4% Similar investigations along this line have been made, e.g., 
R. Linn Belford and N. Karplus, J. Chem. Phys. 31, 394 (1959), 
who treated the problem of a square array of four point charges 
about an iron series ion. 
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part of the potential due to: (a) a point 


solid curve) and (b) an ion of total charge 


to (a) an octahedral array of point charges and (b) the 
charge density of an octahedral array of negative ions 
is illustrated in Fig. 5. The figure illustrates why the 
point charge potential did not encourage the 3d func- 
tion to expand whereas the ion potential does. The 
cubic potential (V4) is illustrated in Fig. 6 for both the 
point charge and the ion environments; these are 
drawn for a direction pointing toward the neighboring 
ions (as do the doubiy degenerate, e,, electrons). The 
cubic potential has the opposite sign for the directions 
in which the triply degenerate, /.,, functions point. 
This is the the 3d shell “splitting” effect 
mentioned in the text. The sign of experimental crys- 
talline field splittings tells us that it is the inner loop 
(of positive sign in the figure) which predominates. 

Proper handling of a calculation for an Mn** ion 
surrounded by six negative ions requires that the Mn** 


cause of 


and the negative ion one-electron functions be ortho- 
gonal to one another. Failure to do this would encourage 
part of the Mn** 
at the sites of the negative ion nuclei which are already 


electronic charge to occupy the wells 


occupied by the negative ions’ core electrons. 
One of us (R.E.W.) has investigated the potential 
for an Mn** ion surrounded by an octahedral array 
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ions" 


of six O at a distance appropriate to the MnO 
crystal. An appreciable part of the Mn**3d charge 
density penetrates into the deep wells and a Hartree- 
Fock calculation for Mn** in environment 
(without orthogonalization meaningless 
results. 
negiected. Its inclusion turns tl 
tially a molecula 
ular calculation 


such an 
would yield 
In other words, orthogonalization cannot be 
e calculation into essen- 
r problem. Unfortunately, the molec- 

considerably more difficult than a 
calculation for an ion in an ext field. To date no 
such Hartree-Fock calculation has been 
reported (either for the simple case of an iron series 
a proper crystal 


erna! 
molecular 
ion and its nearest neighbors or 
calculation). 

The results for the Mn* 


O~ ion field are not wi 


ion when solved for in the 
nterest for they and the 
Serve 


hnout 
as bounds on the be- 
havior of the results of calculations of this sort. The 

ity which is shifted 


O-* ion field yields 
turn this 


outwards from the 
results in a 3d form factor. This 
3d form factor relative to the free 


contraction of the 
between three and four times that observed 


point charge field results 


a 3d charge dens 


tree and in 


ion value 


contraction of the 


ion value i 
experimentally.* 

solution to the 
s to modify the ion potential 


Some readers may believe that the 
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so that the deep wel di 
while keepin 
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modified ion charge 
Thus an appropriately chosen potential would 


whose 3d form factor is in agreement 
and whose F* 3d 3d 
the percentage changes whi 


ion 
integrals show 
h opt il absorption data 
tells us are appropriate. This approach is at best dubious 
unless the modification is derived directly from the 
requirement of orthogonalization bet 
functions on different ions 
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In conclusion, calculations for single 
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s but the ability of theory 
rental results will not be truly 

a proper, essentially 
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involving these ions in crysta 
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tested until (as indicated above 
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The BCS theory of superconductivity is generalized to the case of a position-dependent energy gap (at 


the absolute zero of temperature and in the absence of magnetic fields 


The BCS integral equation for the 


energy gap goes over into an integro-differential equation. The latter has nontrivial solutions (i.e., finite 


energy gap) even for the case of normal material 


V =0). Expressions are obtained for the energy gap, for 


the volume energy density, and for the surface energy density at an interface, for both normal and super 
conducting material. These results are applied to a number of problems involving superconducting contacts. 
When a thin slice of normal material is sandwiched between bulk superconductors, it is found that the 
slice acts superconducting for thicknesses less than about 10°* cm. When a thin slice of superconductor is 
sandwiched between bulk norma! material, the slice acts like normal material for thicknesses less than 
about 10-* cm. The energy gap at the free surface of a bulk superconductor may differ by as much as thirty 
percent from its constant value deep inside the material, the former being either larger or smaller than the 
latter, depending on the value of N(0)V, where N (0) is the density of one-electron states of a given spin 


at the Fermi level in the normal metal. 


I. INTRODUCTION 


EISSNER'! has recently carried out a series of 

remarkable experiments on superconducting 
contacts. By measuring the contact resistance between 
plated superconducting wires, he has shown that a layer 
of metal like copper, ordinarily not a superconductor at 
any temperature, can be made superconducting by 
being sandwiched between bulk superconducting ma- 
terial such as tin. This can occur with layers as thick 
as 10-* cm. In addition, Meissner has verified older work 
of Misener and others* by showing that a layer of tin 
sandwiched between or plated on the surface of bulk 
copper has finite electrical resistance at temperatures 
well below the superconducting transition temperature 
of bulk tin, here again for thicknesses as great as 10-° 
cm. This is in sharp contrast with well-annealed tin 
films plated on an electrical insulator, since such films 
display the bulk transition temperature even when as 
thin as 5X10~? cm.* Meissner has pointed out that 
these results are somewhat less startling when one 
remembers that electrons in a superconductor can be 
correlated with one another over distances as great as 
&)=10~ cm, the Pippard coherence distance.‘ 

In the present paper we shall develop the quanti 
tative theory of these effects. In order to do this, it is 
first mecessary to genetalize the Bardeen-Cooper- 
Schrieffer theory of superconductivity® to include spa- 
tial dependence of the energy gap of the superconductor 
The general formulation will be developed in the fol- 
lowing section. This will be applied to normal material 


1H. Meissner, Phys. Rev. 109, 686 (1958); Phys. Rev. Letters 
2, 458 (1959); Phys. Rev. 117, 672 (1960). 

? E. F. Burton, J. O. Wilhelm, and A. D. Misener, Trans. Roy 
Soc. Can. 28, 111, 65 (1934); A. D. Misener and J. O. Wilhelm 29, 
1 (1935); A. D. Misener, H. Grayson Smith, and J. O. Wilhe!m 29, 


13 (1935); A. D. Misener, Can. J. of Research 14, 25 
3A. I. Shalnikov, Nature 142, 74 (1938). 
‘A. B. Pippard, Proc. Roy. Soc. (London) A216, 547 (1953 
* J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Phys. Rev. 
108, 1175 (1957); henceforth this will be denoted BCS 


1936) 


in Sec. III and to superconductive material in Sec. IV. 
In Sec. III we will see that a superconducting energy 
gap can indeed exist in a material such as copper which 
is usually thought to be never superconducting. In Sec. 
V we will calculate the volume energy density of a 
superconductor and in Sec. VI the surface energy 
density of both a superconductor and a normal metal. 
Section VII will furnish a discussion of boundary con- 
ditions. The fina! four sections will be devoted to the 
superconductor-vacuum contact, the superconductor- 
superconductor contact, the superconductor-normal- 
superconductor contact, and the normal-supercon- 
ductor-normal contact, respectively. 

Throughout the paper we shall assume that no mag- 
netic field is present. In order to keep the analysis as 


simple as possible, we restrict ourselves to the absolute 


zero of temperature. Nevertheless, we will be able to 
draw certain conclusions concerning the supercon- 
ducting transition temperature of the superconducting- 
normal-superconducting contact and of the normal- 
superconducting-normal contact. With regard to such 
contacts, it will be seen that theory and experiment are 
in good agreement, both in the size of the supercon- 
ducting transition temperature 7,, and in the depen- 
dence of T, on the thickness of the middle layer. 

The theory predicts that the energy gap near the 
free surface of a bulk superconductor may differ 
somewhat from its value in the interior of the metal. 
The gap at the surface may be either larger or smaller 
than the gap in the interior, depending upon the 
strength of the effective electron-electron interaction. 
This effect is a manifestation of the presence of a surface 
energy density. 


Il, GENERAL FORMULATION 


Consider the BCS theory of superconductivity® at the 
absolute zero of temperature. The superconducting 
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ground-state wave function is 


Wo=T] [1 — Ay)! + Mg bcas *c_as* Mo. 


#, is the vacuum-state wave function. The c,’s are the 
usual electron creation and destruction operators. The 
parameters fy lie in the range 0 < fy <1. The normal- 
state wave function is 


Py= [] cur*c_as*®o, 
kckp 


kp» being the wave vector at the Fermi level. Thus we 
may write 


WV» Il [( 1 —hy,)' T hy cus *c u* | 


k>kp 


x I] hy! + (1—Iy) 4c xi Cet FP. 
kckp 


The energy density W associated with the ground state 
is composed of the two terms W, (interaction energy 


density) and W xg (kinetic energy density). 


Wi=—Dd Ven [hn (1— le) y (1— hy) }, 


kh’ 


(2.1) 


We=2 > 


k>kp 


jy +2 - | ex | (1—Ay). 


hehe 


(2.2) 


V ew is the effective electron-electron interaction poten- 
tial. The one-electron energy «, is measured relative to 
that of the Fermi level, i.e., on an effective-mass ap- 
proximation 


€k { h? 


2m) (k?— kp’), 


m being the effective mass. Wo is the energy density 
measured relative to that of the normal state. 

We wish to generalize the theory to consider a 
spatially varying energy gap. This implies a spatial 
variation of the parameters jy. Specifically, we assume 
that 4, is some function of the position of the center of 
mass of the two electrons occupying states kt and 
—kj when k>kp, and that (1—/,) is some function of 
the center of mass of the two holes occupying states 
kt and —kj when k<kp. We designate by V/,' the 
gradient of Ay! with respect to its argument. Thus the 
momentum operator of the ith electron acting on Ay! 
will give —}ihVh,! when the ith electron occupies kt 
or —kjJ, and will give zero otherwise. (Note the factor 
of one-half, which results from the argument of fy 
being the center of mass of the electron pair.) We shall 
assume that /y is essentially constant over distances of 
the order of the Fermi wavelength. (This assumption 
will later be corroborated.) Thus, for k>kp, the term 
ey must be replac ed by 


(h?/2m)[ | (kh—4iv)Ayt|*—kerhy | 
= ety t+ (h?/8m)(Vh,!)?. 


This represents the contribution of state kf to the 
kinetic energy density at x (x being the argument of 
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hy). Considering the pair of states kt and —kj, the 
total additional contribution is 


(h?/4m)(Vh,! 


This may be looked upon as the center-of-mass kineti 
energy density of a Cooper pair of mass 2m. 

Similarly, for k< kp, the term 
by 


€% (1— Ay) is replac ed 


€x| (1—hy)+ (h?/8m)[ 9 (1—h,)! FP. 
Thus 


Wre= > [ede t+}h?'m™(vh,!)*) 
k>kp 


ar > {2\ «| (1 — hy) + hm vy (1—Ay)* PF}. (2.3) 


khehp 


The terms involving (V/,')? and [¥(i—/,)'F give the 
modification of the BCS value of Wo» when /y varies 
with position. These terms are reminiscent to those 
introduced by Ginzburg and Landau’ in a generalization 
of the London theory of superconductivity. The Ginz- 
burg-Landau theory suffers from the fact that it 
predates the BCS theory. 

BCS obtained an equation for 4, by minimizing Wo 
with respect to Ay, i.e., setting dW 0. Because of 
the presence of the gradient terms, we must use the 
Euler-Lagrange equation, 


Oh, 
[(0/dh.)—¥ -(0/8Vhx) Wo=0. (2.4) 
For k> kp, we get 

2[ exh, — (2? /8m) hI V7h,* | 


= (1—2%)(1—hk) S Vin 


k 


1— My) hy: (1— hy) }, 
(2.5a) 


as the integro-differential equation whi 
satisfy. Similarly, for k< kr, we get 


must 


20 | ee | (1—Aa)— (ht? /S8m)(1 
= (2h,—1)hy Vin La (1— he 
hy) }. 


(2.5b) 


In the expression for 
term 


to replace the 


+(h?/4m) > (Why ')* by Ze 


k>kp k>kp 


hy, 'V7h,$ 


and the term 


+(h?/4m) © (¥(1—A&)' P 


——~siL 


k<kp 


by —(A/4m) S (1—ma)!V2(1—Iy)!, 


*V. L. Ginzburg and L. D. Landau, J 
U. S. S. R. 20, 1064 (1950); V. L 
1234 (1955) 
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provided that at the same time we introduce the 
surface energy density 


W so= hh? m—'n-[ =. hit hyi+ yo (1—hy) te (1—hy)*) 


k>kr hehe 


= (?/8m)n-[ > Vat & ¥(1—A)], 


k>kp kehp 


(2.6) 


n being the unit vector normal to the surface. W go will con- 
tribute to the total energy only at surfaces where there 
is a discontinuity in VA. Thus if Vy is everywhere 
continuous, there is no surface energy. Replacing 
(VA, by —h,!V*h,' and [¥(1—A,)' F by —(1—/Ay)! 
XV7(1—/y)tin Wo, and making use of the integro- 
differential equation for hy, we get 


W,=- yo hZlhy.(1—h) tS V exe hy (1 — yy )} 
ry 


k>kr 


—_ > ( 1— hy "Cn (1—Ix) t4 


hehe 


XE Vee (1—A) J. (2.7) 
- 


Equation (2.7) is formally identical with the corre- 


sponding expression in the BCS theory, i.e., 
contains no term involving VA. 


(2.7) 


Ill. ENERGY GAP IN NORMAL METALS 


Throughout this paper, we make the assumption that 
a normal metal such as copper can be characterized by 
V xx =0 for all k, k’. This implies that W» vanishes for 
a normal metal irrespective of whether or not h, varies 
with position. For a normal metal, the position-inde- 
pendent solutions of Eq. (2.5) are trivial, namely 4,=0 
for «.>0 and A,=1 for «<0; the position-dependent 
solutions, however, are not trivial, there being two 
poesible types. The first of these is 


cy cosh (x/h)(Sm| ex| )¥]=[he(x) }!, 
=> [1—hAy(x) |}, 


é.>0, 


€k <0, 
c, being some constant. The second type is 


cz sinh[ (x/h)(8m| ex! )¥}=(Ae(x) }, 
=[1—h,(x) }}, 


e.> 0, 
e.<0. 


In general, we define the k-dependent energy gap ox 
by means of the equation 


hy=4[ 1 — ex (62+ e907)? ]. (3.1) 
This implies 


1—2he= ex ( 62+ €o2)—, 


(3.2) 


2{ Au(1— Ae) })= eon (ex? + €047) 1 (3.3) 
We imagine a slice of normal metal lying in the range 
—X {x <+X, with e(x) assuming the value e(X) 
~0 at x=+NX. Thus the first of the above solutions for 
h, becomes 


OF SUPERCONDUCTING 


CONTACTS 
hy (x) =4(1— eal ex? + cn? (x) } 4} 
-( & \(—— , 
=-—f |1——— ——————_—— ] 
2 [ ex? + €0n?(X) }' 4 \cosh(X/h)(Sme,)! 


«>0, 
(3.4) 


€ 
‘rams 
[e?+e0.2(X) }? 


cosh (x/h)(Sm| |)? \? 
x(- " ) «<0. 
cosh(X/h)(8m| «| )! 


Solving for ¢ox(x), we find, in the limit of small | «|, that 
1 1 km 


“+ 
éox(X) i? 


(X?— x?) 

€on (Xx) 
1 &m 

— x", 


€ox (0) h? 


(3.5) 


Thus we have the remarkable situation of a finite 
energy gap at the Fermi level in a slice of normal 
material. As a result, the slice will have the electrical 
properties of a superconductor. 

On the other hand, let us take the second type of 
solution for 4, where 


hy (x) = 4{1— ex[en? + eu?(x) T-4} 


(i on ) sinh(x/h)(8me,)* \? 
sin aa emaaag 
2 [ €:?+ €o47(X) }! sinh (X/h)(8me,)* 


«>0, 
1 €. 
stat rs Pnines) 
2 [ e? + €ox? (X) |! 


sinh (x/h)(8m| «| )* \? 
x( —- ) 9 e <0. 
sinh (X/h)(S8m| | )# 


(3.6) 


Solving for ¢o.(x), we find, in the limit of small | «|, that 

€o4(x)= | €s [i~—(x/X}}', e< X?, (3.7) 
Thus the gap vanishes at the Fermi level where «.=0, 
i.e., there is no gap separating the ground state of the 
system from excited states. The electrical properties 
will be essentially the same as in a bulk normal metal. 

IV. ENERGY GAP IN SUPERCONDUCTORS 
In general 
hyiV*h,'= 1h. thy '(Wh,), 
(1—hy)*V?(1—hy) § = —§407A, — 4 (1 — hs) OV. 

Equation (3.1) gives 


VTh =e bexéos® (e+ €ox") TY (1/0), (4.1) 
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so that 


lim W/y,= —4e0 (1/e0), 


0 


—lim (1—/,)'V?(1—A,)§=lim yt V72h,! 


*~ C7 mal] 
—46,V*(1/e0), (4.3) 
where we have defined 


€o= 1LM €ox. 
«7 


(4.4) 


In this limit, Eq. (2.5), the integro-differential equation 
for hy, becomes (for both positive and negative values 
of €%) 


os } (€ox’/€0) V iene (ex? 


k’ 


+ €5,/7)—3 


— (h?/16m)V?(1/eo)=1. (4.5) 


As in BCS, we now approximate éox by ¢€o inside the 
summation over k’, we replace the summation by the 
equivalent integration; and we we set Vix equal to 
the constant V for |«e!, | e-|<hw (the mean phonon 


energy) and equal to zero otherwise. We get 
N(0)V arcsinh (hw/€o)— (h?/16m)V?(1/ eo) = 1, 


N(O0) being the density of one-electron states (of a 
single spin) per unit energy at the Fermi level in the 
metal in the normal state. Since under all conditions 
éo<hw, we may approximate 


arcsin(hw/eo) by In(2hw/ eo). 
Thus, 


N(O)V In(2hw/ €9) — (h?/16m)9?(1/e)=1. (4.6) 


In case V=0, we immediately get the solution 
[1/eo(x) ]=[1/€9(0) |— (8m/h*) x, 


obtained previously for a slice of normal material. 
For the case V finite, it pays to define the constants 


€9( 0) = Zhwe NOV. 
-( h ; 
ee eno , , 

8\N(0)V mw 


2(x) = 


(4.7) 
(4.8) 
and the variable 


so that Eq. (4.6) becomes 


2°V*2=Inz. (4.10) 


In the one-dimensional case (which we consider ex- 
clusively henceforth), this can be immediately inte- 
grated once 


+[K+2(Inz—1) }}, (4.11) 


K being an integration constant. Thus 


x cof [K+2’(Inz’—1) } 


idz’, (4.12) 
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zo being the arbitrary value of z at x=0. The constant 
€o() is just the constant value of €9 to be found in the 
interior of a bulk superconductor [i.e., 
BCS value of 9]. Thus in such a bulk superconductor 
we want z At the 
(dz/dx) — 0. This means that for a bulk superconductor 
we must take 


€o\ = is the 


»lasx-—=< same time we want 


K=1 4.13 


For this case, a plot of 1/z versus +/6 can assume the 
two possible forms diagrammed in Fig. 1. The constant 


6 can be written in terms of the Fermi wavelength 


(4.14) 


Ag 2n ky 


and the BCS form of the Pippard coherence distance 


ee [ hop Te x 


(4.15 


ve being the velocity of electrons at the Fermi level. 


We have 
4.16 


. I 
0 BL SOAR 


cm, \p 4 
cm, smaller 


Taking as representative values £)=10~ 
<10-* cm, N(O)V =}, we get 6=4X10 
than £ by a factor of two hundred. The energy gap in 
a superconductor can thus change appreciably over 
distances of the order of 10-* cm 


V. VOLUME ENERGY DENSITY 


Let us return to Eq. (2.7), 
Expressing /, in terms of é, 


the expression for W, 
and making the same 
approximation we made in the last section in solving 
the integro-differential e 
Wo=—-1V z [ (e? + €," 

kk’ 


We designate by when €9= €9(« 


lue of 
Thus Wo() is the energy density in th 
bulk superconductor (i.e., the value 
BCS). We have 


interior of a 
computed by 


and 
Wo—-Wo(”)= 


7) 
sma 


As a result of the 
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Fic. 1. Energy gap versus positicn for a bulk superconductor. 
becomes larger (more positive) than Wo(#) whenever 
€9 becomes smaller than €9( ). 

VI. SURFACE ENERGY DENSITY 


Let us return to Eq. (2.6), the expression for W gp. 
Expressing fy in terms of ¢, and making the same 
approximations we made in solving the integro-differ- 
ential equation, we get 


W go= — (h?/16m)[ (d/dx)eo Jeo? F | ex| (e:2-+ ect)? 
k 


= — (h*/16m)[ (d/dx) eo Jeo®N (0) 


he 
x f 2e(e+- €?)“Mde 
0 


= — (h?/&m)[ (d/dx)eo Je*N (0) 
X (ec*—[ (thw)? + 0? 4} 


> — (h?/8m)[ (d/dx)ec JeeN (0). (6.1) 


For superconductive material (V #0) 


(d/dx)eg=[1/€o( ) ](dz/dx) 


= +[eo(%) }'[K+2(inz—1) }, 
so that 


W so= ¥ h'e9(  )N (0) (8mé2*) "LK +2(Inz—1) }! 


= ¥8N(0)V|Wo(~)|se7K+2(Inz—1)}. (6.2 


The sign of W g¢ is the same as the sign of (deo/dx) at 
the surface. Thus if ¢ decreases as the surface is 
approached, then W go will be negative. 

For a slice of normal material (V=0) with a finite gap 


(d/dx)eg*=—16mh*X (boundary at =X), 


so that 


W so= 2N (0)X e@(X). (6.3) 


Let us imagine a hypothetical superconducting material 
: 


i 
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characterized by a bulk gap ¢o( ), bulk energy density 
Wo(), and in addition having the same N (0) as does 
the normal material under consideration. Then (6.3) 
may be written 


W so=4|Wo()| Xe, (6.4) 
where z= €o()/eo(X). (It will later be convenient to 
specify that the effective mass m of our hypothetical 
superconducting material is the same as that of the 
normal material.) 


The above expression holds only when the quantity 


u= Xh-“[ 8meo(X)}'=4[N (0)Ve}(X/8), (6.5) 


is sufficiently small. The error at large u results from 
assuming é€ is independent of k in the normal metal. 
To see this, we note that Asd,(k>kr) and ¥(1—/y) 
X (k< kp) are both given by 


1 €x | xX 
—(1- ) (comet) 
X Lert+er(X) 7 N\A 


x 
xtanh(—(m|a)), 
h 
at x= X. Thus W go is, 


Re | € | 
W so=— Z(1- — ) 
SmX k [ e? +-¢,?(X) }! 
X X 
a (- ($m|.|)*) tanh (— (ma ») 
h h 
h? Aw € 
-_vo f (:- —) 
4mX 6 [e+ e0?(X) }t 
X X 
x ( r (Sme ") tanh . (8m) de. (6.6) 


For a slice of normal material with no gap (i.e., hy! is 
a hyperbolic sine rather than a hyperbolic cosine), the 
expression for W so is modified by replacing the tanh 
by a coth, 


2 


h hw € 
W so=— vo f (:- ) 
4mX 0 [f+ e?(X) }t 
X xX 
x( (sme) coth( (3m) de (6.7) 
h h 


Comparing Eqs. (6.6) and (6.7), we see that they 
become equal in the limit of large « where both tanh 
and coth can be replaced by unity. In this limit W go 
is independent of u or X. Still considering the case of 
no gap, when « is sufficiently small we may replace 
the hyperbolic cotangent times its argument by unity, 
so that 
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hw 
W go= h®(4mX)—N (0) {1—P+et(X) TY de 


0 
= h?(4mX)-N (0){ €0(X) +t — [ (Peeo)*-+ 60? X) }¥} 
h?(4mX)-N (0) e0(X). (6.8) 


In terms of a hypothetical superconducting material 
having the same V(0) and m as does the normal ma- 
terial under consideration, Eq. (6.8) may be rewritten 
as 


W go= (46)°N (0)V | Wo(@)| (Xz)-. (6.9) 


We note that Eqs. (6.4) and (6.9) assume the common 
value, 


W so= 8 N (0) V}}| Wo()| 2-4, 


(6.10) 


when “«=1; while (6.4) is smaller than (6.9) for u< 1. 
We shall henceforth make the assumption that Eqs. 
(6.4) and (6.9) hold for the gap and no-gap solutions, 
respectively, whenever «<1, while Eq. (6.10) holds for 
both solutions when u 2 1. 


VII. BOUNDARY CONDITIONS 


It is appropriate at this point to summarize briefly 
the rather formal developments of the past five sections. 
If the parameters 4, of the BCS theory of supercon- 
ductivity are allowed to vary with position, then the 
BCS expression for the kinetic-energy density is 
modified to that given by Eq. (2.3). This converts the 
BCS integral equation for h, into an integro-differential 
equation, Eq. (2.5). Its solutions for a superconductor 
are given implicitly by Eq. (4.12). For a slice of normal 
metal (V=0) there are two possible solutions, given by 
Eqs. (3.4) and (3.6), respectively. For the first of these 
solutions, there is an energy gap at the Fermi level, so 
that the slice has the electrical properties of a bulk 
superconductor. For the second solution, there is no 
gap, and the electrical properties are “normal.” The 
volume energy density W of a superconductar is given 
by Eq. (5.1); Wo vanishes for a normal metal, irre- 
spective of whether or not there is a gap. The surface 
energy density W so of a superconductor is given by 
Eq. (6.2). For a slice of normal metal characterized by 
the parameter u of Eq. (6.4), the surface energy density 
is given by Eq. (6.10) for «21, and by either (6.4) 
(gap) or (6.9) (no gap) for u<1. 

Before we can apply these results to specific physical 
problems, we must discuss the boundary conditions 
which /, must satisfy. This is the topic of the present 
section. We consider a plane interface between two 
metals. The electron trajectories making contact with 
the interface can be divided into two classes: pene- 
trating trajectories which pass through the interface; 
nonpenetrating trajectories which do not pass through 
the interface. The latter represent reflection at the 
interface; the former in general represent a certain 
amount of refraction at the interface resulting from 
the simultaneous conservation of energy and of mo- 


PARMENTER 


mentum parallel to the interface. Let one of the metals 
be characterized by effective mass m,, and Fermi wave 
vector kp;, the other metal by m2 and kp». We assume 
kp2> kp; (i.e., the conduction-electron density is greater 
in metal No. 2). Let k,; and ky be the wave vectors 
associated with a penetrating trajectory, k,, charac- 
terizing that part of the trajectory lying in metal No. 1 
and k, that part lying in metal No. 2. Given either k, 
or kz, the other member of the pair is specified by the 
conservation conditions 


(h?/2m,) (ky — ke?) = (h?/2m2) (k?—ke?), 
kin=kon, 


the subscript || denoting the component parallel to the 
interface. When k, and ky lie at the Fermi level, the 
orientation by k, is arbitrary, but the orientation of k, 
is limited by the restriction 


sinBs < (kp;/krs), 


(7.1) 


6, being the angle between k, and the normal to the 
interface. 

We shall assume the two following boundary con- 
ditions for the A, associated with a penetrating tra- 
jectory. 

I. 4, is a continuous function of position along a 
penetrating trajectory ; i.e., 


(7.2) 


Aus = hie at the interface. 


II. A penetrating trajectory makes no contribution 
to the surface energy density W go; i.e., 


(h?/8m,) (Oh, On) 


= (h?/8mz-)(Ahx2/ dn) at the interface. 


(7.3) 


We shall assume the following boundary condition for 
the A, never associated with a penetrating trajectory 
[e.g., ‘x2 when ky is such that (7.1) is mot satisfied ]. 

III. The boundary value of an A, never associated 
with penetrating trajectories is chosen to minimize the 
total energy of the system. It might be thought that 
condition ITI is already automatically satisfied by the 
integro-differential equation for 4y. Such is not the case, 
since Eq. (2.4) represents a minimization of W» subject 
to arbitrary, specified boundary values of Ay. 

Although the above boundary conditions appear 
eminently reasonable to the writer, it is by no means 
obvious to him that they can be rigorously justified. 
They should best be considered plausible assumptions. 
As a practical matter, these boundary conditions are in 
general too difficult to apply. The reason is easy to see. 
The boundary value of ‘4, is determined by conditions 
I and II for some orientations of k [ those orientations 
which satisfy Eq. (7.1) ] and by condition III for other 
orientations [those which fail to satisfy Eq. (7.1) }. 
This implies an orientation dependence of hy at the 
boundary. However, in the past five sections we have 
assumed that /, is independent of the orientation of k, 
an assumption which is necessary in order to make Eq. 
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(2.5), the integro-differential equation, practicable to 
solve. In order to avoid this difficulty, we will make the 
drastic simplification of considering only interiaces 
where the trajectories are either all penetrating or all 
nonpenetrating. This implies either that the metals on 
both sides of the interface have identical values of m, 
kr, and N(O) (all penetrating trajectories) or that the 
interface is one separating a metal from an insulator or 
vacuum (all nonpenetrating trajectories). We will make 
the additional simplification of assuming fw is the 
same on both sides of a metal-metal interface. This is 
necessary in order to satisfy condition I between two 
superconductors. The difficulty arises from the ap- 
proximation made in solving the integro-differential 
equation that ¢ox= ¢ for | €x| < fw and €o,=0 otherwise. 
This last approximation also makes it impossible to 
satisfy condition II between a superconductor and a 
normal metal even when hw is the same for both. Thus 
we shall replace condition II by the weaker condition: 

II’. The sum of the contributions of all penetrating 
trajectories to the surface energy must vanish. There- 
fore at the interface between two metals the net surface 
energy vanishes; i.e., 


W sot+W so2=0, (7.4) 
W so: and W go2 being the surface energy densities asso- 
ciated with each of the two metals forming the interface. 
Note that because of the simplifications already made, 
conditions II and II’ are equivalent for an interface 
separating two superconductors. 


Summing up, we may say that only two types of © 


interfaces will be considered: 


(1) Metal-vacuum (or metal-insulator) interfaces. 

(2) Metal-metal interfaces where the two metals 
differ only in the interaction potential V. Condition 
III specifies the boundary conditions for (1) ; Conditions 
I and II’ specify them for (2). 


Before concluding this section, it should be pointed 
out that we are assuming that bulk properties of a 
metal like m, iw, N (0), and V are constants independent 
of position inside a given metal. Any position depend- 
ence of these quantities is probably restricted to 
regions within a few lattice spacings of the interface, 
i.e., distances small compared to 4, so that it is a good 
approximation to ignore their position dependence 
within a given metai; ergo we assume they change dis- 
continuously at an interface. 


VII. SUPERCONDUCTOR-VACUUM CONTACT 


For our purpose, a metal-insulator contact is no dif- 
ferent from a metal-vacuum contact. Furthermore, a 
normal metal-vacuum contact is not of interest. We 
therefore restrict the discussion of the present section 
to superconductor-vacuum contacts. For simplicity, we 
consider the interface between vacuum and a bulk 
superconductor (as contrasted with a superconducting 
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film). We assume the superconductor occupies the half- 
space characterized by x<0; i.e., the interface lies at 
x=0, with superconductor to the left and vacuum to 
the right. 

We define W go, the boundary surface energy density, 
as the difference (per unit surface area) between the 
total energy of the superconductor and its energy if 
€o(x) were equal to €(«) throughout the supercon- 
ductor. Thus 


0 
Wao~ f CW o(x)— Wo) \dx+W go. (8.1) 


—m 


Making use of Eqs. (4.11), (4.13), (5.3), and (6.2), we 
get, 


W wo=([sgn(s—1) | Wo()| 
2 [s*— N(O) V ins’ — 1] 
(gaa 
2’ 1+-2'(Inz’—1)}# 


—8v(0Ve-*C1+s(ine—1)}), (8.2) 


where z is the value of 2’ = €9()/eo(x) at the surface 
of the superconductor, and sgn(z—1) is the signature 
of (s—1). When ¢ at the surface differs only slightly 
from €9(@ ), i.e., 


€o(0)= eo()(1+«), |«|/<<1, (8.3) 


we have 
W po=V25|Wo()|{—«L2—5N (0) V] 
+%$[4+29N (0)V}}. (8.4) 
Condition III of the previous section is equivalent to 
the requirement that Wao be minimized with respect 
to z (or x). If we sét OW go/dx=0, we find 
x= 3[2—5N (0)V .4+29N 0)V}, 

W po= —3V26|Wo(~) 

x[2—5N(0)V P[4+29N(0)V}". 


(8.5) 


(8.6) 


According to the work of Pines,’ N(O)V lies in the 
range 0.2-0.5 for most superconductors. Thus, from 
(8.5), « ranges from +-0.3 to —0.08. This suggests that 
(8.3) is not too bad an approximation. We see that the 
energy gap on the surface of a bulk superconductor will 
be either smaller or larger than the gap in the interior 
when N(0)V is either larger or smaller, respectively, 
than 0.4. 


Ix. SUPERCONDUCTOR-SUPERCONDUCTOR 
CONTACT 


Consider an interface at x=0 between bulk super- 
conductors No. 1 and No. 2. The two superconductors 
have differing values of V [and thus of ¢9(@) and 3]. 


7D. Pines, Phys. Rev. 109, 280 (1958). 
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Let €9(0) be the common value of ¢9(x) at the interface, 
and let 2; and 2 be the values of z for the two super- 
conductors at the interface. Condition I of Sec. VII 
implies that 


€9(0) €o;(@ )/34>= €oo(* )/ Ze. (9.1) 


Condition II’ implies, with the aid of Eq. (6.2), that 
V 8;[ 1+ 2; (Inz,;— 1) }'= V25of 1+22(Inz2—1) }*. (9.2) 


For the metal with the larger e9(@), we must take 
z> 1; for the other metal, z< 1; s0 that €9(0) is bracketed 
between €9:() and €2(). This is necessary in order 
that W so for the two metals be opposite in sign so that 
the net surface energy density can vanish. These two 
equations serve to determine 2; and 2, and thus ¢9(0). 
For example, when 


€02(@ )/en,(@)=1+xn, |xi<K1, 


(9.3) 


we have 


€9(0) €o1( x )| i t V 6,(V 36:4 V 52) ik | 


V 2b0(V 15) + V2b2)~"« ]. 


Enel. x )f 1 = 


X. SUPERCONDUCTOR-NORMAL-SUPER- 
CONDUCTOR CONTACT 


Consider a slice of normal metal of thickness 2X 
sandwiched between bulk superconductor (of the same 
type on both sides). We recall that there are two solu- 
tions to the integro-differential equation for the slice 
of normal metal, one where there is a gap at the Fermi 
level, the other where there is none. For the former 
solution, a vanishing net surface energy density at 
either normal-superconductor interface requires that 


8N (0)V | Wo()| dz 1+2(Inz—1)]! 
=4)Wo(0)| Xz, u<i, 
=88[ N(O)V }!|Woleo)|2-4, uw 21, 


(10.1) 


where “ is given by Eq. (6.5). The case «>1 corre- 
sponds to X¥ 2X, and z=2z,, where X, and 2, are con- 
stants which will be determined momentarily. The case 
u<1 corresponds to X<X, and s<z,, where z is the 
solution to the equation 


(X/26)=N(0)V[1+2(Inz—1) }!. (10.2) 
The constant 2, is given by 
z.= N(0)VL1+2,(Inz.—1) ], (10.3) 
which, to an excellent approximation, may be rewritten 
z.= N(0)Vz,(Inz.—1), 


l+l/N(O)V 


(10.4) 


2.=€ 


Combining (10.2), (10.3), and (10.4), we get 


X.=2[N(0)Vetv¥@v yp, 


(10.5) 


For the no-gap solution, a vanishing net surface 
energy density requires that 
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8N (0)V | Wo( )|62-7[1+-2(Inz— 
= (45)?N(0)V|Wo(o)| X's 
= 88[ N (0)V }!| Wo(o)| 2-4, 


(10.6) 


The case «21 corresponds to X 2X, and z=z,, just 
as before. In contrast to the previous situation, how- 
ever, the case u<1 does nol correspond to X<X,, but 
rather to X>X,. This can be seen as follows. For u< 1, 
we have 


(X/26)=21+2(Inz—1) /'<[N(0)Vz}!, (10.7) 


1+1/N(0)V <2"'+Inz=Inz, 

so that s>z, while X=2é{.2/(Inz—1) }'>X,. We con- 
clude that there is no solution to Eq. (10.6) for ¥ << X,; 
while there are two solutions for X¥>X,, namely z=2, 
and z given by Eq. (10.7). Of these two solutions, z=z, 
is the stable solution since it corresponds to the lower 
energy of the system. 

For X larger than X., the total energy of the system 
is independent of whether we use the gap or the no-gap 
solution in the slice of normal metal (since in either 
case z=2,). However, at any finite temperature the 
no-gap solution will have the greater entropy and thus 
the lower free energy. This means that the no-gap 
solution is the stable one for X>X,. In contrast, for 
X<X,, the gap solution is the only one which satisfies 
boundary conditions, so that the slice has the electrical 
properties of a superconductor. The slice will exhibit 
normal resistivity only when the bulk superconductor 
on either side of the slice reverts to the normal phase. 
This implies that the superconducting transition tem- 
perature of the slice is the same as that of the bulk 
superconductor for X<X,. Since the transition tem- 
perature of the slice is zero for X> X., we see that the 
transition temperature is a discontinuous function of 
thickness (at the critical thickness 2X.). This discon- 
tinuity is probably an artifact of the approximation 
embodied in assuming that Eqs. (6.4), (6.9), and (6.10) 
are correct in the intermediate range of u~1. A more 
accurate expression for Wgso in this range would 
undoubtedly lead to the conclusion that, for X in the 
vicinity of X., both the gap and the no-gap solutions 
can satisfy boundary conditions with, at the same 
time, the former having the lower energy. This would 
probably remove the discontinuity in transition tem- 
perature as a function of thickness. The essential 
results would remain unchanged, however, these being 
that for X appreciably greater than X, the transition 
temperature vanishes, while for X appreciably less than 
X, it is equal to the bulk transition temperature. The 
critical thickness 2X, can be written in terms of the 
Fermi energy Ep, the phonon energy fiw, and the 
Pippard coherence distance £o, i.e., 


2X.=2(e/2)'to(hw/ Er). (10.8) 


Taking Ey=400/w and §)=10~ cm, we get 2X.=1.8 
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X10-* cm=}éo, in good agreement with the experi- 
mental work of Meissner. 

At the critical thickness, the gap at either interface 
is smaller than the bulk gap by a factor of 2., while the 
gap at the center of the slice is still smaller by a factor 
of two. Thus the gap in the slice of metal is a couple 
oders of magnitude smaller than the bulk gap. However, 
the gap in the slice rises quite rapidly as X becomes 
smaller than X,. To see this, take 


«<1, 
and substitute into Eq. (10.2). We find 


c=[(1+N(0)V}°[1—(X/X,)*]. 


Although (10.10) applies only when X ~ X,, it indicates 
that ¢9(X) may be considerably greater than ¢(X,) 
when X is appreciably smaller than X,. 

In concluding this section, we point out that in the 
limit XY = © we get the behavior of an interface between 
bulk normal and bulk superconducting materials, the 
gap at the interface being smaller than the bulk gap 
by a factor of z,. 


z=2,(1—«), (10.9) 


(10.10) 


XI. NORMAL-SUPERCONDUCTOR-NORMAL 
CONTACT 


Consider a slice of superconducting metal of thickness 
2X sandwiched between bulk normal metal (of the 
same type on both sides). A vanishing net surface 
energy density at either normal-superconducting inter- 
face requires that 


8N (0)V | Wo(  )| dz*[_z(Inz— 1) —zo(Inzo— 1) }! 
=86[N(0)V }*|Wo(o)|2-§, (11.1) 

where z is the value of €9()/eo(x) at either interface, 
and Zo is the value at the center of the slice (where 
deo/dx vanishes). Since the normal metal is assumed to 
be infinitely thick, we have used Eq. (6.10) for deter- 
mining the contribution of the normal metal to the net 
surface energy density. Equation (11.1) becomes 
1/N (0) V =Inz— 1— (29/z) (Inzp—1). (11.2) 


This, when combined with 


x= f [2’(Inz’—1)—zo(Imzo—1) ids’, . (11.3) 


serves to determine 2» and z for a given value of X. 
Numerical solution of these two equations leads to 
the following results. For all values of X, there is the 
solution 29=z= *, corresponding to the slice being in 
the normal phase. For X smaller than a critical length 
X,, there are no other solutions. For X larger than X,, 
there are two additional solutions. If X is appreciably 
larger than X,, then these two solutions are zo~1, 
ez et/N@V and so z= large number, the latter having 


the higher total energy of the two. In the limit as X 
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Fic. 2. Critical half thickness X, of superconducting slice (and 
corresponding values of s* and so*) as a function of 1/N(0)V. 


approaches infinity, this latter solution coalesces with 
the normal-phase solution zo= s= «©. For X appreciably 
greater than X,, the lower-energy solution is charac- 
terized by ¢o(x)=eo(~) over most of the volume of the 
superconducting slice, so that the superconducting 
transition temperature of the slice is presumably nearly 
that of a bulk superconductor of the same material. As 
X approaches X, from above, the two superconducting 
solutions coalesce and disappear. A plot of X, (and of z 
and z at X= X,) as a function of 1/N(0)V is given in 
Fig. 2. Over the range of values of 1/N(0)V of interest 
(i.e., 2-5), this X, is quite comparable with the critical 
distance computed in the previous section for the super- 
conductor-normal-superconductor contact, as can be 
seen by comparing Fig. 2 with Eq. (10.5). This is in 
agreement with the experimental results of Meissner. 

Although it appears impossible to get an analytic 
expression for X, as a function of N(0)V, it is possible 
to show analytically that there is an X,, i.e., to show 
that no superconducting solution exists if X is suf- 
ficiently small. Let us assume for the moment that 
t=2o+p where p<zo. Thus 


[2(Inz—1)—zo(Inzo—1) }*=[p Ingo}, (11.4) 


(xa) f [p’ Inzo}-idp’=2[p/inze}', (11.5) 


(p/2o)==(X/26)*(Inzo)/ zo, (11.6) 


1/N (0) V=(X/25)* (Inzo)*/zo. (11.7) 
Equation (11.6) shows that our assumption p<zp is 
indeed correct in the limits z9—+ 1 and z9—+ #. Equa- 
tion (11.7) shows that 1/N(0)V increases from zero as 
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zo increases from one or decreases from infinity. This 
strongly suggests that there is some maximum value 
of 1/N(0)V as a function of zo. This maximum repre- 
sents the value of 1/N(0)V for which X is the critical 
length X,. For any value of 1/N(0)V smaller than the 
maximum, there will be two corresponding values of Zo, 
representing the two possible superconducting solu- 
tions. For any value of 1/N(0)V greater than the 
maximum, there corresponds no value of zo, indicating 
that no superconducting solution exists. 

Let us assume that Eq. (11.7) holds for all values of 
zo. Then we clearly see that there is a maximum value 


VOLUME 
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of 1/N(0)V equal to 
gives 


- occurring at zo=eé. This 
(11.8) 
and 


p/2 (11.9) 


Equation (11.9) shows that when 1/N(0)V<3, it is 
indeed true that that Eq. (11.7) holds true) 
for all values of Figure 2 shows that X, varies as 
[N(O)V}* and sz 2—e as 1/N(0)V-0. How- 
ever, over the rang: of 1/N(0)V (i.e., 2-5) 
Eq. (11.8) is not a good approximation to X 
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Calculations of the band energies at symmetry points in aluminum by Heine are extended int 
using the pseudopotential interpolation scheme in order to obtain constant-energy « 
hood of the Fermi surface. In conjunction with this calculation, the lines of contact 


» the zone 


irves in the neighbor 


between var 


are found in detail. The de Hass-van Alphen effect, cyclotron-resonance effect, anomalous skin 


low-temperature specific heat are discussed in terms of these constant-energy curves and the results cx 
with experiment. It appears from this comparison that the geometry of the Fermi sur 
by the band calculations, but that there is a discrepancy of a factor of order two between 
A “single orthogonalized-plane-wave approximation” is « 


measured effective masses 


ympared 


face is given quite well 


more exact treatment and found to be a good starting approximation, suitable for sé 


of the electronic structure. 


I. INTRODUCTION 
kK YLLOWING the remarkable success of Gold! in 


understanding extensive de Haas-van Alphen 
data on lead in terms of a “nearly-free-electron approxi- 
mation”, the author’ applied the same method to 
existing data on aluminum. Again, the data seemed 
to fit quite closely that to be expected on the basis of 
this very simple model. In view of the success of this 
model in understanding the de Haas-van Alphen 
effect, it is desirable to consider the band structure of 
one of these metals in detail in order to see to what 
extent the simple model describes the actual band 
structure. 

In the following sections the orthogonalized-plane- 
wave (OPW) calculations for aluminum by Heine’ are 
extended to obtain constant-energy curves in wave- 
number space. These are compared with a “‘single-OPW 
approximation,” the latter being equivalent to the 
“nearly-free-electron approximation” in its application. 
Finally, the descriptions of the de Haas-van Alphen 
effect, effect, anomalous skin 


A251, 85 (1958). 


cyclotron-resonance 


1A. V. Gold, Phil. Trans 

?W. A. Harrison, Phys 

*V. Heine, Proc. Roy 
(Heine ITT). 


nee | I 
116, 555 
London 


ondon 
(1959 
A240, 


Roy 
Rev 
DOC 


361 (1957). 


effect, and low-temperature specific heat derived from 
the two points of view 


and with experiment 


are compared with each other 


Il. ENERGY-BAND CALCULATIONS 


Heine’ has calculated the energies of the bands at 
several points of high symmetry in the band using the 
orthogonalized-plane-wave method. In order to con- 
sider the behavior of the electron gas in aluminum, 
we require knowledge of the energy bands at more 
general points in the zone, and in particular near the 
Fermi surface. Heine‘ has indicated that in the first 
two bands the energy is quite close to the free-electron 
value except near the zone This suggests® that 
in most of the band the wave functions may be fairly 
OPW. This further suggests 
that near a zone face only two are necessary; near a 
yrner, four. Finally, 
consideration of the zones num indicates that 
the mixing of OPW’s in the region of interest should 
be describable in terms of only two independent off- 
Hamiltonian. Thus 
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BAND STRU 
we may hope to fit these two using Heine’s results at 
symmetry points and obtain the energy at a general 
point by the solution of a secular equation of order 
four at most. 

It would seem at first quite surprising that the 
lattice potential may be sufficiently weak that this 
limited number of plane waves is enough. However, 
Phillips and Kleinman® have indicated that the orthog- 
onalization to the core states has the effect of intro- 
ducing a pseudopotential which tends to cancel the 
lattice potential and to reduce the matrix elements 
between various OPW’s. Cohen’ has found that this 
cancellation is not fortuitous and that it may be 
expected in metals under fairly general circumstances. 
Thus our approach is essentially the pseudopotential 
interpolation scheme of Phillips* with the necessary 
parameters determined from Heine’s band calculation. 
It will be possible to determine these parameters 
from his energy values at the single symmetry point W 
and from these determine the energies everywhere 
else in the band. Our values at other symmetry points 
may be compared with those of Heine as a check, on 
the reliability of the scheme. 

The pseudopotential approach is essentially the 
following. We assume the existence of a self-consistent 
potential, V(r). The Hamiltonian, ~#/2m+ V(r), has 
a large number of one-electron solutions, $.(n), cor- 
responding to core states. We take, as a starting 
approximation for the remaining states, plane waves 
orthogonalized to the ¢,(r); thus the Hamiltonian 
operating on the core states yields only core states, 
and operating on the plane-wave states yields only 
plane-wave states. We may therefore consider the 
plane-wave or conduction-band states, ¥,, separately. 
Such plane-wave states having wave numbers differing 
by a reciprocal lattice vector will not be orthogonal 
to each other. The nonorthogonality in this case will 
be included only to the extent that it may be represented 
as a contribution to a pseudopotential, so nonortho- 
gonality terms do not appear explicitly. The pseudo- 
potential, V,, is defined® as the potential which will 
give a good fit to the conduction-band energies. The 
effective Hamiltonian is giveri by 


H=T+V,(9), 


/TLk] V 200 
V200 TLk—(0,0,2) } 
H=|,, ‘ 
Vin Vin 
Vins Vin 


where 7T[k] is the energy of a single OPW of wave 
number k, and Vo00 and Vi, are the appropriate 
Fourier components of the pseudopotential. The basis 
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equal to ak with a to be adjusted. 
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Fic. 1. The Bril 
louin zone for a 
face centered cubic 
lattice, with points 
of high symmetry 


where T is a kinetic-energy-like term and V,(r) is to 
be treated as a simple, wave-number-independent 
potential. The pseudopotential may be expanded in 
Fourier components, 
V, > «x V xe*™', 

where the K are reciprocal lattice vectors. The Vx, 
then, are the matrix elements connecting plane waves 
differing in wave number by K. If the pseudopotential 
is weak, as we expect, then the Vx will be small, and 
the interaction of two plane-wave states, differing in 
wave number by K, will be important only if the 
energies of those states are nearly the same. In free- 
electron language, states will mix only if a Bragg 
reflection is possible between them, allowing a slight 
nonconservation of energy. Thus only a few orthog- 
onalized plane need be considered at one 
time, and a secular equation of low order is sufficient. 

Consider first the bands in the region of W in the 
face-centered-cubic Brillouin zone, shown in Fig. 1. 
Taking as the unit of wave number the distance r'X, 
which equals 2x/a=0.823 atomic units for aluminum, 
the symmetry point W is located at (4,0,1), as measured 
from lr’. An OPW of wave number k in the region of W 
has matrix elements connecting it with OPW’s of 
wave numbers k— (0,0,2), k— (1,1,1), and k—(1,—1,1), 
these four waves having similar energies. Mixing with 
all other states is neglected and the Hamiltonian 
matrix is written 


waves 


Vin 
Vin 
(1,1,1) J 


V 200 


Vin | 
Vin 


, (1) 


V 200 


T[k— (1, —1, 1) 


are, of course, the individual OPW’s. T(k) 
may be taken to be spherically symmetric if neighboring 
core states do not overlap and, in particular, it is set 
This is somewhat 
crude, but will be justified by the suitable agreement 
with Heine at the various symmetry points. The 


vectors 
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Fic, 2. Energy versus wave number along various symmetry 
lines, obtained using a four-OPW approximation and fitting 
Heine’s values at W. The curves I'X were obtained using only 
two OPW’s, giving rise to the discrepancy at I on the left. 


eigenvalues of (1) for k at W are readily found and are 
given by 


E=1.25a—Vo0, and 1.25a+V200t2Vin, (2) 


where the first level given is degenerate. These may 
be equated to the values given by Heine,’ 1.012 ry 
(degenerate), 1.063 ry, and 1.182 ry. This yields 


a=0.8535 ry, V200= 0.0550 ry, and V4:,;=0.0295 ry. (3) 


The off-diagonal elements are small as expected. 

Using the parameters given in (3), the eigenvalues 
of (1) have been found for k running along various 
lines of symmetry. The results are displayed in Fig. 2. 
Such a calculation is not completely consistent since 
at each symmetry point, other than W, at least one 
other OPW has been neglected which would make a 
contribution equal to one which has been included. 
The addition of such plane waves, however, would 
not have an appreciable effect on the curves in the 
energy range of Fig. 2. The magnitudes of the errors 
involved may be seen from the discrepancy between 
the two energy values given at I’. The curves ['X were 
calculated using only two OPW’s and shifted to fit the 
four OPW calculation at X, whereas all other curves 
involved the four orthogonalized plane waves. 


TABLE I. Energy in rydbergs. 


Heine I 4-OPW 


Heine III 





0.000 

1.036 
1.041 
1.250 


0.000 
1.012 
1.063 
1.182 


0.000 
1.012 
1.063 
1.182 


0.867 
0.925 
0.950 
0.948 


0.806 
0.929 
0.925 
0.966 
1.298 


0.799 
0.905 
0.905 
0.937 
1.033 


HARRISON 


Perhaps a more significant estimate of the error in 
our procedure may be obtained by comparing the 
values we obtain at symmetry points with those ob- 
tained by Heine. Table I gives the values obtained 
by Heine in a preliminary calculation (Heine I),* and 
in his self-consistent calculation (Heine III),? along 
with those obtained with four OPW’s. The first four 
points have been adjusted to fit Heine III. The remain- 
ing five points are seen to agree within 0.03 rydbergs 
except for the third-band value at K. The value 
1.298 giver. by Heine at this point appears anomalous 
not only with respect to the four-OPW calculation, 
but also with zespect to that in Heine I, and it is 
reasonable to suppose that this value is in error. 
Agreement within 0.03 rydbergs for the remaining 
states is sufficient for our purposes. 

It is of interest to compare these curves with those 
obtained by letting V2eo and V1; become vanishingly 
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Fic. 3. Energy versus wave number along various symmetry 
lines, obtained using a single-OPW approximation ; this is equiva- 
lent to the “nearly-free-electron approximation’’ and to the 
“empty-lattice”’ band structure described by F. Herman [Revs. 
Modern Phys. 30, 102 (1958) ]. The vertical scale corresponds to an 
effective mass of 0.79. Close parallel lines represent degeneracies. 


small; that is, by going to the one-OPW limit. In 
doing this we maintain the connectivity between 
different segments of the curves as determined by 
nonzero off-diagonal matrix elements. These curves 
are presented in Fig. 3. Such comparison would suggest 
that the one-OPW approximation was quite bad. 
However, the points displayed are those which lie on 
symmetry lines and are therefore just those for which 
we expect the single-OPW approximation to be worst. 
When we procede to examine states near the Fermi 
surface, we will find the situation very much better. 


Ill. CONSTANT ENERGY CURVES 


In studying the electronic properties of aluminum, 
we will be interested only in the states near the Fermi 
surface. Curves such as those in Fig. 2 give us only a 
few points at the Fermi energy and a great deal of 
information about regions which are not of interest. 
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Ideally one would like the intersections of the Fermi 
surface and neighboring constant-energy surfaces with 
planes in the Brillouin zone. These not only give the 
shape of the Fermi surface, but also give the Fermi 
velocity along a line on the Fermi surface and enable 
one to determine various electronic properties directly. 
Although such curves are very difficult to obtain in a 
full band calculation, they may readily be determined 
when only a few plane waves are involved. A convenient 
procedure is outlined in Appendix I. The shapes of 
the surfaces are somewhat complicated by lines of 
contact between neighboring bands; that is, by lines 
of accidental degeneracy. These may intersect the 
constant energy surfaces and give rise to conical cusps 
on the surfaces. A determination of the location of 
such lines of contact is given in Appendix II. It is not 
easy to determine the value of the Fermi energy 
exactly, but we may expect it to be fairly close to the 
single-OPW value of 1.084 ry, so surfaces with energy 
in this range have been determined. 

The significance to be attached to these curves is 


Fic. 4. Intersection of constant-energy surfaces in the second 
band with a (110) plane through I’. The energies with respect to 
Il for each curve are given in rydbergs. The curves to the left 
corr md to a four-OPW approximation; those on the right, 
to a single-OPW approximation. 


questionable in view of uncertainties of the order of 
0.03 rydbergs in our calculated energies. Thus the 
energies in one region of the Brillouin zone may be 
shifted appreciably with respect to those in another 
region. However, the errors are not significantly worse 
than those of the original band calculation on which 
they are based, and the main features of the curves 
are certainly not seriously in error, We will partially 
compensate for such errors by evaluating the Fermi 
energy experimentally with respect to these bands in 
Sec. IV, and keep the uncertainty in mind in inter- 
preting the results. 

Figures 4, 5, and 6 give the constant-energy curves 
for three cases of interest. In Figs. 5 and 6 various 
pieces of the constant-energy surfaces have been 
translated by reciprocal lattice vectors to obtain closed 
surfaces.* The curves obtained from a single-OPW 
approximation are given for comparison. The way in 


* Such a procedure has been discussed in relation to the “‘nearly 
free-electron approximation” by Gold (reference 1) and the 
author (reference 2). 


Fic. 5. Intersection of constant-energy surfaces in the third 
band with a (100) plane through X. The energies with respect 
to I° for each curve are given in rydbergs. The curves to the left 
correspond to a four-OPW approximation; those on the right, 
to a single-OPW approximation. 


which the constant energy surfaces extend out of these 
planes can be seen from Fig. 7 in which the Fermi 
surface in the single-OPW approximation is drawn in 
three dimensions.’ 

It is seen that the main effect of mixing in additional 
OPW’s is to round off edges of the Fermi surface 
which are sharp in the single-OPW approximation. In 
the third band this brings about significant changes 
in the various cross-sectional areas, but the single-OPW 
approximation is still satisfactory for seeing qualitative 
features of the surfaces and for making semiquantitative 
estimates. This, then, must be the reason for the success 
of the “nearly-free-electron approximation” in explain- 
ing the observed de Haas-van Alphen oscillations; 
although single free-electron plane waves are quite 
poor approximations to the wave functions, single 
OPW’s may be sufficiently close to give a good approxi- 
mation to the energy. 

: In the following section we will use these curves to 
discuss the electronic properties of aluminum. We will 
compare the single-OPW approximation with the more 











o— Olee —__ >—— Olea —— 

Fic. 6. Intersection of constant-energy surfaces in the third 
band with a (110) plane through K. The energies with to 
I’ for each curve are given in rydbergs. The curves to the left 
correspond to a three-OPW approximation, with energies corrected 
to correspond to a four-OPW approximation ; those on the right, 
to a single-OPW approximation. 


* This figure has been taken from reference 2. The general 
features of the entire Fermi surface are discussed in this reference. 
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4th ZONE-POCKETS OF EL'NS 


3d ZONE-REGIONS OF EL'NS 


Fic. 7. The Fermi surface of aluminum according to the 
single-OPW, or to the nearly-free-electron, approximation. In 
this approximation six small pockets occur in the fourth band, 
but these disappear upon the addition of more OPW’s. The 
first band is completely full 


exact calculation, and with experimental results where 
they exist. 


IV. ELECTRONIC PROPERTIES 
1. The de Haas-van Alphen Effect 


The de Haas-van Alphen Effect has been studied 
extensively in aluminum by Gunnersen.” The high- 
frequency oscillations are believed* to be associated 
with orbits around the “arms” in the third band. The 
maximum period corresponds to an area in wave- 
number space of 0.0075 atomic units and would be 
represented by a line on the constant-energy surface 
such as those shown in Fig. 6. 

The areas of the three constant-energy curves shown 
in Fig. 6 are 0.0046 atomic unit for E=1.06; 0.0090 
atomic unit for E=1.08, and 0.0136 atomic unit for 
E=1.10. If we were to assume that the Fermi energy 
is equal to the single-OPW value of 1.084 rydbergs, 
we obtain an area of 0.010, to be compared with the 
experimental value of 0.0075. Actually, the introduction 
of the potential will lower the Fermi energy slightly; 
a Fermi energy of 1.075 rydbergs would give an area 
equal to 0.0075 atomic unit in agreement with 
experiment. 

According to the curves of Fig. 5, an energy as low 
as 1.075 would pinch off the arms near the ends (in 
the manner indicated by the 1.06 rydberg curve of 
Fig. 5). If this, in fact, happens it would be necessary 
to attribute the low-frequency oscillations observed 


%®E. M. Gunnersen, 
299 (1957). 


Phil. Trans. Roy. Soc London) A249, 
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by Gunnersen” to the small sections of surface around 
the lines of contact rather than with minimum cross 
sections of the arms near the ends as proposed earlier.’ 
An energy of 1.078 would not pinch the arms off, on 
the other hand. Thus the calculation here is certainly 
not reliable enough to decide on this point; nor is the 
data complete enough to decide, and this question 
remains open. 

The cross-sectional area on the basis of the single- 
OPW approximation is 0.015 atomic unit, in only 
semiquantitative agreement with the experimental 
value of 0.0075. As has been seen from the investigations 
of lead' and aluminum,? however, this is sometimes 
sufficient to allow interpretation of the experimental 
results. 

The temperature dependence of the de Haas-van 
Alphen oscillation amplitudes gives information about 
the cyclotron masses of the carriers in question. 
However, since the masses found by Gunnersen are 
consistent with those found in the more recent direct 
observation of cyclotron resonance,"” we will discuss 
the question of masses in with those 
experiments. 


connection 


2. Cyclotron Resonance 


In the presence of a magnetic fieid an electron orbit 
in wave-number space is given by the intersection of a 
plane perpendicular to the magnetic field and a con- 
stant energy surface. Thus the curves of Figs. 4 and 6 
correspond to electron orbits for a magnetic field lying 
in a (110) direction; those of Fig. 5 correspond to a 
field in a (100) direction. The cyclotron mass is deter- 
mined from the change in the area of these orbits with 
energy by 


m wdl 


where A is in atomic units and £ is in rydbergs. Thus 
the masses are directly obtainable from figures such 
as those shown. The masses obtained from Figs. 4 
and 6 are 0.60 and 0.072, respectively, and do not 
depend sensatively on energy. 

Langenberg and Moore" and Fawcett™ have ob- 
served cyclotron resonance in aluminum. Fawcett finds 
a mass of 0.11 for a field parallel to the (110) axis. 
This and the other masses observed at this and at 
other orientations are consistent within about 15% 
with the picture of cylindrical pieces of Fermi surface 
lying along each (110) direction, with a mass of 0.11 
associated with the field parallel to the cylinder axis." 
In addition, this mass is of the same order as that 


uD. N 
137 (1959). 

2 FE. Fawcett, Phys. Rev. Letters 3, 139 

%In making this comparison we note that the mass goes as 
1/cos@ for a cylindrical surface, @ being the angle between the 
field and the cylinder axis; see J]. M. Ziman, Phil. Mag. 3, 1117 
(1958). 


Langenberg and T. W. Moore, Phys. Rev. Letters 3, 


1959 
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found by Gunnersen for the oscillations we attribute 
to the third-band arms. Thus we associate the mass 
0.11 with the section shown in Fig. 6 and compare it 
to our calculated mass of 0.072. The agreement, which 
is not as good as one might hope, will be discussed 
after consideration of further cyclotron-resonance 
measurements. 

Langenberg and Moore observed a resonance which 
presumably corresponds to the carriers observed by 
Fawcett. They found a mass of 0.18 with a field in the 
(111) direction, to be compared to 0.13 to be expected 
on the basis of the model mentioned above with 
Fawcett’s values. In addition, they observed a high- 
mass resonance corresponding to a mass of 1.5 which 
was quite isotropic (within 10%). This is presumably 
to be associated with the second band and with orbits 
of the type illustrated in Fig. 4, for which we obtained 
a mass of 0.60. 

Again our calculated mass is significantly below 
that observed. It is conceivable that the observed 
mass is associated with other orbits than those con- 
sidered, but this seems unlikely. Although resonances 
associated with other portions of the surface are 
possible, the extremal orbits considered here should 
be the most pronounced." 

A significant error in our formula for the single-OPW 
energy, T=ak’, could give rise to large errors in our 
calculations of the mass without disturbing the agree- 
ment with the de Haas-van Alphen data; a value of 
a about half of what we used would bring the masses 
up to the vicinity of those observed. Furthermore, if 
a were a function of k and were lowered for high k 
and raised for low k, this agreement could be achieved 
without changing the total band width. Such changes, 
however, would involve rather major inconsistencies 
with the band calculation. The difference between the 
Bohm-Pines" expression for T and the parabola used 
here is much small to be of interest in this 
comparison. 

At this point we must conclude that the band 
calculation is only in semiquantitative agreement 
with experiment and that we do not know the source 
of the discrepancy. 

The masses obtained with the single-OPW approxi- 
mation, using 7=0.835# in our units, are within a 
few percent of those resulting from the four-OPW 
approximation; this corresponds to an effective mass 
at the bottom of the band of 0.79. If we were to use 
an effective mass of unity, rather than 0.79, then 
7=0.677% and the agreement with experiment is 
slightly improved. In any case, the single-OPW 
approximation should be regarded as semiquantitative 
and sufficiently crude with respect to mass deter- 
minations that the mass-one parabola is suitable. 

“J. C. Phillips, Phys. Rev. Letters 3, 327 
discussion in the paper following the present one. 

46 The Bohm-Pines form [D. Pines, Solid State Physics edited 
by F. Seitz and D. Turnbull (Academic Press, New York, 1955), 
Vol. 1, p. 368] was used by Heine (reference 4). 
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3. Anomalous Skin Effect 


An anomalous-skin-effect measurement on a poly- 
crystalline sample gives a measure of the total area of 
the Fermi surface. The total area for the single-OPW 
approximation is just equal to the free-electron area; 
the alteration of the connectivity of various pieces of 
the surface does not influence the result. The four-OPW 
approximation would give a slightly reduced area, 
since by rounding off the edges of the surface one 
reduces the area. Heine has indicated that the existing 
data imply an area about equal to the free-electron 
area, but this result is quite uncertain.'* The measured 
surface resistances quoted by Faber and Pippard'’ 
vary as much as 10% from the average, and the 
Fermi surface area varies as the third power of 
resistance. 

The single-OPW approximation would give an 
isotropic anomalous skin effect, but the inclusion of 
more plane waves would yield anisotropies. There do 
not exist at present published data on single crystals 
of aluminum, and the theoretical picture will be 
postponed to the adjoining paper on the single-OPW 
approximation. 


4. Low-Temperature Specific Heat 


The electronic specific heat, like cyclotron resonance, 
depends upon aE/dk at the Fermi surface as well as 
upon the geometry of the surface. Thus we may expect 
discrepancies of the sort which we found with cyclotron 
resonance. The electronic specific heat is proportional 
to dV/dE, where V is the Fermi volume in wave- 
number space associated with a surface of constant 
energy E. The single-OPW approximation gives dV/dE 
equal to the free-electron value if a free-electron 
parabola is used. If one takes the energy to be given 
by 0.85352 for a single-OPW approximaticn as 
suggested by the band calculation, one obtains a dV/dE 
which is smaller than the free electron value by 20%. 
The experimental specific heat as measured by Howling, 
Mendoza, and Zimmerman" is, as Heine pointed out, 
1.6 times the free-electron value. Thus, as in the 
cyclotron-resonance_case, we are in error by a factor 
of order two. 

Heine* and the author* have previously attributed 
the discrepancy in the specific heat to regions of low 
dE/dk where the Fermi surface intersects symmetry 
planes. The four-OPW calculations would_ indicate 
that this is not as large an effect as was expected. The 
differential volume associated with specific heat is 
simply an integral over the differential areas associated 
with the cyclotron mass, and the cyclotron_masses 
were not altered appreciably in going from single- to 
to E 


The author is indebted 
to him. 

T. E. Faber and A. 
A231, 336 (1955). 

*D. H. Howling, E. Mendoza, and J. E. Zimmerman, Proc. 
Roy. Soc. (London) A229, 86 (1955). 


Fawcett for making this point 


B. Pippard, Proc. Roy. Soc. (London) 
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four-OPW’s. Application of Heine’s estimating pro- 
cedure to the cyclotron mass yields a correction of 
over 15% to the cyclotron mass of Fig. 4 and about 
50% to that of Fig. 6, whereas the more accurate 
4-OPW calculation gives negligible corrections. 

Thus we may say that the specific-heat data are 
consistent with the cyclotron-resonance data and the 
qualitative picture given here, but there remains an 
apparent discrepancy of a factor of two between the 
masses from the band calculation and those observed. 


Vv. CONCLUSIONS 


We have found that for aluminum, at least, the 
energy values at symmetry points from a band calcu- 
lation may be fairly reliably extended to the entire 
band using only a few orthogonalized plane waves. In 
particular, we find that it is possible to construct 
constant-energy curves in the region of the Fermi 
surface with very little labor. Such curves give not 
only the shape of the Fermi surface, but also the 
cyclotron masses for particular orbits. Proceeding in 
this way from the band calculations of Heine, we have 
considered the electronic properties of aluminum and 
find that the shape of the surface agrees as close as 
we can tell with experiments which see only the 
geometry of the surface (de Haas-van Aiphen effect 
and anomalous skin effect). On the other hand, we 
find that we underestimate by a factor of about two 
the masses which determine the cyclotron-resonance 
frequency and the electronic specific heat. The source 
of the errors in the mass is not understood.” 

In addition, we have considered the limiting case 
as the lattice potential becomes small; that is, the 
single-OPW approximation. In its application, this is 
equivalent to the nearly-free-electron approximation 
used by Gold and by the author in studying the de 
Hass-van Alphen effect. The single-OPW approximation 
is found to be in semiquantitative agreement with 
experiment with respect to both the geometry of the 
Fermi surface and the relevant masses. The main 
effect of the lattice potential is the change in the 
connectivity of pieces of the Fermi surface; this aspect 
is included in the single-OPW approximation. A finite 
lattice potential also rounds off the edges of the 
constant-energy surfaces which are sharp in the single- 
OPW approximation and may eliminate small pockets 
of electrons which may appear in the single-COPW 
approximation. The lattice potential, in the case of 


® Note added in proof.—The occurrence of the mass 0.79 for 
the kinetic energy term arises from Heine’s use of a Bohm-Pines 
(see footnote reference 15) correction for exchange and correlation, 
which probably gives the wrong sign for the effect. If we drop this 
correction before fitting, we obtain a mass of one. The effective 
mass at the Fermi surface may then be recorrected for exchange 
and correlation [J. F. Fletcher and D. C. Larson, Phys. Rev. 111, 
455 (1958) ] raising the effective mass further. This appears not to 
remove all of the discrepancy. The remaining part may be due to 
the electron-phonon interaction [see, for example J. J. Quinn, 
Bull. Am. Phys. Soc. Ser. II, 5, 199 (1960)]. 
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aluminum, does not alter the cyclotron and specific 
heat masses to the extent that was previously expected. 
In view of the success of the single-OPW approxi- 
mation as a semiquantitative theory for interpretation 
of experimental results and its validity as a first 
approximation to more exact band calculations, its 
application to a wide variety of metals has been under- 
taken. This work appears in the adjoining paper. 


APPENDIX I. DETERMINATION OF CONSTANT 
ENERGY SURFACES 


From curves such as those of Fig. 2 we obtain a few 
points on any give constant energy surface. It is 
convenient to calculate other points on the surface 
directly. To illustrate this procedure, we consider the 
region near K or U which is shown in Fig. 6. 

An OPW at a point K or U differs by a reciprocal 
lattice vector from two other OPW’s having the same 
energy. Therefore, in this region it is appropriate to 
consider a three-by-three Hamiltonian matrix. The 
wave numbers of the three OP W’s of interest may be 
taken as (3,3,1), (3,4,-1), and (—#,—32,0) in our 
units. (The distance [—X is one in these units.) We 
wish to consider states lying near these in the x=y 
plane; thus we consider wave numbers differing from 
these by x=«{_(cos@)/V2, (cos@)/v2, siné@ }. 

In analogy with Sec. II, we write the Hamiltonian 


To V 20 Via 


H-= V 200 T: Vin ’ 


Vin T? 


(Al) 
Vin 

where 
To = ake? +ax?+ 2ax[_(V2/4) cosé+siné], 
T= ak?+-ax*+ 2ax[_(V2/4) cosé— sind], 


T2:=ake+ar+ 2eex[ _ (3v2, 4) cosé }. 


(A2) 


a, Vi, and Vyo9 have been evaluated from Heine’s 
results. We wish to specify an energy eigenvalue and 
determine the vectors «x which satisfy the secular 
equation derived from (A1). 

For a given energy E£, the set «x as determined from 
the three-by-three Hamiltonian of (A1) will differ 
slightly from the set which would be obtained from 
the four-by-four Hamiltonian of Eq. (1). This, how- 
ever, will not significantly modify the shape of the 
constant-energy surfaces, and the slight change in area 
may be corrected for by changing the energy value to 
be used in the solution. For example, for cos#=—1, 
the value of x obtained from the four-by-four Hamilton- 
ian for an energy 1.080 is 0.059. If we evaluate the 
energy from (Al) for «=0.059 and cos#=—1, we 
obtain 1.087. Thus we evaluate the set «x from the 
secular equation derived from Eq. (A1) for an energy 
1.087 and this will be quite close to the constant 
energy surface derived from Eq. (1) for an energy 1.08. 

In determining «, it is not convenient to specify 
and evaluate « since this involves the solution of a 
sixth-order equation. If, on the other hand, we specify 
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x, we obtain a third-order equation in cos#; the three 
values of cos# obtained correspond to three points on 
the constant energy surface. 

The secular equation may be written 
ITo—E V0 

Vio |=—T1— 

Vin Vin 

= y+ (n/3)y+[— (2ax)*+2V 111°/3— V 200°+-9°/3 ly 

+1 — (2ax)*q—2V g00V 1117—9(2V 111° + V 2007) = 9, 
where 
y= (3axV2/2) cosé, n= E—ake?—ax’. 


This can be evaluated by standard techniques for 
several values of «x to obtain the curves of Fig. 6. 


APPENDIX II 


Lines of contact are known” to lie near W, hence 
the four-by-four Hamiltonian must be used in deter- 
mining the location of these. Consider the Hamiltonian 


of Eq. (1) with k= ($+-Kz, xy, 1+«,). The four OPW’s : 


with their wave numbers are 


Vi, (4A Key Ky, 1s) ; 
v2, (4+ Ke, ty, —1+«5); 
Va, (—43+Ke, —1+ky, &s); 
Va, (—4+Ke, 1+Ky, xs). 





Ey! — E;'+kz 
a i 
| Vly Kz 


—Vlky Wry 
E,'- E,’ Kz 
E,'—E,' 


—2ks 
—V dky 
V2ky 


=a 


This yields the equation for the line of contact, 


V 200° — Vii? 
tae SS ae Kg>=V. 
aV 200 


The corresponding lines in the «,=0 plane lie at 


r 
V 200° — Vu 


Ks, Ky=0. (A6) 


a V 200 


The energies at the line of contact may readily be 
evaluated for the x«,=0 case from (A4) ; 


E(x) =a(9/8+x2+«") — V 200, 


* C. Herring, Phys. Rev. 52, 365 (1937). 


k= 0. (A7) 
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For x=0, the eigenvectors and eigenvalues are readily 
seen to be 


o1= (vi-— 2) /V2, 
o2= (va—¥)/V2, 


E, (0) = 9a/8— V a0; 
E,(0) =9a/8— V 300; 
o3= (Vitye—vs—a)/2, Ey(0) =9a/8+ Va0—2V iii; 
b4= Vitvotdstys)/2, Es(0)=9a/8+ Va00+2V 111. 


It is convenient to use these ¢’s to define a unitary 
transformation for general x. Then the Hamiltonian 
takes the form 


E;' +n 0 
0 E,'—«; 
v2, —V ky E;’ Ay : 


Vik, Vlky Ke EY 


where E,’= E,(0)/a+«. Note the limiting form as « 
goes to zero. Lines of contact can occur in either the 
plane defined by «,=0 or by «,=0, since in these cases 
¢1 OF $2 become uncoupled to the others, and the bands 
may cross. We consider the case x,~0; the other line 
may be found by symmetry. 

In the x,=0 plane, 


E,' (x) =9/8+ s+ — V 200/a. (A4) 


A line of contact will occur when this is a solution of 
the secular equation for $3, $3, and ¢,; i.e., when 


Wx, VK, 


—VJx, Way 


H=a (A3) 


—VKy Vy 
—Kkz+2(V200— Vius)/a x 


a =(, 
Ke —Ket2(V 200+ Viii)/a 





For the x,=0 case, it is 
E(x) =a(9/8—Ks+x*) — V 200, (A8) 


The Eqs. (A5) through (A8) define four lines of 
contact; the values of Vi:; and V0 determine which 
bands contact along each. For aluminum, the line of 
contact between the second and third bands is shown 
in Fig. 5. 

Clearly the above derivation is valid for contacts 
between the first four bands in any face-centered-cubic 
metal for which the four-OPW approximation is 
suitable. The unit of wave number is the distance 
I'X ; the magnitudes of a, V1.,, and Vgo0 are chosen for 
the metal in question. The procedure is also readily 
generalized to other crystal structures. 


ky=0. 
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A single-orthogonalized-plane-wave approximation is defined and used to construct the 
for face-centered-cubic and body-centered-cubic metals of valence one through four and {« 


Fermi surfaces 
w hexagonal-close 


packed metals of valence one through three. The de Haas-van Alphen effect, cyclotron-resonance effect, and 


anomalous-skin effect are discussed in detail in terms of these surfaces and the deduced 


properties are com- 


pared with experiment where suitable experiments exist. In particular, earlier and equivalent comparisons 
for lead and for aluminum are reviewed, and detailed comparisons with existing experimental data on zin« 


and cadmium are made 


It is found that the single-OPW approximation is in semiquantitative agreement 


with experiment in all of these cases, both as to the form of the Fermi surface and its associated effective 
masses. In conjunction with these studies, detailed descriptions of the apparent Fermi surfaces in zinc and 


cadmium are given. 


An extension of the method to allow experimental determination of a more precise 


description of the band structure is discussed, and the generalization of the method to studies of alloys is 


outlined. 





I. INTRODUCTION 


HE free-electron theory of metals has been an 

extremely useful theory since it was originally 
proposed by Drude’ and particularly since quantum 
statistics were applied by Sommerfeld.? This theory 
has been extended to include a very weak lattice po- 
tential in the “nearly-free-electron” approximation’ and 
profitably applied to the study of many properties of 
metals and alloys. More recently a “nearly-free- 
electron” approximation has been applied to a study 
of the de Haas-van Alphen effect in lead by Gold* and 
to a study of Gunnersen’s® data on the de Haas-van 
Alphen effect in aluminum by the author.* The success 
of this theory has been remarkable, particularly since 
free-electron wave functions are certainly quite poor 
approximations to the true wave functions in a metal 
and the lattice potential is certainly not small. Within 
the past few years a new understanding of the reason 
for this success has been developing. 

In a careful orthogonalized-plane-wave calculation 
of the band structure of aluminum, Heine’ noted that 
the band energy in the first two bands is given quite 
closely by the free-electron value except very close to 
Brillouin-zone faces, suggesting that the effective lattice 
potential is weak and that in much of the zone the wave 
function is given fairly closely by a single orthogonalized 
plane wave. It has been known for some time that the 
effect of orthogonalizing conduction-band states to the 
core might be represented by a repulsive contribution 
to a pseudopotential,*® but only recently has it been 


! P. Drude, Ann. Physik 1, 566 (1900). 

* A. Sommerfeld, Z. Physik 47, 1 (1928). 

* See, for example, N. F. Mott and H. Jones, The Theory of the 
Pr > oyna? of Metals and Alloys (Dover Publications, New York, 


1958), 
De Se Gold, Phil. Trans. Roy. Soc. (London) A251, 85 (1958). 

Ee M. Gunnersen, Phil. Trans. Roy. Soc. (London) A249, 299 
(1957). 

*W. A. Harrison, Phys. Rev. 

7V. Heine, Proc. Roy. Soc. (London) A240, 340 (1957). 

* A review of the many contributions to this point of view is 
given by J. C. Phillips, Phys. Rev. 112, 685 (1958). 


116, 555 (1959). 


pointed out, by Phillips and Kleinman,’ that this 
repulsive contribution may, to a large extent, cancel 
the core potential itself, making the effective net 
potential considerably weaker than might at first be 
expected. Cohen” has pointed out that this cancellation 
is not fortuitous and that it may be expected in metals 
under fairly general circumstances. 

The possibility that the effective lattice potential 
entering the OPW approximation is weak suggests a 
succession of approximations which might be applied 
to the metal. One would first construct plane waves, 
suitably orthogonalized to the states. In this 
representation one could then the matrix 
elements of the Hamiltonian; the off-diagonal elements 
arise only from the effective potential and are expected 
to be small. They will in some cases, however, connect 
degenerate states, so that if we wish to treat these 
elements as small we must first transform to a new 
representation in which the off-diagonal elements 
connecting nearly degenerate states vanish. It will be 
seen in Sec. II that this transformation changes the 
connectivity of the bands but does essentially nothing 
else. The single orthogonalized plane waves in the new 
representation form the zeroth order of approximation, 
and the lattice potential does not enter it explicitly, 
except possibly by introducing deviations of the di- 
agonal elements from free-electron values; we call this 
the single-OPW approximation. In successive steps in 
the approximation we would introduce the off-diagonal 
elements which enter most strongly, thus mixing suc- 
cessively more plane waves to form the approximate 
eigenstates. Our hope is, of course, that the initial step, 
the single-OPW approximation, 
description of the band structure. 

This is apparently not the the 
monovalent metals, copper. In 
both of these cases the energy gaps at zone faces appear 


core 


calculate 


will give a good 


case in some of 


notably lithium and 


m7 as ~. Phillips and L. Kleinman, Phys. Rev. 116, 287 (1959). 
. H. Cohen (private communication). 
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to be large, and the Fermi surfaces may be badly 
distorted. Cohen and Heine" have noted that though 
a single OPW may be satisfactory in some of the band, 
two are needed in important regions near zone faces. 
Using essentially a two-OPW approximation, they have 
developed a theory of the monovalent metals and their 
alpha-phase alloys. In spite of this complication in the 
monovalent metals, the success of the nearly-free- 
electron approximation in lead and aluminum leads us 
to retain the hope that the simgle-OPW approximation 
will give a good description of main features of the band 
structure in the polyvalent metals. 

The author undertook a detailed analysis of alumi- 
num, which appears in the preceding paper, in order to 
determine the sense in which the single-OPW approxi- 
mation may be a good representation of a particular 
metallic band structure. As a first step, a crude band 
calculation was made by interpolating the self-con- 
sistent calculations of Heine.” Constant energy surfaces 
were obtained and compared with the available experi- 
mental knowledge of these surfaces. The calculated 
surfaces appeared to be quantitatively consistent with 
the experimental results, except with respect to cyclo- 
tron and specific-heat masses which were in error by a 
factor of two. The surfaces calculated, then, were 
regarded as a reasonable approximation to the “true 
band structure,” though only semiquantitative with 
respect to masses, and were compared with the single- 
OPW approximation. The several sheets of Fermi 
surface which were obtained with the single-OPW 
approximation strongly resembled the corresponding 
sheets from the band calculation. Ridges which were 
sharp in the single-OPW surfaces became rounded in 
the more complete calculation, and there was some 
distortion in the regions of these ridges. In spite of such 
distortions, the single-OPW approximation was in 
semiquantitative agreement with the band calculation, 
and therefore with experiment, in its values for the 
various parameters which determine the electronic 
properties. 

Thus we find that the single-OPW approximation 
provides a very simple semiquantitative theory of the 
band structure of aluminum. It is not clear, of course, 
that this approach will be so successful if applied to 
other metals, but the simplicity of the scheme and the 
general success that has been met by the “near!y-free- 
electron” approximation, as well as the plausibility of a 
weak pseudopotential, suggest that a generalization to 
other polyvalent metals may be justified. 

The primary purpose of this paper is to apply this 
method to a series of metals, to deduce electronic 
properties in terms of the method, and to compare the 
results with experiment wherever possible in order to 
determine experimentally the range of validity of the 
method. The application to zinc and cadmium will be 


 M. H. Cohen and V. Heine, Suppl. Phil. Mag. 7, 395 (1958). 


® V. Heine, Proc. Roy. Soc. (London) A240, 361 (1957). 
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of considerable interest in itself by clarifying the band 


structure of these metals. 


Il. THE SINGLE-OPW APPROXIMATION 


In the preceding paper we defined the single-OPW 
approximation in terms of the pseudopotential approxi- 
mation of Phillips,* but we may clarify its significance 
by defining it here in slightly more general terms. We 
assume the existence of a one-electron Hamiltonian for 
the crystal: 

H=p/2m+ V(r), (1) 


where V is the self-consistent potential, not to be 
confused with the pseudopotential of Phillips. We 
construct the core states as before and define approxi- 
mate conduction-band states ¥, to be plane-waves 
orthogonalized to the core states and to each other. 
We may define the Hamiltonian matrix in the repre- 
sentation of these wave functions and, as before, there 
are no off-diagonal elements connecting core states and 
conduction-band states, so we consider only the con- 
duction-band matrix. The diagonal elements 7, will 
be independent of the direction of k if the core potentials 
are spherically symmetric, if the core states do not 
overlap, and if the orthogonalization of plane-wave 
states differing by a reciprocal-lattice vector has not 
introduced appreciable anisotropy; we make these 
assumptions. The off-diagonal elements, (Wx,V (r)Wx), 
will connect only states differing in wave number by a 
reciprocal lattice vector, since V(r) has the translational 
periodicity of the lattice. These off-diagonal elements 
must be equal to the corresponding elements of Phillips’ 
pseudopotential since they are to give rise to the same 
gaps in the energy bands; the scheme becomes equiv- 
alent to that of Phillips if we replace 7, by the free- 
electron kinetic energy and use the off-diagonal elements 
as adjustable parameters. We will not make such an 
approximation at this point, but simply note that we 
expect these elements to be small. 

The energy of a particular state will be given by 7, 
with corrections arising from the off-diagonal elements. 
By standard perturbation theory we can see that these 
corrections will be second order in the off-diagonal 
elements and small, except where two nearly-degenerate 
states are connected by an off-diagonal element. For a 
lattice with a single atom per unit cell this will occur 
for any set of nearly-degenerate states which differ in 
wave number by a reciprocal lattice vector; in a lattice 
with more than a single atom per unit cell, such as the 
hexagonal-close-packed lattice, some of these off- 
diagonal elements may be required to vanish by 
symmetry. 

The condition for the off-diagonal elements to become 
important is the existence of two states py and pr«c 
such that 7.=7 .-«, or k*=(k—K)? since 7, is iso- 
tropic. Here K is a reciprocal lattice vector corre- 
sponding to nonvanishing matrix elements. This is just 
the condition determining a Brillouin-zone face in 
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band-structure language or determining a Bragg- 
reflection plane in free-electron language. In the region 
of such a plane we must treat the interaction between 
the states exactly. Let Vx be the appropriate off- 
diagonal matrix element ; the eigenstates have the form 
Awt+Ax_xWu-x, where the A, satisfy the condition, 
(4(Tx-w— Ts) 04 (Tex — Tu)? + Vie* Vx Ax 

= VeAux 
obtained by diagonalizing the two-by-two matrix. This 
corresponds to the transformation indicated in the 
introduction. Choosing a particular sign of the +, we 
see that as k moves through the region where 7, and 
Tx cross, Ay rapidly drops from one to zero (if the 
wave function is normalized suitably) while A,y_« rises 
from zero to one. This means that if we follow a state 
continuously as we move across one of the Bragg- 
reflection planes, the state changes from one of the 
type ¥x to one of the type Wx_x, the distance over which 
this transition occurs depending upon the magnitude 
of Vx. As we make the Vx become small, the region of 
transition shrinks, and the only important effect of the 
potential is the alteration of the connectivity of the 
energy surfaces at Bragg-reflection planes. All other 
effects of the Vx become small as Vx becomes small and 
are neglected. 

This, then, defines the single-OPW approximation. 
The constant-energy surfaces are spheres with con- 
nectivity modifications at the Bragg-reflection planes. 
The determination of these surfaces is quite straight- 
forward. In particular, since we can calculate the radius 
of the sphere which will contain a given volume of 
wave-number space, and therefore a particular number 
of electronic states, the determination of the Fermi 
surface is a strictly geometrical problem; the only 
information which we require is the crystal structure 
and the valence of the metal. In developing this picture 
we have assumed that there exists a self-consistent one- 
electron Hamiltonian of the form of Eq. (1), that the 
potential V(r) is made up of spherically-symmetric 
potentials around the atoms, that the core states do 
not overlap, and that the matrix elements between 
single OP W’s are small. If we wish to evaluate effective 
masses, we must know how the energy varies from 
surface to surface; that is, we must know how 7, varies 
at the Fermi surface. In the treatment that follows we 
will assume the free-electron variation d7,/dk=h*k/m. 

It is of interest to examine the behavior of electrons 
from this point of view. The states of an electron of a 
particular energy, £, lie on a sphere in wave-number 
space of radius k= (2mE/h*)*. As an electron moves on 
this energy surface (as it will under the influence of a. 
magnetic field), it moves continuously except wheré 
the surface intersects Bragg-reflection planes and at 
these points it jumps to a point on the surface which 
lies a reciprocal-lattice vector away. We would say that 
in this representation, the electron trajectories in 
wave-number space are discontinuous. 


HARRISON 


It will turn out that this is the representation of the 
electronic states which is most convenient when the 
details of the cyclotron-resonance behavior or of the 
anomalous skin effect are considered. For most appli- 
cations, however, another representation, the reduced- 
zone scheme, is preferable. It is known™ that all of 
wave-number space may be mapped into the first 
Brillouin zone by translations by reciprocal-lattice 
vectors. Thus the constant-energy sphere described 
above is translated by segments into the central zone. 
Since all points differing by a reciprocal lattice vector 
are translated into the same point, a Bragg reflection 
is represented by a cusp in the wave-number trajectory, 
but no discontinuity. It should be noted that the same 
reduction can be made to a reduced zone which is not 
centered on a reciprocal-lattice point. If it is centered 
on some point other than a reciprocal-lattice point, 
however, the bands within the zone will have a sym- 
metry appropriate to its central point rather than to 
the lattice as a whole. The center of the constant-energy 
sphere is required to lie on a reciprocal-lattice point by 
the definition of the reciprocal lattice. 

The construction of constant-energy surfaces in the 
reduced-zone scheme may be greatly simplified by 
noting that when a segment of a sphere centered on a 
reciprocal-lattice point is translated by a reciprocal- 
lattice vector, it becomes the segment of a sphere 
centered on another reciprocal-lattice point.“ Thus all 
of the segments of the constant-energy surface in the 
reduced zone may be obtained simply by constructing 
spheres around every point of the reciprocal lattice. 

In going from the extended-zone scheme, in which the 
energy is a single-valued function of wave number, to 
the reduced-zone scheme, in which the energy is many- 
valued, we must sort out these various segments and 
assign them to their appropriate bands. In lattices with 
a center of symmetry the intersection of any two 
spheres (of the same energy) corresponds to the satis- 
faction of a Bragg condition so the constant-energy 
surface corresponding to a particular band changes 
spheres at the intersection, and surfaces from different 
bands cannot cross. Under these circumstances, it can 
be seen that if we construct spheres corresponding to 
a particular energy, the surface corresponding to the 
first band will be the surface surrounding the volume 
which lies within one or more spheres; the second-band 
surface surrounds the volume which lies within two or 
more spheres, etc. The bands defined in this manner 


will never cross, and electron states will vary con- 


tinuously within each band. A state which lies on one 
face of the reduced zone will be equivalent to one which 
lies on the opposite face and corresponds to the same 
band. Thus if we move from state to state analytically, 


3 See, for example, F. Seitz, Modern Theory of Solids (McGraw- 
Hill Book Company, Inc., New York, 1940), Chap. 8. 

“ This scheme was used by the author in reference 6 where a 
two-dimensional example is described in detail 
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i.e., as we follow an electron trajectory, we will never 
leave the band in which we start." 

In lattices such as hcp, which have more than one 
atom per unit cell, the situation is not so simple. Then 
the matrix elements corresponding to certain Bragg- 
reflection planes vanish; notably those which bound 
the central Brillouin zone in the direction parallel to 
the ¢ axis. Any electron following a trajectory which 
crosses such a plane takes an electron from one band 
to another. It is possible to consider a larger “reduced 
zone” (in the case of hcp, one of twice the volume of 
that of the hexagonal lattice) such that a trajectory 
never leaves the combined band in which it starts," 
and such that a trajectory which crosses a face of the 
combined zone reappears on the opposite face in the 
same band. In order to construct the constant-energy 
surfaces in such a case, one again constructs spheres 
around each reciprocal-lattice point, but notes that the 
constant-energy surfaces do not change spheres at an 
intersection when the centers of the two spheres differ 
by a reciprocal-lattice vector for which the matrix 
element vanishes. Each section of the single-OPW 
sphere appears twice in the combined zone but is drawn 
as a constant-energy surface only once. This requires 
some care in the construction, but by following appro- 
priate trajectories along the constant-energy surfaces, 
it is possible to sort out the surfaces. In the hcp lattice, 
the only reciprocal lattice vector of interest for valences 
through four, which has a vanishing matrix element, is 
the shortest one parallel to the ¢ axis. 

The constant-energy surface which is of most interest 
in a metal is, of course, the Fermi surface. Thus we 
select a single-OPW sphere which has a volume large 
enough to contain the valence electrons (one-half the 
volume of the reduced zone times the valence times the 
number of atoms per cell) and construct constant-energy 
surfaces. It is convenient as a first step to select a plane 
in the Brillouin zone and draw in the intersections of the 
spheres centered at various reciprocal-lattice points with 
this plane (these are simply circles). With the aid of 
such figures, it is possible to draw up the surfaces in 
three dimensions. 

The Fermi surfaces for face-centered-cubic and body- 
centered-cubic metals of valence one through four have 
been drawn up by Warner" at our laboratory, and are 
shown in Figs. 1 and 2. In addition, he drew the 
surfaces for a hexagonal-close-packed lattice of ideal 
c/a ratio for valence one through three, shown in Fig. 
3. Such figures are of considerable value in isolating the 


8 This is not strictly true. There exist lines of contact between 
adjacent bands across which the wave functions change con- 
tinuously from one band to another. In the single-OPW approxi- 
mation these will lie on zone edges (as may be seen for face- 
centered-cubic lattices in the preceding paper by letting the 
potential go to zero). Such lines are not important physically 
since for any fixed set of applied forces the total volume of wave- 
number space comprised by trajectories which cross these lines 
is zero. 

1% Now at the Department of Mathematics, Massachusetts 
Institute of Technology, Cambridge, Massachusetts. 
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features which may be important in a particular 
phenomenon. Detailed dimensions for these and for 
related structures are best found by reconstructing the 
intersections of these surfaces with various planes in the 
zone. 

Armed with this concrete, though approximate, 
picture of the Fermi surfaces, we may proceed to con- 
sider the expected electronic properties of these metals. 


Ill. ELECTRONIC PROPERTIES 


Before considering various electronic properties in 
detail, it is desirable to summarize the aspects of the 
electronic structure each emphasizes. We look first at 
the de Haas-van Alphen effect, the Azbel’-Kaner effect, 
and the magnetoacoustic absorption, all of which 
depend upon the application of a dc magnetic field. 

The motion of an electron in wave-number space 
under the influence of a magnetic field is given by"? 


hak/dt= — (e/c)vK H, (3) 


where v is the velocity of a wave packet in real space 
and is given by (1/4)02/dk. It is seen that the com- 
ponent of k parallel to the field is independent of time 
and that energy is conserved. Therefore, the trajectory 
in wave-number space is given by the intersection of a 
constant-energy surface and a plane perpendicular to 
the magnetic field, there being a distinct orbit for each 
such intersection. In the three oscillatory phenomena 
under consideration, each orbit will contribute an 
oscillatory term to the effect. The observed oscillations, 
then, have periods corresponding to regions of the 
Fermi surface which give extremal periods since they 
are heavily weighted. There may be a further condition 
relevant to the Azbel’-Kaner effect, which will be 
discussed later. 

The period of a de Haas-van Alphen oscillation is 
determined by the area of the electron orbits in wave- 
number space in the region of the Fermi surface giving 
rise to the oscillation. The period is related to that area 
by 


A(1/H) = 29re/chA, (4) 


in Gaussian units, as can readily be obtained by 
applying the Bohr-Sommerfeld quantization rule to 
the orbits in the field’* as determined from (3). Thus, 
measurements of the periods of the de Haas-van Alphen 
oscillations give measurements of various cross-sectional 
areas of the Fermi surface. 

The Azbel’-Kaner effect (cyclotron resonance in 
metals), on the other hand, measures the frequency of 
electron orbits in the field.” By performing a time 


See, for example, W. Shockley, Electrons and Holes in Semi- 
conductors (D. Van Nostrand Company, Inc., New York, 1950). 

* For a discussion of this simple approach, see R. G. Chambers, 
Can. J. Phys. 34, 1395 (1956). 

“M. Ia. Azbel’ and E. A. Kaner, J. Exptl. Theoret. Phys. 
(U.S.S.R.) W, 811 (1956) (translation: Soviet Phys.—JETP 3, 
772 (1956)] and J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 896 
(1957) (translation: Soviet Phys.—JETP 5, 730 (1987) 
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Fic. 1. Fermi surfaces of face-centered-cubic metals according to the single-OPW approximation. Note that several reduced zones 
are centered on positions other than I’. Regions with convex surfaces are occupied; those with concave surfaces, unoccupied. Valance 
3 and 4 correspond to aluminum and lead, respectively. Construction by F. W. Warner, III. 


integral around the orbit and applying (3), we see that 
the orbit frequency is related to the band structure by 


we= (2reH /h*c)/(0A/dE)kx, 
where (0A/0£)éy is the rate of change of the orbit area 
in wave-number space in a plane perpendicular to H 
as the energy is changed. It is customary to define a 
cyclotron mass in terms of this frequency by 


w.=eH/m*c; then the period of the oscillation is 


A(1/H) =e/co.m*, (5) 


with m*=h*?(0A/dE)kg/2x, in Gaussian units. Thus 
cyclotron resonance gives information with respect to 
dE/dk mixed with information about the geometry of 
the surface. An equivalent determination of the cyclo- 
tron mass may be made in terms of the temperature 
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Fic. 2, Fermi surfaces of body-centered-cubic metals according to the single-OPW approximation. Note that several reduced zones 
are centered on positions other than I’. Regions with convex surfaces are occupied; those with concave surfaces, unoccupied. Valance 
2 corresponds to barium. Construction by F. W. Warner, LIL. 
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Fic. 3. Fermi surface of hexagonal-close-packed metals of ideal ¢/a ratio according to the single-OPW approximation. Note that the 
reduced zone for valence 2 is centered at the point which lies at the center of a hexagonal face of the zone as drawn for valences 1 and 
3. Zinc and cadmium are represented by valence 2; thallium by valence 3. Construction by F. W. Warner, III 


dependence of the amplitudes of the de Haas-van 
Alphen oscillations. 

Oscillations in the ultrasonic attenuation as a func- 
tion of magnetic field may correspond to coincidences 
in the orbit dimensions [in real space, or by use of (3) 
indirectly in wave-number space | with the sound wave- 
length.” This effect should, in principle, give the most 

™ This effect, originally proposed by A. B. Pippard [Phil. 
Mag. 2, 1147 (1957) ] has been confirmed by extensive theoretical 
treatments by T. Kjeldaas and T. Holstein, Phys. Rev. Letters 


direct information about the shape of Fermi surfaces, 
but well-defined oscillations have been reported only 


in copper,” bismuth,” tin,” and in aluminum.™ 
2, 340 (1959) and by M. H. Cohen, M. Harrison, and W. A. 
Harrison [Phys. Rev. 117, 937 (1960) } 

1 R. W. Morse and J. D. Gavenda, Phys. Rev. Letters 2, 250 
(1959). The period of these oscillations has been confirmed by 
B. W. Roberts (private communication ) 

# TD. H. Reneker, Phys. Rev. 115, 303 (1959) 

%T. Olsen and R. W. Morse, Bull. Am. Phys. Soc. 4, 167 
(1959). 

™ B. W. Roberts, Bull. Am 


Phys. Soc. 4, 423 (1959). 
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For the orientations used in the copper experiment, 
the periods should correspond to a measurement of the 
radius of the Fermi surface along a (100) direction. 
These measurements correspond to a radius of 0.63, in 
units in which the distance from the center of the zone 
to the center of the square face is one. This is smaller 
by 20% than the value given by Pippard® and the 
value obtained with a single-OPW sphere (the two 
being comparable). If we assert that the Fermi surface 
cannot extend beyond this measured radius, we con- 
clude that the Fermi surface must lie within a cube, 
the edge of which is 1.27 in our units. Such a cube has 
a volume about equal to that required by one electron 
per atom and the volume available to the electrons is 
even further reduced by truncating the cube to fit it 
in the zone. We conclude that there is some difficulty 
in interpreting the results, and there is uncertainty in 
the use of the method as long as this discrepancy 
remains uninterpreted. Because of this, because the 
data on polyvalent metals are limited, and because the 
significance of pictures such as Figs. 1, 2, and 3 in any 
attempted interpretation of data is quite clear, we will 
not discuss the effect any further. 

In addition to these three phenomena, which depend 
upon the application of a magnetic field, the anomalous 
skin effect and the electronic specific heat give infor- 
mation about the electronic structure, but in a some- 
what less direct form than the phenomena discussed 
above. 

The measurement of surface impedance in the 
anomalous limit gives information about the curvature 
of the Fermi surface perpendicular to a line which runs 
around the Fermi surface and is the locus of points 
corresponding to vanishing velocity perpendicular to 
the specimen surface.”* In particular, let the specimen 
surface lie in an x-y plane with x and y chosen along 
principal axes of the surface-resistance tensor. We 
define r, to be the radius of curvature of an intersection 
of the Fermi surface with the plane ky=constant at 
the points where the intersection is parallel to the 
z direction. Then the surface resistance in the x direction 
is given by*® 


(6) 


“( rush 


i 
2 re, 
the integration being taken over all such points on the 
Fermi surface. Thus the result is not complicated by a 
dependence on the gradients of E with respect to k nor 
by effects of scattering. However, the rather compli- 
cated dependence upon the shape of the surface makes 
the data difficult to interpret and the necessity of 
preparing a new specimen for each point makes the 
data difficult to obtain. 


asst B. Pippard, Phil. Trans. Roy. Soc. (London) A250, 325 
). 

* A. B. Pippard, Proc. Roy. Soc. (London) A224, 273 (1954) 
Ay H. dheimer, Proc. Roy. Soc. (London) A224, 200 
(1954). 
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Finally, the electronic specific heat at low tempera- 
tures, y7, gives a measure of the total density of states 
at the Fermi surface. y is related to the band structure 
by 

k dV 
77> se (7) 

12x” dE 


where & is the Boltzmann constant, and dV/dE is the 
change in volume in wave-number space of the Fermi 
surface with change in energy. This involves a sum- 
mation of contributions over the entire Fermi surface 
and gives the least-detailed information of the phe- 
nomena considered. It is clear that the change in 
connectivity of the single-OPW sphere brought about 
by the lattice potential does not affect the electronic 
specific heat, so in this approximation only the form 
of the single-OPW kinetic energy, Tx, enters; i.e., the 
value of d7,/dk. Since this quantity also enters the 
cyclotron mass through (@A/@E)kn, the measured 
electronic specific heat is of interest in connection with 
the analysis of the cyclotron masses, and we will discuss 
it only in that connection in what follows. The intro- 
duction of a finite lattice potential may modify the 
electronic specific heat appreciably in some cases, but 
as was pointed out in the preceding paper, this effect 
may be much smaller than at first expected. 

We may now proceed to consider these phenomena 
in the light of what we expect from the single-OPW 
approximation and what is found experimentally. 


1. de Haas-van Alphen Effect 


It has been demonstrated® that de Haas-van Alphen 
data generally are not sufficiently complete to allow 
one to deduce the Fermi surface; it has been shown, in 
particular, that quite a wide variety of surfaces are 
consistent with data which would appear to be reas- 
onably complete. On the other hand, they have proven 
to be the best source of information fer filling in the 
details of the surface once its general shape has been 
postulated. This is just the situation which calls for an 
approximate band theory such as the single-OPW 
approximation. 

The best representation of the band structure for 
this purpose is that in which the electron trajectories 
are continuous; that is, the representation illustrated in 
Figs. 1 through 3. As we have indicated, the appropriate 
analysis of data in lead and aluminum has been made, 
and we will summarize the findings with only minor 
modifications. We will then proceed to cadmium and 
zinc for which sufficient data exist to enable the 
analysis, but for which this analysis has not been made. 


a. Lead 


Gold‘ has found four sets of oscillations in lead which 
he labeled a, 8, y2, and +; in order of increasing period, 
or decreasing wave-number cross section. In terms of a 
picture such as the valence-four picture of Fig. 1, he 
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Taste I. Areas of Fermi-surface sections in lead in units 
of (2r/a?=0.45 atomic unit. 


Oscillation 
type 


Single 
OPW 


Assumed 
band 


Experimental* 


a, (100) field 
a, (110) field 
B, (100) field 
v2, (110) field 
y1, (110) field 


1.82 
1.04 
0.13 
0.16 
0.14 


1.11 
1.00 
0.30 
0.11 
0.11 


2nd 

2nd 
3rd (central hole) 
3rd (center arms) 
3rd (end of arms) 


* See reference 4 
the a oscillations with the second-band 
surface, the 8 oscillations with the hole through the 
center of the horizontal “anchor ring” of the third 
band, the 7; oscillations with the pockets in the fourth 
band, and the y¢ oscillations with orbits around the 
“arms” of the third-band surface. We prefer to make 
one minor modification in this interpretation and 
associate both the y; and yz oscillations with orbits 
around the arms in the third band, the larger-period 
set being associated with minimum cross sections near 
the ends of the arms. There are several reasons for 
suggesting this modification: The variation of the 
period of the y oscillations with orientation would 
indicate that the arms are tapered toward the ends*’ 
implying that such minima must exist ; also, the single- 
OPW approximation suggests such a taper. Further, 
Gold has indicated that it would be surprising if the 
fourth-band pockets were as large in section as the 
third-band arms since the existence of energy gaps 
should reduce the fourth-band pockets considerably. In 
our interpretation we will also find the experimental 
periods more nearly alike than we expect, but find the 
discrepancy more in line with modifications expected 
from the existence of gaps. Either interpretation appears 
to be consistent with the general orientation depend- 
ence, and the agreement with the single-OPW approxi- 
mation is comparable for the two interpretations. 
Table I lists the relevant areas as calculated using 
the single-OPW approximation and as measured by 
Gold. It is convenient in interpreting these to note that 
the area of a square face in the zone is one-half in these 
units. As was expected, these areas are only in semi- 
quantiative agreement. The large discrepancy with 
respect to the area of the second-zone surface per- 
pendicular to a (100) field is to be expected, since the 
major part of the edge of this area lies along a ridge 
which will be rounded by the introduction of more 
OPW’s; the edges of all other sections listed at most 


associated 


cross ridges. The remaining discrepancies correspond 
to shrinking of the 3rd-band arms around the symmetry 
lines as is observed in aluminum and expected upon 


*? The ratio of periods of the y oscillations for fields in the (100) 
direction to that for fields in the (110) direction is 0.78, implying 
a ratio of sections of the surface of 1.3 for the two orientations. 
If the surface were cylindrical, this ratio would be v2; the fact 
that it is smaller implies a taper toward the ends. 
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the basis of the band calculations in the preceding 
paper. 

Gold also obtained effective-mass data from the 
temperature dependence of the amplitudes of the 
oscillations. This will be considered in the section on 
cyclotron resonance which follows 


b. Aluminum 


The interpretation of the data in aluminum is dis- 
cussed extensively in reference 6 and in the preceding 
paper. We simply repeat the remark there is a 
question whether the long-period oscillations (y; in 
the table) are to be associated with orbits around the 
ends of the arms or with small regions surrounding 
lines of contact in the third band. The comparison with 
the single-OPW calculations is given in Table II. Gold’s 
notation for the oscillation types is used. The agree- 
ment may be regarded as somewhat better than that 
for lead, since the areas in question are much smaller 
and shortcomings of the model would make much 
larger percentage errors in the areas; that is, we infer 
that the matrix elements of the effective potential are 
somewhat smaller in aluminum. 


that 


c. Zine 


We now proceed to zinc and cadmium which have 
not been previously interpreted with a single-OPW or 
“nearly-free-electron” approximation. Both metals are 
hexagonal-close-packed and therefore correspond, ex- 
cept for differences in c/a ratio, to the appropriate 
pictures in Fig. 3. The available data are more extensive 
for zinc, and we consider it first. 

The most complete de Haas-van Alphen data for 
zinc have been given by Verkin and Dmitrenko,** who 
observed three sets of oscillations. The most prominent 
set they attributed to needle-like segments of Fermi 
surface lying parallel to the « The maximum 
period observed was 0.62 10~* (gauss) corresponding 
to an area of 0.000154 A~*. We consider these first and 
seek the corresponding segments in a figure such as 
Fig. 3. We should first consider how these surfaces 
change as the c/a ratio is altered. Figure 3 as drawn 
corresponds to the ideal c/a ratio of 1.6330. As c/a 
increases, the diagonal arms in the combined first and 
second bands for valence 2 stretch further and further 


axis. 


Areas of Fermi-surface sections in 
units of (2x/a?=0.68 atomic unit 


rasre Il aluminum in 


ou gle 


OPW 


Assumed 
band 


Oscillation 


type Experimental* 


0.01 1 
0.001 


0.022 
0.001 


“y2(110) field 3rd (center arms 
¥7i(110) field 3rd (end of arms 


* See reference 5 
Izvest. Akad. Nauk 


%B. I. Verkin and L. M. Dmitrenko, 
[transiation: Bull. Acad. Sci. 


(S.S.S.R.) Ser. Fiz. 19, 409 (1955 
(U.S.S.R.) 19, 365 (1955)] 
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Fic. 4. Fermi surface in the 
combined first and second 
bands of divalent hexagonal- 
close-packed metals according 
to the single-OPW approxi- 
mation. The figure on the left 
corresponds to an ideal ¢/a 
ratio of 1.633; that on the right 
to a c/a ratio of 1.862, roughly 
that of cadmium. 


toward the top and bottom faces of the zone while the 
ridges near the lateral edges move closer to the edges; 
at the same time, the needles lying along the edges in 
the combined third and fourth bands become smaller. 
At the critical c/a ratio of 1.8607, the arms in the first 
and second bands reach the horizontal faces, the ridges 
disappear with the surface meeting the zone faces all 
along the lateral edges, and the needle-like portions in 
the third and fourth bands disappear. At c/a ratios 
above this the first- and second-band surface resembles 
that shown in the right-hand side of Fig. 4; segments of 
surface near the zone corners may be rearranged to see 
that needle-like portions of holes exist at the corners 
and lie along the c axis. Because the c/a ratio in zinc 
lies near the critical value, we cannot be certain at first 
whether the needles seen by the de Haas-van Alphen 
effect are electrons in the third and fourth bands or 
holes in the first and second bands. 

The cross-sectional area of these segments in the 
single-OPW approximation may be evaluated and is 
given approximately by 


4 (=) az\! | 
A=—(- ——==) —i], 
v3\a Sr ¢c ;) 


where z is the valence of the metal; two for zinc and 
cadmium. The area corresponds to electrons in the 
third and fourth bands if the expression in the square 
brackets is positive, and to holes in the first and second 
bands if it is negative. This may be set equal to the 
observed area and solved for the necessary c/a ratio; 
we obtain 1.8419 for electrons, 1.8799 for holes. The 


true c/a ratios necessary to explain the observed areas. 


would presumably be somewhat farther from the 
critical ratio of 1.8607 since the effect of the lattice 
potential would be to reduce the areas in either case. 
The observed c/a ratio in zinc is 1.856 at room tem- 
peratures, but we note that the de Haas-van Alphen 
data have been taken at low temperatures. We may 
estimate the c/a ratio in zinc at low temperatures from 
the thermal expansion coefficients measured by 
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Griineisen and Goens” in single crystals of zinc. A 
value of 1.8246 has been obtained in this way. This 
clearly favors the association of the oscillations with 
electrons in the third and fourth bands. If we accept 
this interpretation we may compare the single-OPW 
estimate with experiment; taking the c/a ratio as 
1.8246 at low temperatures, we obtain from (8) an 
area of 0.00056, four times the area observed experi- 
mentally. This agreement may be regarded as good in 
view of the smallness of segment involved and the 
uncertainty of the low temperature c/a. 

Another aspect of this data which bears on the 
question as to which segment of the surface is involved 
is the variation of the period with orientation. We note 
that the segments of electrons are ellipsoidal, whereas 
the segments of holes are hyperbolic in shape. We have 
replotted the data of Verkin and Dmitrenko on the 
variation of period with orientation in Fig. 5 along with 
a curve fitted to their data at 6=0 and calculated 
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Fic. 5. Experimental variation of the longest-period de Haas- 
van Alphen oscillations in zinc as observed by Verkin and 
Dmitrenko (see reference 28). The field orientations are indicated 
in the figures below. The curves represent the variation of periods 
for an infinite cylindrical Fermi surface with its axis parallel to 
the ¢ axis and its cross section adjusted to fit the data for fields 
parallel to the c axis 





* E. Griineisen and E. Goens, Z. Physik 29, 141 (1924). 
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assuming a cylindrical shape. (This curve is simply 
0.62 cosé.) The fact that the experimental points lie 
above this curve for large @ implies that the cross- 
sectional area is growing more slowly with rotation 
than it would for a cylinder and therefore that the shape 
is of the ellipsoidal type. This confirms our supposition 
that the relevant surfaces are the needle-shaped 
segments of electrons in the combined third and fourth 
bands. 

There are several other sets of de Haas-van Alphen 
data which we should consider in the light of this 
interpretation. These involve the variation of the 
period with temperature, with alloying, and with 
pressure ; we consider these next. 

Berlincourt and Steele® have found that the period 
of the de Haas-van Alphen oscillations in zinc increases 
rapidly with temperature, rising from 0.064 (& gauss)“ 
at 4.2°K to 0.125 (k gauss) at 61.2°K. This corre- 
sponds to a sharp decrease in the cross-sectional area 
of the Fermi surface. The temperatures involved are 
much less than the degeneracy temperature, so we do 
not expect any observable change in period to come 
from a change in the Fermi energy with temperature, 
but we do expect to see effects arising from the change 
in c/a ratio. Since the c/a ratio is increasing with 
temperature, we expect segments of electrons to 
decrease in area while segments of holes would be ex- 
pected to increase in area; thus the observed tempera- 
ture dependence also supports the interpretation of the 
oscillations as arising from electrons. Though the data 
on the thermal expansion coefficients in this tempera- 
ture range are scant,” we may use it to estimate the 
change in area according to the single-OPW approxi- 
mation. We obtain a decrease in this temperature 
range from 0.00056 to 0.00048 A-*. This is to be com- 
pared with the observed change from 0.00015 to 
0.00008 A-?. 

A change in the period of the oscillations upon 
alloying with copper has been observed by Marcus,” 
who found that the period decreased due to the addi- 
tion of copper. He also found an increase in period 
upon alloying with aluminum, but this increase was 
within the error of the experiments. These results 
represent an increase in cross section as the electron 
density decreases, and interpretation on the basis of 
the rigid-band model, of course, would indicate that 
holes are involved. Such an interpretation overlooks 
the change in c/a ratio which occurs with alloying. It 
is seen from Eq. (8) that the cross section of the 
segments of Fermi surface in question depend upon 
za/c, rather than simply z. Consider first the addition 
of copper to zinc; Owen and Pickup® have found that 
the addition of 1.85 atomic-percent copper to zinc 


”T. G. Berlincourt and M. C. Steele, Phys. Rev. 95, 1421 
(1954). 

J. Marcus, Phys. Rev. 77, 750 (1950). 

= E. A. Owen and L. Pickup, Proc. Roy. Soc. (London) A140, 
179 (1933). 
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lowers the c/a ratio from 1.856 to 1.817 and that the 
changes were linear in concentration ; thus the addition 
of 1.85 atomic-percent copper raises za/c from 1.078 
to 1.091. Hence the inclusion of the effects of the c/a 
ratio just reverses the direction of the effect and an 
increase in area with addition of copper actually 
supports our proposal of electrons rather than holes. 
Owen and Imball® find that the addition of 3 to 5 
atomic-percent aluminum raises the c/a ratio to 1.869, 
thus za/c is raised to 1.086 or 1.096. This should give 
a shift in the de Haas-van Alphen period of opposite 
sign to that suggested by Marcus, but neither the 
de Haas-van Alphen nor the x-ray data were conclusive 
for this case, so we do not give the result much weight. 

Quite recently a change in the de Haas-van Alphen 
period with pressure was observed by Dmitrenko, 
Verkin, and Lazarev,™ and their observations appear 
to be in contradiction with our proposal. They found 
that increased pressure increased period and 
therefore decreased area. Furthermore, they note that 
the c/a ratio becomes more nearly ideal as the pressure 
is increased so we should expect the area of the electronic 
sections to increase. One might suggest the possibility 
that the applied pressure was not isotropic, in which 
case this experiment would not be meaningful. However, 
still more recent studies by Verkin and Dmitrenko*® 
of the change in de Haas-van Alphen period with 
uniaxial compression and tension along the ¢ axis, 
confirm their conclusion that a reduction of the c/a 
ratio reduces the cross section of the segments of Fermi 
surface in question. This one effect does not agree with 
our proposed interpretation and is somewhat dis- 
turbing. We note, however, that these changes in 
period are small (of the order of a few percent) and are 
accompanied by very large and unexplained reductions 
in amplitude. The weight of the evidence seems to 
support our proposal; this effect remains 
anomalous. 

We will now consider the other sets of oscillations 
observed in zinc by Verkin and Dmitrenko.** Their 
data representing these other sets are plotted in Fig. 6. 
Consider first the smallest periods observed. These 
correspond to an area of 0.048 A-*. We should expect 
them to be associated either with the horizontal or with 
the diagonal arms shown in Fig. 4. The single-OPW 
areas of these are 0.045 and 0.06 A~, respectively. The 
fact that they are relatively independent of orientation 
in the range in which they are observed is inconsistent 
with the expected orientation dependence for the 
horizontal arms, so we associate them with the diagonal 
arms. The curves shown are calculated for these arms 
assuming a cylindrical cross section, oriented appro- 

* E. A. Owen and J. Imball, Phil. Mag. 17, 433 (1934). 

“I. M. Dmitrenko, B. I. Verkin, and B. G. Lazarev, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 33, 287 (1957) [translation: Soviet 
Phys.—JETP 6, 223 (1958)] 

% B. I. Verkin and I. M. Dmitrenko, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 35, 291 (1958) [translation: Soviet Phys.—JETP 8, 
200 (1959)]. 
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priately. These curves correspond to a cross section of 
0.048 A-*, in suitable agreement with our single-OPW 
value of 0.06. 

The intermediate-period oscillations have an orien- 
tation dependence appropriate to the horizontal arms 
of Fig. 4, but the corresponding cross-sectional area is 
0.00435 A~*, a factor of ten smaller than our single-OPW 
estimate. The dashed curves shown in Fig. 6 correspond 
to cylindrical surfaces of the proper orientation. The 
fact that the data fall below the line at small @ indicates 
a hyperbolic shape as expected if these are to be 
associated with the arms of Fig. 4. The lower dashed 
curve on the left is not expected to appear, since it has 
just half the period of the upper curve and would 
appear in the data only in a change in the shape of the 
oscillations. Since these, in turn are superimposed 
upon the longest period oscillations, such a distortion 
cannot be discerned in the data. Because of this very 
good fit to the orientation dependence, and because we 
see no other segments which would fit the data, we 
must conclude that their oscillations are to be asso- 
ciated with the horizontal arms of Fig. 4. 

The fact that the observed arms are very much 
smaller than calculated in the single-OPW approxi- 
mation implies that a matrix element connecting a 
pair of the OP W’s in this region must be large. Further- 
more, this must be the matrix element associated with 
the reciprocal-lattice vector parallel to the ¢ axis or 
the diagonal arms would be similarly distorted. It does 
not seem surprising that this Fourier component of the 
potential is larger than the others; in fact, if we ex- 
amine the beryllium band calculation (beryllium is 
also divalent and hexagonal-close-packed) by Herring 
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Fic. 6. Experimental variation with orientation of the short- 
period de Haas-van Alpher oscillations in zinc as observed by 
Verkin and Dmitrenko (see reference 28). The field orientations 
are indicated in the figures below. The dashed curves represent 
the variation of periods for infinite cylindrical segments of Fermi 
surfaces with axes parallel to the edges of the hexagona! faces and 
with cross sections adjusted to fit the data for fields along such 
an edge. The solid curves represent the variation of periods for 
infinite cylindrical segments of Fermi surface with axes given by 


@=arctan(a/c) in the figure on the left. The maximum period was 
adjusted to fit the data for fields along the cylinder axis. 
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and Hill* we note that they find a large band gap 
associated with this lattice vector as evidenced by the 
5 electron-volt splitting between [y+ and I'g-. This is 
perhaps easier to see in the comparison of the band 
calculation and the “empty-lattice approximation” as 
given by Herman.” 

This is the first case we have encountered where 
there is a very large distortion of the single-OPW 
surfaces by the lattice potential. Even in this case it 
is possible to isolate the region of surface giving rise 
to each set of oscillations. 

We should also note the implications of this large 
band gap for the horizontal disk in the combined third 
and fourth bands. The minimum cross-sectional area 
of this surface is 0.7 in the single-OPW approximation. 
We may expect this segment to be drastically reduced 
in area by the distortion associated with this gap. Even 
though the area of this segment may be greatly reduced, 
we could not associate it with the smallest-period 
oscillations observed because of the orientation de- 
pendence. Furthermore, we would expect its associated 
period to be smaller than the smallest period observed. 

Finally, the V-shaped segments of electrons in the 
combined third and fourth bands should not be dis- 
torted appreciably ; the large band gap does not affect 
them. Their cross-sectional area is comparable to that 
of the horizontal disk and their period significantly 
smaller than the smallest period observed. Thus 
oscillations have been observed for the three smallest 
sections of the surface; the largest sections remain 
unseen. 


d. Cadmium 


The picture in cadmium is somewhat simpler. The 
c/a ratio at room temperature is 1.884, and corrected 
to low temperatures using the thermal expansion data 
of Griineisen and Goens” it becomes 1.862. This is well 
within error of the critical ratio 1.8607 at which the 
regions of holes along the lateral zone edges vanish, as 
well as the regions of electrons along these edges. Thus 
it is not surprising that oscillations corresponding to 
the lowest frequency oscillations in zinc have not been 
observed in cadmium. It should be noted that since the 
lattice potential tends to reduce the cross sections of 
any such segments, both will fail to appear over a range 
of values of c/a near 1.8607. 

The diagonal arms in the first and second bands are 
expected to give rise to oscillations, however, and their 
orientation and minimum area may be evaluated 
assuming a c/a ratio of 1.862. We find that they are 
expected to lie 28.23° from the ¢ axis [arc cot(c/a) 
= 28.23°], and have a minimum cross-sectional area 
of 0.054 A~*, the latter being obtained graphically. 
Berlincourt® has found segments of Fermi surface 
lying 28.5° from the ¢ axis and having a maximum 

* C. Herring and A. G. Hill, Phys. Rev. 58, 132 (1940). 


* F,. Herman, Revs. Modern Phys. 30, 102 (1958). 
* T. G. Berlincourt, Phys. Rev. 94, 1172 (1954). 
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period of 1.88x10~’ (gauss), corresponding to a 
minimum area of 0.051 A-*. This close quantitative 
agreement of the single-OPW approximation with 
experiment should probably be regarded as fortuitous. 

We might also expect oscillations arising from the 
horizontal arms in the first and second bands, corre- 
sponding to the intermediate oscillations in zinc, but 
these have not been observed. The single-OPW section 
is 0.037 A~*, even smaller than the corresponding section 
in zinc and significantly smaller than the diagonal arms 
in cadmium which have been observed. Thus it seems 
plausible to say that the distortion in this region is even 
larger than it is in zinc and, in particular, that it is 
large enough to pinch off these arms completely and 
isolate the sections near the lateral zone edges. Pre- 
sumably the larger sections in the third and fourth 
bands are present as in zinc. 

In addition to these four metals, de Haas-van Alphen 
oscillations have been observed in thallium, which is 
close-packed hexagonal and valence 3. From Fig. 3 it 
is seen that there are several possible sources of oscil- 
lations in this metal, and it is not clear which set is 
causing the observed oscillations. Although no oscil- 
lations have been reported in calcium or strontium, 
they would appear promising; both are face-centered 
cubic and divalent. The very thin sections indicated in 
the appropriate first-band figure of Fig. 1 would be 
expected to vanish under the influence of the lattice 
potential yielding arms lying along (110) directions. 
Barium would also look promising; it is body-centered 
cubic and divalent. The arms lying in (111) directions 
and indicated in Fig. 2 would seem ideal for de Haas- 
van Alphen study. Some data exist for several other 
metals of the types discussed here but are insufficiently 
complete to warrant a comparison with theory. Finally, 
extensive data exist on tin and on the semimetals, but 
these are outside the realm of metals considered here, 
though they may very well be appropriate for single- 
OPW study. This approach could be regarded as only 
a preliminary step in the semimetals. Bismuth, for 
example, is pentavalent and has two atoms per cell so 
that the appropriate single-OPW sphere contains ten 
electrons. Segments of the surface lie in bands two 
through eight, and are in all cases fairly small. Pre- 
sumably all of these segments collapse except for 
segments surrounding holes in the fifth band and 
electrons in the sixth. The consideration of the potential 
required to clarify the picture is more detailed than is 
appropriate here. 


2. Cyclotron Resonance 


As has been indicated, the cyclotron-resonance 
experiments measure a frequency of the electron orbits. 
In the customary picture of cyclotron resonance in 
metais, the electron orbits lie largely in the body of the 


material where the applied high-frequency fields do 
not penetrate; it is only small portions of the orbits 
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which lie within the skin depth, so if the applied fields 
are properly synchronized with the orbit frequency, 
an electron will see a field in the same direction each 
time it traverses this segment of the orbit, thus giving 
a resonant effect. Now electrons in the presence of a 
magnetic field move in helical orbits with the helical 
axis lying along the magnetic field. Thus most electrons 
will have a net drift along the field. Experimentally, 
one applies the field parallel to the surface so that this 
drift would not take the electrons away from the region 
of the surface; thus any collection of electrons could 
give an observable effect as long as a large enough 
number of electrons with nearly the same frequency is 
involved. Phillips,” however, has suggested that the 
field is never aligned sufficiently well for this to be the 
case and that any electrons which drift along the field 
will quickly drift into the surface or out of the skin 
depth and will not contribute to the resonance. If this 
is the case, an additional condition for observable 
resonance is the existence of a vanishing drift velocity. 

It can readily be shown that this condition is equiv- 
alent to that for the of de Haas-van 
Alphen oscillations; i.e., that the cross-sectional area 
be extremal at the point in question. To see this we let 
the field lie in the z direction, and draw the intersection 
of a plane, k,=constant, and the Fermi surface. This 
intersection represents the orbit of an electron in wave- 
number space. We also project on this plane the inter- 
section of the Fermi surface and a neighboring plane, 
displaced by 5k, from the first plane. These intersections 
are drawn schematically in Fig. 7. We may evaluate the 
energy associated with a point on the projected inter- 
section to first order in the quantity 52, and set it equal 
to zero, since both on the Fermi 
surface ; 


6E= (OE /dk,)bk,+ (OE/dk, bk, +-(d0F/dk 


observation 


intersections lie 


5k, =0. 


We note that dE/dk,,=0, so the above equation gives 


Fic. 7. The projection of two neighboring electronic orbits in 
wave number space onto a plane perpendicular to the magnetic 
field. Both orbits correspond to electrons with the Fermi energy. 
The magnetic field lies along the &, axis. 


* J. C. Phillips, Phys. Rev. Letters 3, 327 (1959). 
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us a relation between 4k, and 5k,. We may take a time 
integral of the equation around the orbit, replacing the 
derivatives of energy with respect to wave number by 
the appropriate electron velocities, and using (3) to 
eliminate the component of velocity perpendicular to 
the field. We obtain 


hit, § At (We/elt)  shska = (), 


The first term is equal to 2rhdk,6,/w., where 6, is the 
drift velocity along the field. The cyclotron mass 
m* = eH /cw. is introduced and we solve for i,, 


ee cel 


0,=- —, (9) 
2rm* Ok, 

where A is the orbit area in wave-number space. Thus 

the condition that the drift velocity vanish is equivalent 

to the condition that the cross-sectional area be 

extremal. 

Phillips has indicated that under typical conditions 
for cyclotron resonance, tilting the field by even half a 
degree to the surface restricts the electrons which 
contribute to the surface conductivity to those with 
very small drift velocity. One might argue that irregu- 
larities of the surface will guarantee such misalignments, 
but it should be noted that because of surface irregu- 
larities there will be some regions of the surface which 
will be very closely aligned with the field. It is con- 
ceivable that the observed absorption arises largely 
from such regions; this also would explain the occur- 
rence of resonances when the field is tipped slightly 
out of the apparent surface of the specimen. For fields 





Fic. 8. The Fermi sphere in aluminum, and its intersections 
with Bragg-refiection planes, projected on a (110) plane. One 
particular electron orbit corresponding to a magnetic field in the 
(110) direction is illustrated; the dashed portions indicate Bragg 
reflections. 
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Fic. 9. The distribution of cyclotron masses in aluminum ac- 
cording to the single-OPW approximation for a magnetic field in 
the (110) direction. A free-electron energy a was 
assumed. The curve is normalized such that { (dN /dm*)dm* «1. 
The numbered peaks correspond to extremal orbits discussed in 
the text. 


exactly parallel to the surface, an observable resonance 
may occur whenever there is a sufficiently sharp peak 
in the distribution of masses. 

'” Thus there remains an uncertainty as to whether 
the condition of extremal area is necessary for obser- 
vation of a resonance. Coupled with the fact that 
sometimes a particular resonance may not appear for 
other reasons, (as is suggested by zinc data to be 
discussed) this leaves a considerable ambiguity in the 
interpretation of cyclotron-resonance data unless the 
data include sufficient orientation dependence to 
isolate the section of Fermi surface in question. 

In spite of this difficulty, we may frequently make a 
reasonable interpretation of the data in terms of the 
single-OPW surfaces. We will illustrate this by se- 
lecting a particular orientation of the magnetic field 
for a particular metal and determining the distribution 
of cyclotron masses. We give a detailed treatment of 
aluminum, followed by more cursory treatments of 
other metals for which suitable data exist. 


a. Aluminum 


We let the field lie in the (110) direction. The 
reduced-zone representation used for the de Haas- 
van Alphen effect was found inconvenient for treatment 
of cyclotron resonance because of the difficulty in 
determining the velocity of the orbit in wave-number 
space over the various portions of the surface. It is 
more convenient to construct the Fermi sphere with 
its intersections with Bragg planes. This figure, then, 
is projected onto a (110) plane for a field in the (110) 
direction as shown in Fig. 8. The projection of the 
electron wave number then moves with constant 
angular velocity in this figure under the influence of 
a constant field, making discontinuous jumps when the 
orbit intersects the projection of an intersection of the 
sphere with a Bragg-reflection plane. One such orbit 
is sketched in the figure, with dashed lines indicating 
the Bragg reflection. To determine the period of the 
orbit, one simply adds the tota! angle through which the 
orbit moves (not counting the Bragg reflections), and 
this is proportional to the period. It is easily seen that 
the particular orbit drawn in Fig. 8 has a period less 
than the corresponding orbit in the absence of Bragg 
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Taste III. Cyclotron masses in aluminum in units 
of the electronic mass. 


Experimental 
Langenberg and 
Moore* 


1 OPW 


mass-one Fawcett Gunnersen* 
I 0.10 0.18450% 0.15 
Il 0.17 0.18+ 50% 


III 0.80 1.5 +10% 


0.11 
0.235, 0.215 


* D. N. Langenberg and T. W. Moore. Phys. Rev. Letters 3, 137 (1959). 
+ EF. Fawcett, Phys. Rev. Letters 3, 139 (1959). 
© See reference 5. 


reflections. Taking the effective mass associated with 
the sphere without reflections as unity, the distribution 
of cyclotron masses has been evaluated and is shown in 
Fig. 9. It is seen that there exist masses over almost all 
of the range zero to 1.6. Extremal masses are repre- 
sented by the singularities I, II, II, and IV corre- 
sponding to orbits around the third-band arms lying 
parallel to the field, third-band arms lying at an angle 
to the field, central orbits around the second-band 
surface, and circular orbits on the surface of the third- 
band arms, respectively. (The orbits IV lie at the center 
of Fig. 8. ) The orbits I and III correspond also to 
extremal areas and orbit II very nearly does. These, 
therefore, have vanishing, or very nearly vanishing, 
drift velocities and should be observable even if the 
conjecture of Phillips is correct. Orbits IV have large 
drift velocity; furthermore, they involve such a small 
number of electrons and are sufficiently sensitive to 
distortions arising from the lattice potential, that they 
might not be observable in either case. The peak at 
m* = 1.6 corresponds to a maximum mass and a maxi- 
mum area, but these maxima are sharp in the single- 
OPW approximation and will remain fairly sharp in a 
more complete calculation so that the number of 
electrons involved may be expected to be quite small 
compared to that of the peak III. Though it would be 
tempting to associate this peak with the observed high 
mass of 1.5, it seems unlikely that resonances associated 
with this peak should appear and those with peak III 
not. Thus we expect the peaks I, II, and III to give 
the most prominent resonances, and we associate these 
with the observed resonances. It may be noted that 
these are just the peaks we would most naturally select 
by examining the surfaces of Fig. 1, so we will use the 
reduced-zone figures to select the relevant segments in 
interpretating the other metals, in each case deter- 
mining the actual masses graphically. 

The appropriate masses for fields along a (110) axis 
in aluminum were determined from Fig. 9 and are listed 
in Table III. It may be noted that the values differ 
from those given in the preceding paper by a factor of 
1/0.79 because we have used a mass-one parabola 
rather than that determined from the band calculation. 
The corrections listed with Langenberg and Moore’s 
results reflect the anisotropy of the mass which they 
observed and the fact that the numbers they give did 


HARRISON 


not correspond to fields along the (110) direction. 
Their measurements and those of Fawcett were deter- 
mined from cyclotron-resonance measurements; those 
of Gunnersen are based on the temperature dependence 
of the de Haas-van Alphen amplitudes. The agreement 
is semiquantitative; the most disturbing comparison 
is that of III, where the influence of the lattice potential 
should be smallest and our agreement the best. The 
fact that we tend to underestimate the mass has been 
discussed in the preceding paper. 


b. Lead 


Cyclotron resonance has apparently not been ob- 
served in lead directly, but Gold‘ made mass deter- 
minations for various segments of the Fermi surface 
from the temperature dependence of the de Haas-van 
Alphen oscillations. Because they are directly asso- 
ciated with the de Haas-van Alphen oscillations, there 
is no ambiguity in their interpretation except for the 
ambiguity we have mentioned in the interpretation 
of the periods. The masses as determined by Gold are 
listed in Table IV, along with the masses determined 
from the single-OPW approximation. We notice that the 
agreement with experiment is very much improved by 
doubling ali of the calculated masses, as was the case 
in aluminum. The @ oscillations show an experimental 
mass which is considerably higher than we expect, even 
if we make the factor-of-two correction. The doubling 
of the masses is consistent, as in aluminum, with the 
experimental electronic specific heat,” which is approxi- 
mately twice the free-electron value. 


Cc. Zine 


Cyclotron resonance has been observed in zinc by 
Galt, Merritt, Yager, and Dail.“ With a field along the 
six-fold axis they find evidence for a carrier with mass 
less than 0.015, presumably corresponding to the mass 
of 0.0068 obtained from the de Haas-van Alphen effect 
(this is the geometric mean, (m,mz2)', of the masses 
given by Shoenberg®). In addition, they find a mass of 


Taste IV. Cyclotron masses in lead in units 
of the electronic mass 


Single 
OPW 


mass one) 


Oscillation 
type 


Assumed 

band Experimental* 
0.95 
0.57 
0.17 
0.22 
0.19 


x, (100) field 
a, (110) field 
8, (100) field 
2, (110) field 
vi, (110) field 


iY, 
2nd 
2nd 


1.0 +0.1 

1.3340.15 
0.56+0.06 
0.56+0.06 


(central hole 
center arms 
end of arms 


* See reference 4 


“R. L. Dolecek, Phys. Rev. 94, 540 (1954 

“J. K. Galt, F. R. Merritt, W. A. Yager, and H. W 
Phys. Rev. Letters 2, 292 (1959) 

“DD. Shoenberg, Progress in Lew Temperature Physics (Inter- 
science Publishers, Inc., New York, 1959), Vol. II, p. 226. 


Dail, Jr., 
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0.55+0.03 for this field orientation and tentative 
evidence that the latter arises from electrons rather 
than holes. Finally, they find a mass of 0.4340.04 for 
fields along a binary axis and indications that it also 
arises from electrons. If it is true that the heavy-mass 
resonances are associated with electrons,: they must 
arise either from segments in the 3rd and 4th bands or, 
when the field is parallel to the ¢ axis, from orbits 
around the central hole in the 1st and 2nd bands. This 
suggestion is supported by the fact that the masses 
associated with the segments observed in the de Haas- 
van Alphen effect would be expected to be smaller than 
those observed by a factor of at least four, whereas the 
mass calculated for the central disk in the 3rd and 4th 
bands, for example, ranges from 0.39 to 1.00 in the 
single-OPW approximation. In the absence of orien- 
tation dependence of these masses, it would seem a 
little bold to associate them with particular segments of 
the surface. 

The low-mass carriers, on the other hand, certainly 
correspond to the needle-shaped segments which we 
have discussed. In the single-OPW approximation, 
these have a cyclotron mass for fields parallel to the 
c axis of 0.011 assuming a mass-one single-OPW 
parabola and a c/a ratio of 1.8246. If we were to assume 
a slightly different c/a ratio of 1.8425, which would 
bring the observed area into agreement with experi- 
ment, we obtain a mass of 0.005, to be compared with 
the experimental value of 0.007 obtained by Shoenberg. 
The agreement with experiment is remarkable in either 
case in view of the smallness of the segment and its 
sensitivity to the c/a ratio. 


d. Cadmium 


Cyclotron resonance has not been observed directly 
in cadmium, but Berlincourt®* made an estimate of the 
cyciotron mass from the temperature dependence of 
the de Haas-van Alphen amplitudes. He obtained a 
value of 0.141 for fields parallel to the diagonal segment 
in the combined first and second bands. This is to be 
compared with the single-OPW value of 0.142, obtained 
using a c/a ratio of 1.862. As was the case in considering 
the cross-sectional areas of these arms, the agreement 
is too close to be regarded as other than fortuitous. We 
can note, however, that the factor-of-two discrepancy 
found in lead and aluminum does not appear in 
cadmium. 

There is insufficient data for other metals encom- 
passed by our analysis here to warrant further com- 
parisons with experiment. 


3. The Anomalous Skin Effect 


Since only the curvature of the Fermi surface affects 
the anomalous surface resistance and since it enters 
in such a way that regions of very large curvature do 
not enter, the change in the connectivity of the Fermi 
sphere in the single-OPW approximation does not 
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Fic. 10. The Fermi 


surface in aluminum 
in the extended-zone 
scheme according to the 
multiple-OPW calcula 
tion of the preceding 
paper. Shown is the in 
tersection of the Fermi 
surface with a central 
(110) plane. The dashed 
lines represent Bragg 
reflection planes. 


affect the results. Thus in the single-OPW approxi- 
mation the surface impedance is, strictly speaking, 
isotropic and determined only by the number of con- 
duction electrons present. On the other hand, we will 
be able to see how the introduction of the lattice 
potential will affect the orientation dependence of the 
surface impedance by examination of the single-OPW 
approximation, and this seems appropriate for con- 
sideration here. As an example, we will treat aluminum 
with some care. 

It is most convenient to treat this effect in the 
extended zone scheme, as we did the cyclotron reso- 
nance. A central (110) cross section of the Fermi 
surface was determined from the band calculation of 
the preceding paper and is shown here in Fig. 10. It is 
seen that the Fermi surface is sheared wherever it 
intersects a Bragg-reflection plane. The main effect, as 
far as the anomalous skin effect is concerned, may be 
the opening up of gaps in the sphere at these inter- 
sections. Thus, as a starting approximation, we treat 
the Fermi surface as a sphere with gaps opened up at 
each intersection with a Bragg plane ; such intersections 
have been shown for alurninum in Fig. 8. Such a figure 
will, in fact, be very convenient for treating the anoma- 
lous skin effect graphically. 

A formula for the surface impedance in the extreme 
anomalous limit has been given in Eq. (6), 


v3 rurh? ' 
en 
2\ES \r,|\ dk, 


For a spherical Fermi surface, the points where the 
intersection of the Fermi surface and a plane ky=con- 
stant is parallel to the z direction lie in the 2-y plane. 
Thus the integration is taken over the intersection of 
the Fermi surface and the x-y plane. For a spherical 
Fermi surface, the integral {|\r,|\dky=akr*. For a 
sphere with gaps we must subtract off the integration 
over the gaps. In the spirit of the single-OPW approxi- 
mation we regard the gaps as small and obtain 


R,= RAI +(1/3eby) f 


gape 


Iv,| a], 


R, being the surface impedance for the complete 
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Fic. 11. The calculated surface impedance of aluminum as a 

function of the surface orientation. R,° is the surface impedance 
of a three-electron sphere; R, is the surface impedance of a three- 
electron sphere with suitable gaps introduced at the_Bragg- 
reflection planes. The normal to the surface lies in a (011) plane 
and makes an angle ¥ with the (100) direction; R, is the surface 
impedance in the (011) plane. 


spherical surface. Now let the gap lying along a par- 
ticular Bragg-reflection plane have a small width, A. 
Then the region of the integration at each intersection 
of a gap with the x-y plane is dky= (A/kr)(|r,| /|sin@|) 
where @ is the angle between the line of the gap and the 
x-y plane. The integration over the gaps becomes a 
summation over the intersections of the gaps and the 
x-y plane and we obtain 


Bis a: «4 
R, Ra(1 r >  apecrehneee tee: ). 
sr kr’ kr | sin 


If we wish to proceed graphically from Fig. 8, it is 


convenient to write r7=k, and note that 1/siné 
=[1+cot*#’/(1—k,*/ke*) }', where & is the angle of 
intersection of the x axis and the projection of the 
Bragg-reflection line onto the x-z plane. Then the axes 
are taken with y perpendicular to the plane of Fig. 8, 
and all relevant quantities may be measured directly 
from the figure. This procedure has been followed in 
order to find the surface impedance for the normal to 
the surface lying in directions ranging from a (100) 
direction to a (011) direction. For this calculation 
A/ke was estimated from Fig. 10 to be 0.05 for gaps 
associated with intersections of the sphere and a (111) 
plane, and 0.10 for gaps associated with intersections 
with a (200) plane. The resulting curve is shown in Fig. 
11. The graphical scheme used becomes somewhat 
inaccurate in the region of the peaks, but the sharpness 
of the peaks, in any case, comes from treating the gaps 
as very narrow and a great deal of smoothing would 
be expected from a better calculation. 

It is difficult to assess the reliability of this somewhat 
crude approximation and, unfortunately, there ap- 
parently do not exist data on single crystals of aluminum 
which would allow us to see if this gives us the main 
features of the effect. There is a possibility that there 
may be appreciable distortion of the surface adjacent 
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to the gap which could give large effects; it is not clear 
that we have isolated the most important source of 
anisotropy in the surface impedance. Further appli- 
cation of the scheme does not 
suitable data are taken. 


seem warranted until 


IV. EXPERIMENTAL DETERMINATION 
OF BAND STRUCTURE 


We indicated in the introduction that the single- 
OPW approximation may be regarded as the zeroth- 
order approximation in a series of successive approxi- 
mations for the band structure; the 
zeroth-order approximation has turned out to provide 
a reliable semiquantitative theory of the polyvalent 
metals. This immediately suggests the possibility of 
using the experimentally-observed deviations from the 
single-OPW picture in order to improve the approxi- 
mation to the band The most promising 
approach would appear to be the use of experimentally- 
determined sections of the Fermi surface to evaluate 
the matrix ing particular pairs of 
plane waves. Once these are obtained, constant energy 


calculating 


structure 


elements connect 


curves are readily obtained in the manner described 
in the preceding paper on the band structure of 
aluminum. 

Aluminum itself would appear to be a difficult case 
to treat in this way; the matrix elements are small, 
and a careful determination of the Fermi-energy (..e., 
the Fermi radius) would be needed at each step in the 
calculation. Furthermore, the de Haas-van Alphen data 
are limited. 

Lead and zinc, on the other hand, would seem quite 
suitable for such a treatment. In both cases there is 
one measured area which is modified appreciably by 
the presence of a particular matrix element ; presumably 
these elements could be determined neglecting the shift 
in the Fermi energy. The remaining eiements could 
then be adjusted to fit the remaining measured seg 
ments. In both cases there exist enough data to deter- 
mine the necessary parameters. Again there is the 
difficulty that a shift in the Fermi energy must be 
calculated in order that the correct number of con- 
duction electrons are included within the surface; if 
the Fermi energy were sufficiently sensitive to uncertain 
details of the surface, be preferable to regard 
it also as an adjustable parameter 

The determination of the parameters in this way 
leaves an energy scale factor undetermined. One would 
like to adjust this to fit cyclotron-resonance masses, 
but the experience with the Il 
of this paper would raise some question as to the 


it might 


masses studied in Sec. 


meaning of this. 

In any case, the band structure determined in this 
way could be readily ( ympared with a full band calcu- 
lation from which one obtains the splitting of levels at 
the gap 


the Fermi surface and 


symmetry points directly, tl bridging 


between experiments which se¢ 





ELECTRONIC STRUCTURE 


calculations which see only symmetry points in the 
Brillouin zone. 


Vv. ALLOYS 


We wish only to make a cursory treatment of alloys. 
If we consider substitutional alloys and neglect any 
effects of local lattice distortion, we may proceed as in 
a pure metal. As starting states we take plane waves 
orthogonalized to the core states (different core states 
in the regions of different cores). We may then evaluate 
the diagonal elements 7(k) of the Hamiltonian in this 
representation. If the cores do not overlap, 7(k) will 
be spherically symmetric and will be the weighted 
average of the 7(k) for the constituent metals, each 
taken for the lattice structure appropriate to the alloy. 
We again make a Fourier expansion of the pseudo- 
potential and now obtain two types of terms: first, 
those associated with reciprocal lattice vectors; and 
second, those which arise from deviations from the 
periodicity and which may occur for arbitrary wave 
number. The former are the weighted average of the 
corresponding Fourier components in the constituent 
metals. Thus, before we introduce the components of 
arbitrary wave number, we have a well-defined “average 
band structure”’ for the alloy, and we may expect it to 
describe the alloy in the same sense that the ideal band 
structure of a metal describes a pure metal at finite 
temperature. This is the point of view which we took 


in Sec. III when discussing the alloys of zinc, and is the 
point of view which seems appropriate when discussing 
macroscopic properties such as the de Haas-van Alphen 
effect. If the constituent metals of the alloy may be 
approximated with a single-OPW approximation, we 


may also treat the 
approximation. 

Finally we must consider the effects of the deviations 
from periodicity. This part of the problem must be done 
self-consistently the simple - pseudopotential! 
envisaged above may tend to redistribute the con- 
duction electrons in the alloy giving rise to screening 
fields. These nonperiodic terms will cause scattering 
between the average-band states and a consequent 
life-time broadening of the levels. For most problems 
it would seem more appropriate to include this as a 
scattering effect rather than as a “fuzzing” or broad- 
ening of the bands. In addition to causing scattering, 
the nonperiodic terms will redistribute the electrons to 
the regions of particular atomic sites. Although it is 
plausible to assume that an electron undergoing a 
helical orbit in magnetic field will behave according to 
an average band structure, a particular nucleus being 
observed in a Knight-shift experiment will see a local 
electronic structure which may differ significantly from 
the average band structure. Such difficulties are out 
of the realm of the probiems under consideration here 
and must be studied individually for each problem for 
which a redistribution of the electrons is of consequence. 


alloy with a_ single-OPW 


since 
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VI. CONCLUSIONS 


The single-OPW approximation is defined to be the 
result of an orthogonalized-plane-wave calculation in 
the limiting case as the matrix elements between 
individual orthogonalized plane waves become small. 
It should be emphasized that such an approximation 
provides a strictly geometrical theory; the energetics 
of the bands enter only as a scale factor in the various 
effective mass determinations. Some justification of 
such a model is made, but it is insufficient to allow us 
to know just how large our errors will be in a particular 
metal. Comparison with the results of a band calculation 
for aluminum in the preceding paper have indicated 
that it is sufficiently good in that case to give a complete 
qualitative picture of the Fermi surface and semi- 
quantitative estimates of the parameters which enter 
many of the electronic properties. The primary purpose 
of the present work was to determine as well as possible 
experimentally the applicability of the scheme to 
polyvalent metals in general. 

To this purpose the method was applied to a series 
of polyvalent metals and compared in some detail with 
the de Haas-van Alphen data in lead, aluminum, zinc, 
and cadmium ; these being the only metals in the series 
treated for which sufficient data exist to allow a com- 
parison. In addition, comparison made with 
observed cyclotron and specific-heat masses where 
possible. The apparent validity of the description 
provided by the simple approach is remarkable in these 
cases, particularly since the features of the structure 
which are seen by these effects are the fine details. In 
the single-OPW approximation, the dimensions of the 
small segments of the Fermi surface are the differences 
between nearly equal large numbers; thus this com- 
parison may be regarded as a very sensitive test of the 
method for these metals. The agreement is particularly 
close with respect to the areas of segments of the Fermi 
surface, but is semiquantitative with respect to cyclo- 
tron masses as determined cither from the de Haas-van 
Alphen effect or directly (which is remarkable in itself). 
Even in a particular section of the Fermi surface in 
zinc for which there appears to be a marked deviation 
from single-OPW behavior, there was no ambiguity in 
the interpretation of the de Haas-van Alphen data. 

We conclude that the single-OPW approximation 
provides a good semiquantitative theory of the elec- 
tronic structure of the polyvalent metals for which an 
experimental check has been made. Such a method is 
extremely useful for studying metals. Not only is the 
application of the method simple, but it requires no 
knowledge of the metal in question other than its 
crystal structure and its valence. The Fermi surface 
constructed in this way provides a simple picture of 
the electronic structure and one that makes it easy to 
isolate the features of the surface relevant to particular 
phenomena and provides a rather reliable framework 
upon which to base an interpretation of experimental 


was 
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studies. It also allows at least semiquantitative esti- 
mates of the parameters which enter many electronic 
properties. Finally, it provides a basis for experimentally 
determining a more precise band structure in terms of 
the observed deviations from single-OPW behavior. 
In this last regard, it is worth remarking that for most 
purposes one does not desire a precise description of the 
band structure. One more generally wishes to have a 
parameterized model of the structure which is simple 
enough to allow the calculation of a particular property, 
but reliable enough to include the important features 
of that effect. 

In connection with the detailed studies of zinc and 
cadmium, rather explicit descriptions of the Fermi 
surfaces of these metals emerged. The surfaces resemble 
those shown in Fig. 3 for valence two. The surfaces in 
the combined first and second bands are distorted 
qualitatively in the manner indicated on the right-hand 
side of Fig. 4, but not to the extent that the lateral 
ridges on the surface meet the lateral edges of the zone. 
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The ridges are everywhere rounded off somewhat such 
that the cross sections of the diagonal arms are reduced 
by a few percent. In zinc the cross section of the 
horizontal ring is narrowed down by a factor of ten 
midway between the lateral edges of the zone; in 
cadmium the ring is pinched off completely in these 
regions. In the combined third and fourth bands the 
needle-like segments along the lateral edges of the zone 
are narrowed down greatly in zinc and disappear in 
cadmium. In both cases the horizontal central disk is 
reduced appreciably in size, while the V-shaped seg- 
ments at the lateral zone faces are rounded off, but 
presumably not greatly reduced in size. 

In addition to the applications mentioned above, a 
study of the anomalous skin effect in aluminum was 
made, although there were no suitable data on single- 
crystal specimens to allow for comparison. The oscil- 
latory magnetoacoustic effect was also discussed briefly 
in terms of the method. Finally, the generalization of 
the scheme to a study of alloys was outlined. 
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Surface Magnetostatic Modes and Surface Spin Waves 
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Examination of the spatial configuration of the magnetostatic modes of a ferromagnetic body shows that 
those modes whose frequency lies between w=(B,;H;)* and w=y(H;+2xM) are surface modes. It is also 
found that the complete spin-wave spectrum consists of a set of surface spin waves in addition to the spin 
wave band usually considered. The magnetostatic mode spectrum thus merges smoothly into the spin-wave 
spectrum. 

The characteristic equation for the surface modes on a plane surface at an arbitrary angle to the applied 
de field is given. The properties of the surface modes on plane surfaces and on spheroidal bodies are discussed 


HE characteristic magnetostatic modes of a ferro- 
magnetic slab, magnetized parallel to its surface, 

were recently examined by the authors.’ It was found 
that the mode spectrum extends over the same fre- 
quency range as the magnetostatic mode spectrum of a 
spheroid,? namely from w= yH; to w=7(H;+24M). It 
was also found that the spectrum of a slab clearly divides 
into two regions, one region extending from w= 7H; to 
w=7(B,H,)' (coincident with the spin-wave band at 
long wavelengths’) in which the modes are spatially 
harmonic plane waves, and the other region from 
w= y(BH,)' to w=y(Hi+2rM) in which the modes are 
surface waves with exponentially decaying amplitude 
as one goes from the surface towards the interior of the 
ferromagnetic medium. The purpose of the present note 


1R. W. Damon and J. R. Eshbach, Fifth Conference on Mag- 
nelism and M agnetic Materials, Detroit, Michigan, November 16—i9, 
1959 (J. Appl. Phys. (to be published) ]. 

?L. R. Walker, Phys. Rev. 105, 390 (1957). 

*C. Herring and C. Kittel, Phys. Rev. 81, 869 (1951). 


is to show the general existence of surface modes in this 
frequency region immediately above the spin-wave band 
for uniformly magnetized samples of rather arbitrary 
shape and to discuss some of their properties. We find 
that not only may the magnetostatic mode spectrum in 
general be regarded as divided into volume and surface 
modes, but that the complete spin-wave spectrum simi- 
larly consists of a set of surface spin waves in addition 
to the usual spin-wave spectrum of an infinite medium.’ 
Therefore, if one includes the surface spin waves, the 
magnetostatic mode spectrum merges smoothly into the 
total spin-wave spectrum.*® 

The general features of the surface modes may be 
derived by considering a semi-infinite ferromagnetic 
medium whose surface is at an angle, a, to the internal 
dc magnetic field, H;, as shown in Fig. 1. (In the limit 

*L. R. Walker, J. Appl. Phys. 29, 318 (1958 


*C. R. Buffler, Suppl. J. Appl. Phys. 30, 172S 
L. White, Suppl. J. Appl. Phys. 30, 182S (1959) 


(1959); Robert 





SURFACE MAGNETOSTATIC 
of large wave numbers this may be considered to be a 
small portion of the surface of a finite sample.) 

Following Walker’s method for the magnetostatic 
mode problem, it is found that the characteristic po- 
tential function, ¥, may be written as a product, 
¥=X(x)V(y)Z(s), and, as expected, the solutions are 
plane waves. Y(y) and Z(s) have the form e“*” and 
e“*«, where k, and &, must be real and may take on 
continuous values, due to the infinite extent of the 
surface. Outside of the ferromagnetic medium X‘*(x) 
=exp(k,*x) where k,' (k,?+k,?)'|. Within the me- 
dium X‘(x)=exp(rk,'x) and for solutions with fre- 
quencies within the spin-wave band &,' is real and 
boundary conditions may be satisfied for a given spin 
wave, e'*’', by adjustment of the spatial phase of the 
spin-wave configuration. For a given k, and k, we find 
that there is no more than one solution, in terms of 
k,' and w, which lies outside of the spin-wave band. 
When it exists this solution lies in the frequency range 
y(BH,y)'<aw<~y(H;+2xM) and the wave vector com- 
ponent &,‘ must have an imaginary part, thus assuring 
a surface wave character. For these solutions 


k,‘=k,,'+ik;;', 


where 
«K Sina COSa 


1 +k ( os’a 


1+« 1 ay 
| (a+ ne H)] |, 
1 i+« cos’a 1+« cos*a 


The characteristic equation for the surface modes, as 
derived from the magnetostatic boundary conditions, is 


(1+« cos*a)k,;'+ (v cosa) ky +k,“=0, (1) 


where 


y4rMw 


7H F—o* 


y4rM H, 
«= and y= 


yH 7-2 


The first and third terms of Eq. (1) are always positive 
for w>y(B,H,)', and, since v is negative, solutions are 
only possible for positive k,. Thus all the surface wave 
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Fic. 1. Coordinate system orientation. 


MODES 


AND SURFACE SPIN WAVES 1209 
solutions must be traveling waves with respect to their 
y component. 

Solving Eq. (1) for w leads to a very simple expression 
for the frequencies of the allowed surface modes in terms 
of the applied field, the saturation magnetization, the 
angle a (previously defined) and an angle 8, which is 
the angle between the surface propagation vector k, 
(where k,?=k,?+-,”) and the positive y direction (i.e., 
tan8=k,/k,). The result is 


w A; 1 B, 
+ cosa cosp, 


7 2 cosa cos8 2 


where solutions are only permitted for 
1> cosa cosS> (Hi; B,)}. (3) 


For cosa cos8 = 1(a=0, 8=0) the frequency is w= y(H; 

+2xM). Thus, the only mode existing at this frequency 
would be a purely transverse (y directed) wave on a 
sample magnetized parallel to its surface. Modes prop- 
agating at the limiting angles (either in @ or 8) have 
frequency w=(B,7,)'. An increase in the de field not 
only compresses the frequency range of the surface 
modes but limits their existence to more nearly trans- 
verse modes on surfaces more nearly parallel to the 
internal de field. 

In finite samples such as spheres and ellipsoids we 
would expect, from the above, that surface modes will 
exist in the frequency range y(B,J7;)'<w<y(Hi+2eM) 
on those parts of the surface most nearly parallel to the 
internal field and that they will propagate in nearly 
transverse directions. Indeed in the case of spheriods? 
the argument of the characteristic function for the co- 
ordinate normal to the sample surface changes from 
real to imaginary as one goes from modes in the spin- 
wave band to those above it. This assures a surface 
mode character to the modes above y(B1,)' which 
becomes most pronounced when the principal mode 
number, n, is large. In each set of modes of a given (n,m) 
there is only one mode, the (#,m,0) mode in Walker’s 
notation, that has the possibility of lying above y(B,/7,)'. 
Examination of the characteristic function of the (n,m,0) 
modes lying above y(B,//,)' shows that they have sig- 
nificant araplitude only on that part of the surface that 
is nearly parallel to the internal field. From Walker’s 
Eq. (21) in reference 2 it may be shown that the (,m,0) 
mode of a sphere lies above 7(B,/7,)! if 


m Hy 
>( ) P (4) 
n+1+-(0,1) B, 
In the sphere we may identify m with the total surface 
wave number and m with its transverse component, and 
thus m/n — cos. For n>>1 Eq. (4) then corresponds to 
Eq. (3) above. For small nm the deviation of m/[n+1 
+ (0,1) ] from m/n takes account of the penetration of 
the surface waves to depths comparable with sample 
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Fic. 2. A schematic representation of the magnetic mode 
spectrum of a finite ferromagnetic body 


dimensions, as well as the curvature encountered, in a 
similar way that cose accounts for the effect of a tipped 
surface in Eq. (3). Also we note that (#,m,0) modes 
only exist for m positive, corresponding to our finding 
that k, must be positive 
spheroids the (n,m,0 


conclude that in 
modes are surface modes, when 
they lie above y(4,/7,)', with properties analogous to 
the surface modes of a plane surface. 


Thus we 


From the above, and the previous studies, it is ap- 
parent that the surface modes are merely part of the 
total set of solutions, the vast majority of which are 
modes within the spin-wave band. In fact, as one might 
expect, it can be shown that the number of surface 
modes increases as |k! while the number of volume 
type modes increases as |k|*. At large |k! therefore the 
number and frequency distribution of the volume modes 
is little affected by those that have become surface 
modes, and the volume mode spectrum merges into the 
spin-wave spectrum of an infinite medium‘ regardless of 
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sample shape. The surface mode spectrum at large |k|, 
on the other hand, is intimately related to sample shape, 
sample orientation in the dc field and strength of the 
dc field. The frequency density of the surface modes 
of a plane surface for a given &, has a pole at both 
W =(BH,)' and at w 7 H ;/2 cosa)+ 4B; cosa}, as 
shown in reference 1. In a finite sample whose surface 
has a distribution in a we would expect the pole at 
7(B.H,)' to remain but the other pole may not. 

Some observations may be made about the case where 
becomes im- 
portant. Initially, as k increases, the exchange energy 
may be considered as a perturbation on the problem 
already solved. In this case, following Kittel and 
Herring,® the result is that the frequency of a given 
surface wave increases in the same way as if an addi- 
tional field AH ;= Ck? were present, 
of the exchange interaction and 
if this value of & is used for the 
complete spin-wave spectrum is contained in the fre- 
quency range y(H;+Ck) <w<y(Hit+2eM+C*) and 
the spin-wave spectrum may be plotted as in Fig. 2. 
For the surface wave at the upper limit a=0 and 6=0; 
thus k,=0, k,'=ik,, and k*=2k,?. For other waves, 
however, k may be very large even for small k,, so that 
exchange may no longer be considered a perturbation. 
In particular, for large |k.'| additional boundary con- 
ditions must be considered (see Ament and Rado and 
Kittel”) and the problem becomes considerably more 
complex. 

Finally, it is felt that the recognition of the existence 


k is large enough that exchange energy 


where C is a measure 
k2+-|k,'|?. Thus, 


surface waves, the 


of these surface modes may be of 
the explanation of the 
width, especially since 


some importance in 
line- 
surface roughness is known to 


play an important role in certain experiments.*® 


ferromagnetic resonance 
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Experimental Fusion Curves of Indium and Tin to 105 000 Atmospheres*t 
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The experimental fusion curves of indium and tin have been determined to a pressure of 105 000 atmos- 
pheres. The melting point was detected at various pressures by means of a sharp increase in the electrical 
resistance of the sample, which gave rise to a sudden increase in the sample temperature. The melting 
temperature of indium was found to rise smoothly from a normal value of 156°C to a value of 417°C at 
105 000 atm. The experimental data are fitted very well by the Simon equation P/a=(T/To)*—1, with 
a=15 000 atm, c=4.34, and Ty>=429°K. No evidence of polymorphism is observed. A phase transition is 
found for tin, with a triple point on the fusion curve at 38 000 atm, 318°C. The melting temperature for the 
first phase rises smoothly from its norma! value of 232°C to the triple point, and the data are fitted very well 


by the Simon equation with a= 7400 atm, c=11.3, Ty=505°K. The melting temperature for the second 


phase rises smoothly from the triple point to a value of 500°C at 105 000 atm, and 


well by the Simon-type equation (P —38 000 


the data are fitted very 


21 800 = (7/591)***—1. The uncertainty is estimated to be 


approximately +5% in the measured melting temperature, +5% in the pressure calibration, +20°% in 
the Simon coefficient a, and +2°%, in the Simon exponent ¢ 


INTRODUCTION 


‘EVERAL attempts have been made in the past to 
theoretically predict the nature of fusion curves at 
high temperatures and pressures. The most notable have 
been those of Lindemann,' Lennard-Jones and Devon- 
shire,? Domb,’ de Boer,‘ Salter,’ and Gilvarry.® Of par- 
ticular interest in the foregoing treatments are their 
theoretical justifications of a semiempirical fusion curve 
first proposed by Simon,’ which has had remarkable suc- 
cess in fitting the experimental data of a wide variety of 
substances. This curve takes the form P/a= (T/T ))*—1, 
where T is the melting temperature at pressure P, To is 
the intersection of the fusion curve with the temperature 
axis, or essentially the normal melting point, and a and 
c are empirical constants, taken to be closely related to 
the “internal pressure” and interatomic forces, respec- 
tively. The Simon equation was originally thought to be 
valid only for the frozen inert gases, but recent experi- 
mental work with metals*-” has clearly demonstrated 
its validity in this area as well. 

With the development of a new super-pressure ap- 
paratus" capable of generating pressures in excess of 
100 000 atmospheres simultaneously with temperatures 
up to about 3000°C, it was felt that significant contribu- 


* This work was su pported by the National Science Foundation 
t Part of a thesis submitted in October, 1959, by J. D. D. in 
partial fulfillment of the requirements for the Ph.D. degree in 
physics at the University of Utah. 
} Present address: Applied Research Division, Sandia Corpora 
tion, Albuquerque, New Mexico. 
'F. A. Lindemann, Physik. Z. 11, 609 (1910). 
?J. E. Lennard-Jones and A. F. Devonshire, Prox 
London) A169, 317 (1939), and A170, 464 (1939) 
*C. Domb, Phil. Mag. 42, 1316 (1951). 
* J. de Boer, Proc. Roy. Soc. (London) A215, 4 
*L. Salter, Phil. Mag. 45, 369 (1954). 
* J. J. Gilvarry, Phys. Rev. 102, 308, 317, 325 (1956) 
7 F. Simon and G. Glatzel, Z. anorg. u. allgem. Chem. 178, 309 
1929). See also F. Simon, Trans. Faraday Soc. 33, 65 (1937) 
* F. Simon, Nature 172, 746 (1953). 
*H. M. Strong, J. Geophys. Research 64, 653 (1959 
” H. M. Strong and F.- P. Bundy, Phys. Rev. 115, 278 (1959). 
“ H. T. Hall, Rev. Sci. Instr. 29, 267 (1958). 
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tions could be made to the problem of fusion curves of 
metals. Indium and tin were chosen for the first experi- 
ments because of their relatively low normal melting 
points, malleability, low reactivity, and (in the case of 
tin) promise of interesting behavior with respect to 
polymorphism. This paper presents the detailed data of 
these experiments. 


APPARATUS 


The tetrahedral-anvil apparatus, which was used in 
these experiments, has been adequately described with 
photographs and diagrams in other papers."-” In es- 
sence, four cemented-tungsten-carbide anvils, with equi- 
lateral triangular faces, are driven simultaneously 
against the four faces of a pyrophyllite” sample-holder 
shaped in the form of a regular tetrahedron (see Fig. 1). 
The edge length of the pyrophyllite tetrahedron is 25% 
greater than the edge length of the triangular face of 
each anvil (being }§ in. and } in, respectively, in the 
experiments described below). Because of this, some of 
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1. Pyrophyllite sample-holder and assembly. 


*H. T. Hall, Sci. American 101, 61 (November, 1959). 
“ This is a hydrous aluminum silicate, Al,O,-4SiO,- HO, some 
times known as Tennessee Grade-A Lava 
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Fic. 2. Detail of sam- 
ple assembly, without 
graphite heating tube 
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the pyrophyllite is forced to flow into the space between 
adjacent anvils when they are driven together, thus 
forming a compressible gasket. The pyrophyllite has 
sufficient internal and surface friction to do this, and 
yet not so much as to be unsuitable in its pressure- 
transmission properties. The surface friction of the 
pyrophyllite, which is particularly important for the 
formation of a gasket that will hold in place between 
adjacent carbide faces without blowing out, is enhanced 
by painting the outside surface of the tetrahedron with 
red iron oxide powder. The gasket thus formed, in a run 
up to 105 000 atmospheres, is about } in. in width and 
0,020 in. in thickness. 

The sample itself is in the form of a small cylinder, 


+ in. long and ¢ in 


in diameter, aligned through the 
center of the pyrophyllite sample-holder, coaxial with a 
line joining the mid-points of two opposite edges. As 
shown in Fig. 2, the sample S is simply placed into a 
cylindrical hole drilled in the pyrophyllite, and bounded 
on the ends by mild steel plugs D, which are 7 in. thick 
and »y in. in diameter. (These were found to effectively 
prevent extrusion of the sample through the ends of the 
container.) Electrical connections are made to the sam- 
ple through 0.005-in. metal “contact tabs” G, and 
thermal insulation is provided at the ends of the sample 
container by the pyrophyllite prisms C. The metal tabs 
G from the ends of the sample each make contact with 
the faces of a pair of anvils which bring in the ac heating 
current. 

It has also been found advantageous to place triangu- 
lar steel “clamping tabs”’ (cut from 0.005-in. shim stock) 
over the two edges containing the removable pyro- 
phyllite prisms (see Fig. 3). When the anvils are just 
being driven in against the pyrophyllite tetrahedron, 
particularly before the gasket is formed, there is a 
tendency for the edge assembly on each end of the sam- 
ple to become misaligned, sometimes allowing the 
sample to extrude. These steel tabs seem to prevent this 
problem by holding the assembly in place during the 
formation of the gasket. When significant pressures are 
applied, the pyrophyllite breaks through the tab and 
forms a normal gasket, so that the clamping tab does 
not. interfere with a symmetrical load being applied to 
the sample. 


rhe temperature of the sample is measured by means 
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of a platinum-platinum+ 10% rhodium (P-PR) thermo- 
couple, the hot junction of which is embedded directly 
in the center of the sample at T. The wires, each 0.010 
in. in diameter, are fused together at the hot junction. 
The cold junction is maintained at 0°C in an ice-water 
bath outside the apparatus, and the thermal emf is re- 
corded automatically on a strip-chart recorder. The 
leads from the hot junction are brought out through 
opposite edges of the pyrophyllite tetrahedron, through 
the gaskets formed between adjacent anvil faces. It was 
found that with this arrangement, the sample had a 
tendency ‘0 flow out along the thermocouple leads upon 
melting, thus short-circuiting the thermocouple. (This 
effect was particularly pronounced with the indium, 
which is the more fluid of the two substances investi- 
gated. In some cases, the flow was of such magnitude 
that indium could be found out at the edges of the 
tetrahedron following a run.) This would cause the 
thermocouple to read some kind of an average tempera- 
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ture over the short-circuited region, which would in- 
troduce error by yielding a temperature reading con- 
siderably lower than the sample temperature. In at- 
tempts to eliminate this source of error, two other types 


of sample assemblies were used. In one case, the sample 


a Nichrome sleeve, of $ in. outside 


diameter and 0.005-in. wall thickness, containing end 
caps, with the thermocouple junction spot-welded to the 
outside of the sleeve 

sample in a graphite 
0.014-in. wall thickness, 
plugs (as shown in Fig. 1 


was contained in 


Che other assembly contained the 
sleeve of }-in. o.d. and about 
in. graphite end 

1e thermocouple junc- 
e just outside and ad- 
jacent to the sleeve In both of these 


arrangements, 
assembly was effected by using two pyrophyllite half- 


bounded by 3}5 
with tl 


tion embedded in the pyrophylli 


tetrahedrons, such that the axis of the sample lay in the 
dividing plane.) All three types of sample assembly were 
used with each of the materials investigated. 


In order to prevent the thermocouple leads from being 





EXPERIMENTAL FUSION 
pinched off during the formation of the gasket, it was 
found necessary to use protecting sheaths of pyrophyl- 
lite. (See Fig. 3.) When these sheaths, each of thickness 
0.040 in., are placed on each side of a thermocouple lead 
where it enters the pyrophyllite tetrahedron, the in- 
coming carbide anvils clamp down on the sheaths before 
the gaskets are formed, and the securely held sheaths 
prevent undue flowing of the pyrophyllite adjacent to 
the thermocouple wire. It was found possible to keep a 
thermocouple intact in this manner over the entire 
pressure range, as long as the pressure was increasing. 
However, the thermocouple would invariably break as 
the pressure was being released, indicating that con- 
siderable flowing of the pyrophyllite was taking place 
as the pressure was decreased. 

The measurement of the sample temperature depends 
upon the reliability of the P-PR thermocouple over the 
entire pressure range. Strong’ reports that in the Genera! 
Electric Research Laboratories, several different ther- 
mocouples were compared on the “Belt” apparatus over 
a wide pressure and temperature range. It was concluded 
there that the handbook tables for P-PR probably agree 
with the true high-pressure calibration to within +10%. 
Further details on these tests are given in a later paper.’ 
In a previous experiment at General Electric, Hall" had 
compared a P-PR thermocouple with a chromel-alume] 
thermocouple up to 100 000 atmospheres and 1000°C, 
and found agreement within 0.3% over the entire range. 
The question still seems to be largely unsettled. 

As in the “Belt” apparatus, the pressure cannot be 
measured directly, but must be determined in terms of 
the applied load from a previous calibration of the ap- 
paratus. The pressure chamber can be calibrated by 
means of certain elements which undergo sharp resist- 
ance changes at certain fairly well-known pressures 
These elements, for which the transitions and pressures 
at which they occur were measured by Bridgman," are 
Bi (24 800 atm), TI (43 000 atm), Cs (53 500 atm), and 
Ba (77 400 atm). Because of the difficulty encountered 
in working with cesium (extremely reactive, spontane- 
ously igniting when exposed to air, and a liquid above 
28.5°C), and because of some uncertainty in the tran- 
sition pressure of thallium, only the bismuth and barium 
transitions were used for calibration purposes. The cali- 
bration curve is plotted in Fig. 4. The pressure calibra- 
tion is thought to be accurate to +5%. 


EXPERIMENTAL PROCEDURE 


At a given pressure, the melting temperature is de- 
tected essentially by means of an electrical resistance 
change in the sample. The resistivity of molten indium, 
for example, is about three times that of the solid, and 
liquid tin has a resistivity of about four times that of the 
solid. (See International Critical Tables, Vol. 1, pp. 103- 
104.) In an experimental run, the heating power is 


“ H. T. Hall (unpublished). 
‘6 P. W. Bridgman, Proc. Am. Acad. Arts Sci. $1, 165 (1952) 
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Fic. 4. Calibration curve for tetrahedral-anvil apparatus. 

increased very slowly as the melting point is approached, 
in order to approximate a condition of equilibrium as 
far as heat flow and temperature distribution are con- 
cerned. Under this condition, the maximum temperature 
of the sample should occur at its center, near the thermo- 
couple junction. As the melting temperature is attained 
at this hottest point, the sample begins to melt at its 
center, and increases in resistance. Now the resistance 
of the entire sample is a fairly small fraction of the total 
resistance in the leads, connections, etc., in the heating 
circuit, so that even though the sample resistance may 
increase by several times its initial value, the effect on 
the total circuit resistance is small. This means that the 
current remains nearly constant as the sample melts, 
while the voltage drop through the sample increases 
significantly. Hence, as the sample begins to melt, the 
heating power is sharply increased in the molten portion, 
and the temperature accordingly undergoes a sharp in- 
crease. This effect causes the entire sample to quickly 
melt from the center outwards, in a sort of “avalanche 
effect,” and the strip-chart recorder indicates a sharp 
increase in the thermal emf, corresponding to a jump of 
about 55°C in indium, or about 85°C in tin. (See Fig. 5.) 
The melting temperature is taken to be the thermo- 


‘couple-recorded temperature at which the “avalanche” 


begins; that is, the value of the temperature at the 
initial point of its sudden increase. 

The lowest pressure at which melting point measure- 
ments were made was about 6500 atmospheres. Read- 
ings at pressures below this point were found to be 


inconsistent and inaccurate. Gasket formation takes 


place from about 3000 to 5000 atmospheres, and evi- 
dently pressure is not effectively transmitted from the 
anvils in to the sample until the gaskets are fully formed. 
The melting temperature was usually measured at about 
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TEMPERATURE 
Fic. 5. Typical strip-chart record of melting 

every 6500 atmospheres, although on some runs meas- 
urements were made at about every 1300 atmospheres. 
(The 6500-atmosphere increment corresponds to an in- 
crement of 500 psi in the oil pressure of the hydraulic 
rams. This means that measurements were made at 
every 500 psi up to a maximum of 8000 psi, which 
corresponds to 105 000 atmospheres. ) 

Considerable variance existed in the measured fusion 
curves for a given substance, due to the difference in 
heat loss of the various samples. For example, out of the 
fusion curves that were measured for indium (three with 
graphite sleeves, two with Nichrome sleeves, and two 
without any sleeves, the sample being placed directly in 
the pyrophyllite with the thermocouple junction in the 
center of the sample), the measured melting tempera- 
tures at about 80 000 atmospheres were as follows: for 
the three with graphite sleeves, 335°C, 329°C, and 
301°C; for the two with Nichrome sleeves, 308°C and 
303°C; and for the two without sleeves, 336°C and 
259°C. This represented a spread of about 25%, com- 
pared to the ave rage 

In order to correct for this heat loss (due in this case 
to thermal conduction radially outwards from the mid- 
point of the sample), the following first-approximation 
correction formula was used: 


t=tn+kR(tm—ta), (1) 


where / is the corrected temperature at the center of the 
sample where melting begins, /,, is the measured tem- 
perature recorded by the thermocouple, and /, is the 
ambient temperature of the anvils, taken to be the 
temperature to which the thermocouple immediately 
drops just when the power is shut off after detection of a 
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melting point. The proportionality constant k for a given 
sample was determined by extrapolating the fusion 
curve for that sample into the temperature axis, com- 
paring the extrapolated value of the normal melting 
temperature with its known value, and using Eq. (1). 
The gratifying and rather astonishing result of applying 
this temperature correction to the measured fusion 
curves of both indium and tin was a very close corre- 
spondence of the corrected curves in each case over the 
entire pressure range. For example, the total spread 
in the corrected values of the melting temperature for a 
given pressure was less than 4% of the average. (Com- 
pare this to 25% for the uncorrected values.) 

The largest source of error in the corrected values of 
melting temperature was considered to be the extra- 
polation involved in the temperature correction. This 
involved a rather arbitrary extension of the measured 
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Fic. 6. Fusion curve of indium 

fusiom curve from a pressure of about 6500 atm down 
to zero, where the variation of reasonably extrapolated 
values (in the case of indium) was as great as +6% 
from the value finally used. This variation led to un- 
certainties of up to +4% in the corrected temperatures, 
and it is estimated that the total uncertainty in cor- 
rected temperatures, taking into account the extrapola- 
tion, heat loss through the thermocouple wires, un- 
certainty in temperature readings at the beginning of 
the melting “avalanche,” etc., is about +5%. 


RESULTS AND CONCLUSIONS 


The experimental fusion curve for indium is shown in 
Fig. 6. It is found to rise smoothly with increasing 
pressure from the normal melting temperature of 156°C 
at atmospheric pressure to about 416°C at 105 000 
atmospheres. The curve is normal in the sense of Bridg- 
man over the entire pressure range; it is concave towards 





EXPERIMENTAL FUSION 
the pressure axis, with no observable tendency to ap- 
proach either a maximum or a horizontal asymptote. 
No indication of polymorphism is observed. The data 
can be fitted very well by the Simon fusion equation: 


P/15 000 atm= (7 /429°K)**—1, (2) 


the corrected melting temperatures never varying more 
than 1% from this curve. The values of the constants 
in Eq. (2) were determined by the method of least 
squares. In order to estimate the uncertainty in these 
values, the Simon equation was also fitted by the method 
of least squares to the maximum and minimum curves, 
which were drawn through the extremities of the range 
of uncertainty for the measured melting temperatures. 
The results indicated that @ could vary as much as 
+20%, while ¢ changed only by +2%. 

By way of comparison, Butuzov and Ponyatovskii'* 
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Fic. 7. Fusion curve of tin 

found a nearly linear change up to a melting point of 
280°C at 30000 kg/cm’, with a mean increase of 
4.13 10-* deg/kg/cm*. The curve obtained here shows 
definite curvature in that range, exhibiting a melting 
temperature of 275°C at 30000 kg/cm? (29000 atm), 
with a mean increase of 3.96K10~™ deg/kg/cm*. The 
values are in agreement to well within the experimental 
uncertainty. 

The experimental fusion curve for tin is shown in 
Fig. 7. A phase transition is indicated, with a triple 
point at about 38 000 atm and 318°C. The curve of the 
first phase rises smoothly from the norma! melting tem- 
perature of 232°C at atmospheric pressure to the triple | 
point, where a discontinuity in slope occurs. (This dis- 
continuity was found to be reversible, and occurred 


VY. P. Butuzov and E. G. Ponyatovskii, Kristallografiya 1, 
736 (1956). 
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consistently at the same pressure for all samples.) The 
fusion curve of the second phase rises smoothly from 
the triple point to a melting temperature of about 500°C 
at 105 000 atm. The curves of both phases seem to be 
normal in the sense of Bridgman (with the exception, 
of course, that the curve of the first phase does not 
continue indefinitely). The data for the first phase can 
be fitted well by the Simon equation: 

(7/505°K)"4—~1, 


»/7400 atm (3) 


and the data for the second phase by the equation: 


(P—38 000) /21 800 = (7/591)***—1, (4) 


where 7» in the transformed Simon equation for the 
second phase is taken to be the triple-point temperature, 
or 591°K. The percentage uncertainties in the Simon 
coefficients and exponents are about the same as those 
for the corresponding values in the indium equation. 

These results can be compared to those of Butuzov 
and Gonikberg,'’ who reported a melting temperature 
of 309°C at 30000 kg/cm?* (29000 atm) for tin. The 
value indicated at that pressure by the data of this 
experiment is also 309°C. Butuzov and Gonikberg only 
carried their experiments to 34 000 kg/cm? (32 900 atm), 
and hence did not detect the phase change to a higher 
pressure modification. 

An experimental attempt was also made to determine 
the phase structure of tin below the fusion curve, with- 
out complete success. The electrical resistance of the 
sample was determined as a function of temperature 
(at constant pressure) up to the melting point for each 
of the pressures at which the melting temperature was 
measured, and consistent discontinuities in these curves 
were sought. There was some indication (by a change in 
slope of the resistance vs temperature curve, which 
seemed to appear fairly consistently over a certain 
pressure range) that a phase transition-equilibrium line 
might exist as shown by the dashed line in Fig. 7. There 
is considerable uncertainty in the exact position and 
curvature of the line, which may of course be partly due 
to a possible tendency of the lower temperature phase 
to superheat into a region of instability and therefore 
not consistently indicate a phase transition at the point 
of equilibrium. No consistent indications of phase tran- 
sitions were detected at pressures below those covered 
by the dashed line of Fig. 7, and the phase structure in 
the neighborhood of the triple point on the fusion curve 
is uncertain. It was concluded that new and more refined 
experimental techniques would be necessary to deter- 
mine this phase structure, and this will probably be 
taken up as a later project. 

The rather outstanding success of the Simon equation 
in fitting the experimental data of not only indium and 
tin but also the Group VIII metals investigated by 


'7V. P. Butuzov and M. G. Gonikberg, Doklad 
S.S.S.R. 91, 1083 
cember, 1953) 


Akad. Nauk 
1953) (English translation NSF-tr-144, De 





1216 D. DUDLEY 


Strong and Bundy would seem to indicate that the 
equation has real physical validity. However, it would 
seem equally clear that the physical nature of the Simon 
constants is not as yet understood. Simon sought to 
relate the coefficient a to the “internal pressure” by the 
relationship a= AE/V where AE is taken to be approxi- 
mately equal to the heat of vaporization or sublimation, 
and V is the atomic volume. Using the values AE= 57.5 
kcal/g-atom, V=15.7 cm*/g-atom for indium, and 
AE=70.0 kcal/g-atom, V=16.3 cm*/g-atom for tin,'® 
one obtains a= 151 000 atm for indium and a= 177 000 
atm for tin, which are not even of the same order of 
magnitude as the experimental values. Also, the rela- 
tionship c= (6y+-1)/(6y—2) between the Simon c and 
the Gruneisen , which was derived by both Salter® and 
Gilvarry,® gives values of ¢ considerably too low for 
any of the metals. On the other hand, the value of c 
determined for tin comes very close to the smooth curve 
through the points representing the alkali metals and 
the Group VIII metals on the c-y plot of Strong and 
Bundy.” This corroborates their suggestion that some 
definite functional relationship exists between ¢ and y. 
The point representing indium, however, falls in the 
neighborhood of the rhodium point, far from either 
curve. Of course, the calculated value of the Gruneisen 
constant" may well be in error because of its dependence 
upon the compressibility and the thermal expansion, 
both of which are evidently quite difficult to measure 
in the case of indium. 

It would seem rather significant that the Simon equa- 
tion can be applied equally as well to both phases of tin. 


In considering its application to the high-pressure phase, 
it becomes rather difficult to give the constant @ any 
physical meaning, since the curve extrapolates to a 


‘8 J. H. Hildebrand and R. L. 
trolytes (Reinhold 
3rd edition, p. 323 

“See E. Gruneisen, Handbuch der 
Springer, Berlin, 1926), Vol. 10, pp. 1-59. 


Scott, The Solubility of Nonelec- 
Publishing Corporation, New York, 1950), 


Physik (Verlag Julius 
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temperature of absolute zero on the pressure axis at a 
positive pressure of 16 200 atm. It would be interesting 
to see if the Simon equation fits the fusion curves of 
other high-pressure phases of polymorphic substances, 
such as those of bismuth. All in all, it begins to appear 
that the Simon relationship may be some sort of an 
inherent fundamental property of fusion curves, in addi- 
tion to having validity as an interpolation formula 
One other question which arises in connection with 
the ultimate behavior of any fusion curve is that of the 
possible existence of a liquid-solid critical point, analo- 
gous to the gas-liquid critical point. Such a point would 
nec essarily be characterized by the vanishing of both the 
latent heat of fusion and the volume change of the sam- 
ple in melting. No indication either in favor of or against 
such a phenomenon was indicated by these experiments. 
With this particular experimental arrangement, it was 
impossible to make measurements of either changes in 
sample volume or latent heat of fusion. The relatively 
small volume change of the sample upon melting was 
evidently absorbed by the large volume of « ompressible 
pyrophyllite in the tetrahedral sample-holder, and the 
heat loss through the large anvils was great enough to 
effectively mask any latent heat effects. (For example, 
when the sample was melted, and the heating power 
suddenly cut off, the te mperature dropped very fast to 
the ambient level, without a break in the cooling curve.) 
Therefore, the only indication of approaching a critical 
point that would be given by this experiment would be 
a lessening of the “avalanche effect’’ on the temperature 
as the sample is melted. (Even this would be incon- 
clusive, since it could conceivably be affected by volume 
change and latent heat in such a way as to compensate 
for the effect of the resistance change.) However, such 
, with either the 
indium or the tin. With both metals, the percentage in- 


an indication was not given in this cas« 


crease in temperature upon melting was approximately 
constant over the entire pressure range 
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The pressure dependence of the current density vs electric field characteristic for n-type germanium at 
297°K has been measured to a maximum pressure of 30 000 kg/cm#, and to a maximum field of 10 000 v/cm. 
It is concluded that the electrons are “heated” by the field sufficiently to cause the conduction band valleys 
along the (100) directions in reduced momentum space to be appreciably populated with electrons at 
atmospheric pressure. The pressure dependence of the angle « between current and field at 77°K has been 
measured to a maximum field of 3000 v/cm and a maximum pressure of 5000 kg/cm". ¢ is independent of 
pressure except for a smal! increase for applied fields of ~3000 v/cm. Suggested interpretations for the 


data are given. 


HE dependence on electric field E of the electrical 

conductivity of extrinsic n-type germanium was 
measured first by Ryder and Shockley,’ and subse- 
quently by many other workers.? At room temperature 
for E<500 v/cm, Ohm’s law holds. For larger fields, 
there is a gradual decrease in the conductivity until 
for E= 5000 v/cm, the current density reaches a satura- 
tion value. (For very much larger fields, there is a re- 
newed rise in current but little work has been done in 
this range.) A simple theoretical treatment, originally 
by Shockley* and subsequently by others,? assuming 
spherical bands and invoking mixed optical! and acoustic 
scattering, is in reasonable agreement with the data. 
The theoretical situation to date has been reviewed by 
Conwell.‘ 

The experiments reported here were undertaken in 
order to investigate the influence on the high field con- 
ductivity of the “silicon-like” (100) conduction band 
valleys which are about 0.16 ev above the (111) con- 
duction-band minima.’ The fraction of the conduction 
electrons in the upper valleys is ~}% at 300°K for 
thermal equilibrium conditions. As the electron tem- 
perature (this term is used to denote the mean electron 
energy without a commitment to a particular form for 
the distribution function) is increased by an applied 
field, two effects due to the presence of the (100) minima 
may be expected to occur: (1) an increase of the carrier 
density in the upper conduction band, (2) an increase 
in the frequency of interband scattering of electrons 


* Present address: Massachusetts Institute of Technology, 
Department of Electrical Engineering, Cambridge, Massachusetts. 

' E. J. Ryder and W. Shockley, Phys. Rev. $1, 139 (1951). 

*See J. B. Gunn, Progress in Semiconductors (John Wiley & 
Sons, Inc., New York, 1957), Vol. 2, p. 246, for a review and refer- 
ences to earlier work. 

* W. Shockley, Bell System Tech. J. 30, 990 (1951) 

*E. M. Conwell, J. Phys. Chem. Solids 8, 234 (1959 

*M. I. Nathan, W. Paul, and H. Brooks (to be published) 
M. L. Nathan, Harvard University, Gordon McKay Technical 
Report HP-1, 1958 (unpublished). 


between the sets of minima. Both tend to decrease the 
drift velocity.® 

The energy separation of the two sets of minima de- 
creases linearly with increasing hydrostatic pressure® 
until at ~ 35 000 kg/cm? the energies of the two sets of 
valleys coincide. To determine the influence of this 
upper conduction band, we have examined hot-electron 
effects as a function of hydrostatic pressure. 

The pressure apparatus has been described in detail 
elsewhere.* Longitudinal] current and the angle between 
current and field (tranverse effects) were measured as a 
function of applied field. Electrical circuitry and sample 
shapes were similar to that used by Sasaki, Shibuya, 
and Mizuguchi,’ except that the samples used for longi- 
tudinal measurements had no sidearms. 


LONGITUDINAL EFFECTS 


Figures 1 and 2 show the variation of current density 
with electric field as a function of pressure at room tem- 
perature for two samples, one with the current along a 
(100) direction, the other along a (110) direction. Be- 
cause of the mass anisotropy of each valley, the electrons 
do not gain energy from the field equally for all direc- 
tions of applied field, so that, in general, the conductivity 
is not scalar when Ohm’s law fails to hold.* For the two 
high symmetry directions chosen, the current and field 
are colinear, but only for the (100) case is the electron 
distribution and the contribution to the current the 
same for each (111) valley. For the other case, the 
valleys are equivalent in pairs. When one averages over 
all valleys, however, using the theory of Shibuya* and 


*P. W. Bridgman, Proc. Am. Acad. Arts Sci. 72, 157 (1938). 
M. G. Holland, Harvard University, Gordon McKay Laboratory 
Technical Report No. HP-4 (unpublished) 

7™W. Sasaki, M. Shibuya, oa K. J. Mizuguchi, J. Phys. Soc. 
Japan 13, 456 (1958), W. Sasaki, M. Shibuya, K. Mizuguchi, and 
G. M. Hatoyama, J. Phys. Chem. Solids 8, 250 (1959). 

* See, for example, M. Shibuya, Phys. Rev. 99, 1189 (1955). 
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the room-temperature anisotropy data of Sasaki et al.’ 
which implies that the valley populations are essentially 
equal, very little difference is expected in the character- 
istics of the two samples. 

Figure 3 shows the pressure dependence of the low 
field (Ohmic) conductivity for the two samples com- 
pared with earlier data.’ This serves to confirm that the 
samples and apparatus are behaving properly. 

Several main features may be observed in Figs. 1 and 
2. Firstly, for the lower-pressure range ($15 000 kg 
cm*), the pressure dependence of the conductivity is 
greater at intermediate fields than at low fields, while 
the field at which deviations from Ohm’s law set in 
(the “‘critical field,”’ Z.), remains essentially unchanged. 
Secondly, at the higher pressures, the samples remain 
“Ohmic”’ to much greater fields. Finally, in Fig. 1, where 
the maximum field was approximately 10 000 v/cm, it 
is seen that the saturation current is independent of 
pressure between 0 and 10 000 kg/cm?. Because of elec- 
trical breakdown of contacts in the high-pressure cylin- 
der, it was not possible to get this data at all pressures. 

To give a quantitative explanation of these data is 
difficult, though much can be said qualitatively by 
reasoning in terms of a Shockley-type theory.’ Rather 
than solve the Boltzmann equation, Shockley assumes 

*P.W Proc. Am. Acad 


Bridgman 


Arts Sci. 82, 71 (1953). 


1. The variation of current density with electric field as a function of 
at room temperature for a 


pressu re 
100) oriented sample 


a Boltzmann distribution function, and then derives rela- 
tions between mobility, electric field, and electron tem- 
perature by equating the power input to the distribution 
from the field to the energy-loss rate due to scattering. 
The power gain from the field is proportional to the 
square of the field multiplied by the mobility, which in 
turn, is proportional to the average momentum transfer 
per collision, irrespec tive of how inelastic the collisions 
may be. The power lost to the lattice, on the other hand, 
may be mainly due to highly inelastic, though relatively 
infrequent, processes which do not contribute signifi- 
cantly to determining the drift mobility. Thus, in 
germanium at room temperature, optical-mode scatter- 
ing probably contributes essentially all the energy loss 
while contributing at most 20°% to the inverse of the 
mobility.*-” If a monoenergetic distribution is assumed, 
it can be shown straightforwardly by use of the Shockley- 
type argument that any mechanism which either in- 
creases the energy loss or lowers the low-field mobility 
will cause E. to increase provided that all the electrons 
remain in one set of valleys (the (111) in germanium). 
In order to explain the fact that EZ, remains constant 
between atmospheric pressure and 20 000 kg/cm? while 
the effective low-field drift mobility decreases by a 
factor of two, it is necessary to take into account the 


” T. Morgan, J. Phys. Chem. Solids 8, 245 (1959 
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Fic. 2. The variation 
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tion of pressure at room 
temperature for a (110) 
oriented sample. 
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effect of the (100) valleys. The electrons with energy 
greater than the band-edge energy of the (100) valleys 
are distributed between the (100) and (111) valleys and 
are subject to interband scattering; their mobility is 
greatly reduced and to a first approximation their con- 
tribution to the conductivity may be neglected. As the 
field is increased above the Ohmic range and as the 
electron temperature increases, the number of electrons 
with energy above the band edge of the (100) valleys 
increases. Hence the conductivity is reduced more at 
high fields than at low fields. This tends to lower EZ.. As 
the pressure increases, this effect becomes more im- 
portant because the energy separation between the 
(100) and the (111) valleys decreases. Therefore, EZ, will 
tend to be decreased more at higher pressure. This is 
probably the mechanism which offsets the effect of the 
decreased low-field mobility with increasing pressure on 
E, and keeps it constant. It also accounts for the in- 
creased pressure dependence of the effective mobility in 
the intermediate field region (~ 3000 v/cm). 

From the interband scattering theory, the pressure 
coefficient of the conductivity can be calculated® as a 
function of temperature. If a Boltzmann distribution is 
assumed for hot electrons and optical-mode scattering is 
neglected, the calculation applies, provided the tem- 


10 
E (VOLTS /CM) 


perature is interpreted as the electron temperature, 7,. 
On this basis, the pressure coefficient of the conductivity 
or the current density should increase with increasing 
T. for kT, small compared with the energy separation 
of the conduction band edges and should decrease for 
kT, large compared with the energy separation. This is 
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Fic. 3. The pres 
sure dependence of 
the low field (Ohmic 
conductivity for the 
samples of Figs. 1 
and 2 compared with 
earlier data (see ref 
erence 9) 
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qualitatively consistent with the electric-field depend- 
ence of the pressure coefficient of the current density up 
to 9000 kg/cm? shown in Fig. 1. The current density is 
independent of pressure for fields of ~10000 v/cm. 
This suggests that &7, is large compared to the energy 
separation. 

However, the observed pressure coefficient at inter- 
mediate fields is almost an order of magnitude smaller 
than is expected from the calculation for kT, com- 
parable with the energy separation. Therefore, the con- 
clusion about 7, is not warranted, and the decreased 
pressure dependence of the current density for applied 
fields of ~ 10 000 v/cm is not consistent with this simple 
pic ture. 

For pressures higher than ~20000 kg/cm’, the 
current-field characteristics change more rapidly with 
pressure. The main feature of the data is that at the 
highest pressure the curve is essentially linear. This is 
readily understood. By ~25 000 kg/cm’, the popula- 
tions of the two bands are approximately equal at low 
fields. The mobility of both bands is quite low, owing 
to the large amount of interband scattering. In addition, 
the average energy loss per collision is considerably 
larger than at zero pressure. The argument for the latter 
statement is as follows: scattering between conduction 
bands is a transition which may involve a transverse 
acoustic phonon, since this is not forbidden by sym- 
metry.'' These transverse phonons have energies of the 
order of 100°K” and their number is quite large at room 
temperature. When such transitions are sufficiently fre- 
quent to determine the carrier mobility or momentum 
balance, as is the case for P30 000 kg/cm’, they must 
be an order of magnitude more frequent than the optical- 
mode scattering. Since optical-mode phonons, which 
provide the dominant loss mechanism at atmospheric 
pressure, have energies only about three times those of 
the interband phonons, the onset of a large amount of 
interband scattering at the higher pressures both de- 
creases the rate at which the electrons gain energy from 
the field and increases the rate of energy loss. The 
distribution then becomes very hard to “heat”, and 
Ohm’s law is obeyed to relatively high fields. 

The pressure dependence of the J vs E curve was also 
measured at 77°K to a maximum pressure of 5000 
kg/cm*. There is no pressure dependence of the curve 
exceeding the experimental error (~3%), but the pres- 
sure range obtainable is not large enough for a com- 
parison with theory. 


TRANSVERSE EFFECTS 


The angle, «, between the current and the electric 
field was measured at 77°K by measuring the voltage 
transverse to the current direction in samples cut from 
a (110) plane of such orientation as to give maximum 
anisotropy in the high-field conductivity. The current 

“ C, Herring and E. Vogt, Phys. Rev. 101, 944 


2B. N. Brockhouse and P. K. Iyengar, Phys 
(1957). 
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was fixed 30° from a (100) direction and the field was 
in the (110) plane. Sasaki ef al.’ have found that the 
variation of « with E goes through a maximum for an 
E of 10° v/cm for their samples. However, it has since 
been suggested by Gunn (private communication) that 
this maximum in E may be related to a geometric dis- 
tortion of the field lines in the neighborhood of the trans- 
verse probes. When the current density reaches satura- 
tion over the length of the crystal not including the 
transverse probes, the longitudinal field in the region 
where the transverse probes are located reaches some 
specific value Eo. E field in the rest 
of the sample, since the current density is lower in the 
region where the transverse arms are. As the applied 
field is increased, Eo tends to remain fixed since the 
current density is almost constant. The transverse 
voltage would then become independent of E and tane 
would decrease as E~'. 

Nathan™® has since studied these geometric ¢ ffects and 
found that in fact, Gunn’s suggestion applies to the 
maximum observed in « for 
used by Sasaki e/ al.’ 


is lower than the 


S imple s of the dimensions 
and to a lesser extent, those of 


Koenig," and those first used in the present work. The 


data of Fig. 4, however, was taken on samples with 


arms of the order of 10-? cm square. It is felt that the 
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the tangent of the 
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tation of which was chosen to give 
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results are truly representative of bulk properties for 
the range of data presented, since further reduction (by 
etching) of the size of the side arms left the shape of 
tane vs E unaltered. 

The observed variation of ¢ with E can be understood 
in fairly simple terms. It is simplest to think in terms of 
only two (111) valleys, each oriented differently with 
respect to the electric field so that beyond the Ohmic 
region the electron temperatures will be different in 
each. Under these conditions, the conductivity becomes 
anisotropic (since the mobility is field dependent), as 
may be seen by a simple geometric argument.’ Carriers 
from the tail of the hotter distribution, those above the 
energy of the phonon involved in intervalley scattering’ 
will scatter by spontaneous emission of the ~300°K 
intervalley phonons to the cooler valley. Similarly, those 
carriers in the cooler valley, for which it is energetically 
possible, will scatter to the hotter valley. As long as the 
electron temperature is less than ~300°K, a steady 
state will be reached for which there are more and more 
carriers in the cooler valley as the field is increased, so 
the total net transfer rate will be the same in both 
directions. The net effect is to increase the measured 
anisotropy. The data of Sasaki suggests that the popula- 
tion ratio of the valleys is ~3:1 at the highest values 
of E. 

When the electron temperature increases in all (111) 
valleys to a magnitude such that much of the distribu- 
tion is at an energy large compared to the intervalley 
phonon energy, the steady-state population tends 
towards more equal population in all valleys, since all 
carriers can then spontaneously radiate intervalley 


phonons and scatter from one valley to the other. This 


would reduce the anisotropy at high fields. The maxi- 
mum in the tane vs E curve of Fig. 4, it is felt, is due to 
the onset of this condition. 
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With an increase in hydrostatic pressure, the maxi- 
mum value of ¢ increases as is shown in Fig. 4. A possible 
mechanism for this is similar to that responsible for the 
initial increase of ¢ at lower values of EZ. For large E, the 
tail of the distribution for the hottest (111) valley will 
overlap the (100) valleys. By symmetry (remembering 
that the (111) minima are at the zone boundary), these 
electrons will scatter equally to all (100) valleys, and 
from there, again equally, back to the (111) valleys. 
This two-step process when energetically possible, can 
be stimulated by phonons that are partially excited at 
77°K, since the selection rules" that forbid inter-(111)- 
valley scatterings by transverse acoustic phonons do 
not apply. Therefore, it may well compete with the 
one-step inter-(111)-valley process which at these fields 
is acting to equalize the valley population. With an 
increase in pressure, the (100) valleys are lowered rela- 
tive to the (111) valleys, making this two-step ani- 
sotropy-enhancing mechanism more probable. 

At still higher fields, it may well be that the popula- 
tion in the upper minima will be sufficient to make a 
significant contribution to the conductivity directly. 
The effect would be to reduce the anisotropy with in- 
creasing E, and for fixed E to reduce the anisotropy with 
increasing hydrostatic pressure. This effect hasn’t been 
observed for the fields attained. 
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The conductivity of Harshaw KCI crystals has been measured isothermally as a function of time in the 
temperature range 150-200°C, after exposing the crystals at room temperature to x-ray doses sufficient to 
produce about 10'*F centers/cm*. Besides the F band, a V band at about 5.75 ev is produced. If the F band 


is eliminated by optical bleaching before the measurement but the V band ren 


vains, the conductivity in- 


creases monotonically to an asymptotic value, which is equal to the conductivity of the unirradiated crystal 
for virgin samples but is lower for samples which have been annealed in air at 260°C beforehand. If both 
the F band and the V band are present, the conductivity increases more rapidly at first, and then decreases 
to an asymptotic value. The behavior is qualitatively similar to that previously observed in NaCl, though 
there are significant differences in the optical absorption spectrum and temperature dependence of the con- 


ductivity changes 


I. INTRODUCTION 


T is well established that the imperfection responsible 
for the F-band absorption in the alkali halides is an 

electron trapped at an anion vacancy. Seitz proposed! 
that the V bands in the ultraviolet were due to holes 
trapped at cation vacancies or vacancy aggregates. If 
this is so, the electrical conductivity of crystals con- 
taining V centers should be affected, since charge in the 
alkali halides is normally transported by the cation 
vacancy. Although Seitz’s models of the V centers may 
now be considered doubtful, because of more recent 
studies,?* nevertheless, large changes in conductivity 
are actually observed in colored crystals.‘ A correct 
model of the absorption centers should account also 
for their effect on the electrical conductivity. 

Because the absorption bands produced by irradia- 
tion depend strongly on the conditions of the irradiation 
and the previous and subsequent treatment of the 
crystals, it is important to seek correlations between 
simultaneous optical and electrical measurements. Also 
the production and destruction of the color centers 
differs in detail considerably among the various alkali 
halides. We have repeated the previous measurements 
on KCl in order to compare its behavior with NaCl. 
We have also measured the optical absorption after 
various stages of the conductivity changes. For these 
measurements, KCl has the advantage that the V 
bands within the range of our spectrophotometer are 
more clean-cut. 


Il. EXPERIMENTAL DETAILS 


The experimental procedure used in the present in- 
vestigation was generally similar to that previously 
reported.‘ The samples used were cleaved from potas- 


t This work was supported by from the National 
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sium chloride single crystals obtained from the Harshaw 
Chemical Company. The sample size was 1.0 1.00.2 
cm. Electrodes were painted on the two large faces, 
using Dupont No. 5584 silver paint. Some samples were 
irradiated as received from Harshaw without further 
heat treatment, and others were annealed in air before 
the irradiation and measurement. 

The x-rays with which the crystals were irradiated 
were obtained from a Norelco FA-60 tungsten target 
x-ray tube, operated at 40 ma and 50 kvp. The large 
faces of the specimen were perpendicular to the x-ray 
beam, about 3 cm from the tube window. A 1-mm thick 
KC filter was placed in front of the sample in order to 
cut out the softest x-ray component, and the samples 
appeared uniformly colored. 

The electrical! resistance of the « rystals was measured 


within one-half to one hour after the irradiation, using 


a General Radio Company electrometer-amplifier Type 
1230-A. The sample was put into a preheated furnace 
and was at temperature after 3 minutes in the furnace. 
Earlier readings were corrected using the temperature 
dependence of the unirradiated sample. The warmup 
corresponds to an effective starting time about 1 minute 
later than the actual time of insertion into the furnace. 

Optical absorption of the samples was measured with 
a Unicam SP 500 spectrophotometer. The optical path 
was through the thin edge of the specimen (perpen- 
dicular to the direction of the x-ray beam), since the 
electrodes were not removed. 


Ill. RESULTS 
1. Electrical Conductivity 


The effect of x-ray irradiation on the conductivity 
of KCl is qualitatively similar to that previously ob- 
served in NaCl. In Fig. 1 the behavior of virgin KCl 
and NaC! crystals which have been exposed to identical 
20-minute x-ray irradiations at room temperature is 
shown as a function of time at 173°C. The ordinate is 
the ratio of the conductivity ¢ of the colored crystal to 
the “‘normal”’ conductivity oo of the same crystal meas- 


ured before the irradiation. Although the x-ray dose 
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was the same for the two crystals, the optical absorp- 
tion, in particular the relative height of F- and V-type 
bands, was quite different. The optical absorption will 
be discussed in detail in the next section. The rapid 
rise of the conductivity from a low value, followed by 
a slower decrease to less than the normal conductivity, 
was characteristic of the colored crystals. 

Also shown in Fig. 1 is the relative conductivity of a 
colored crystal which had a 3-hour anneal in air at 
260°C before the irradiation. After annealing at this 
temperature the normal conductivity between 150° 
and 200°C is about half that of the virgin crystal, and 
the conductivity of the colored crystal is decreased 
even more. After the first anneal at 260°, however, the 
behavior is fairly reproducible. If the crystal is subse- 
quently irradiated, annealing at 260° restores the re- 
sistance to approximately its value before the irradia- 
tion, and the relative conductivity curves are similar 
after succeeding irradiations. An anneal at 600°C in- 
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Fic. 1. Relative conductivity at 173°C of NaCl and KCl 
irradiated 20 min as received, and of KC! annealed at 260° before 
the irradiation. 


creased the resistance of the unirradiated crystal to the. 


extent that the behavior could not be investigated. 
The temperature dependence of the conductivity 
changes is shown by Fig. 2, for an annealed KC! 
crystal. These data were all taken on the same crystal, 
which received a 3-hour anneal at 260° between succes- 
sive irradiations. The dependence on temperature in 
the range 150 to 200°C is similar to that for NaCl, but 
three differences should be noted. First, the initial rate 
of increase of conductivity, relative to the normal con- 
ductivity, is approximately independent of temperature 
in KCl, but in NaCl it increased with temperature with 
an activation energy of about 17 kcal/mole. Secondly, 
the temperature dependence of the slow conductivity 
decrease is much stronger than in NaCl; in KCl an 
activation energy of 48+8 kcal/mole can be estimated, 
compared with about 26 kcal/mole for NaCl. The dura- 
tion of the conductivity decrease appears to be insensi- 
tive to thermal history and to the amount of irradiation. 
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Fic. 2. Effect of temperature on relative conductivity of KC 
annealed in air, irradiated 20 min (A) 203°C, (B) 187°C, (C) 
173°C, (D) 159°C. 


Thirdly, the conductivity ultimately returns toward 
the normal value even at temperatures in the range 
150-200°C, whereas this tendency was not seen in NaCl. 
The effect of optically bleaching the crystal before 
the conductivity measurement is shown in Fig. 3. After 
the irradiation the samples were bleached with white 
light from a tungsten lamp until they were colorless. 
The most striking effect of bleaching the F band is that 
the conductivity peak is absent. The simplest behavior 
was that of the bleached virgin crystal (curve B), which 
returned monotonically to its normal conductivity. 


2. Optical Absorption 


Optical absorption measurements were made on the 
conductivity samples (removed from the furnace) be- 
fore, during, and after the conductivity measurements. 
The general results are illustrated by Fig. 4. 

A 20-min irradiation of a virgin crystal (curve A) 
produced the F band and a V-type band. The V; and 
V; bands were not resolved. The M and R bands were 
not observed except after longer irradiations. The 
height of the F band was 1.6 cm~; corresponding by 
Smakula’s formula to 8X10"*F centers/cm*, and the 
height of the V band was 1.0 cm™. These values were 
reproducible to within about 10% in different samples 
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Fic. 3. Effect of optical bleaching on relative conductivity at 
173° of KC) x-irradiated 20 min. (A) As received, colored. (B) As 
received, bleached with white light. (C) Annealed in air, colored. 
{D) Annealed, bleached 
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Fic, 4. Optical absorption of KCl x-irradiated 20 min. (A) As 
received. (B) Annealed in air at 260° before irradiation. (C) Same 
as B, after 30-min thermal! bleaching at 173°C. 


cleaved from the same crystal. By contrast, the same 
irradiation produced in NaCl an F-band height of 
13.0 cm™', corresponding to 9X 10'* F centers/cm', but 
a V band only about 15% higher than the V band in 
KCl. 

After annealing in air at 260°, the height of the F 
band produced by a 20-min irradiation was greater, 
3.0 cm™, but the height of the V band was about the 
same, 0.9 cm™ (curve B). These values were repro- 
ducible to within 10% after repeated anneals and 
irradiations. 

‘herefore, the three conductivity curves of Fig. 1 
correspond to crystals whose V bands were ali approxi- 
mately the same height immediately after irradiation. 
The annealed KCl contained roughly twice the F- 
center concentration of the virgin KCl, however, and 
the virgin NaCl contained eleven times the F-center 
concentration of the virgin KCl. 

During thermal bleaching, the F band decayed very 
rapidly at first and the V band decayed more slowly. 
After the F band decreased to the height of the V band, 
the two bands decayed more or less together. In Fig. 4, 
curve B for an annealed KCI crystal decreased to curve 
C after 30 min at 173°C. Curve C was measured at the 
peak of the conductivity curve in Fig. 1. In general, 
the two bands were roughly the same height at the 
peaks of the conductivity curves. At the end of the 
conductivity measurement, when the conductivity 
curve had levelled off, both bands were essentially 
down to the background. 

Optical bleaching with white light from a tungsten 
lamp eliminated the F band altogether, but left the 
V-band height virtually unaltered in both the virgin 
and the annealed KCI crystals. The V band was more 
stable against subsequent thermal bleaching, however, 
when the F band had been removed by optical bleaching. 
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IV. DISCUSSION 


The relation between the electrical and optical prop- 


erties of x-rayed crystals is apparently complex. Corre- 
spondances between the conductivity curves and the 
heights of the F and V bands can be sought on the 
basis of comparisons between KCI and NaCl, between 
virgin and annealed crystals, 
optically bleached crystals. 

Qualitatively, the peak in the conductivity curve 
seems to be associated with the presence of the F band. 
This peak is absent in both virgin and annealed KCl 
and NaC! in which the F band has been eliminated by 
optical bleaching, but is present in the other cases. In 
addition, the peak seems to be somewhat more pro- 
nounced in virgin NaCl than in KCl and the F band 
is much higher in NaCl. 

On the other hand, there is evidently no simple one- 


and between colored and 


one correspondance between the conductivity and op- 
tical absorption. There are cases in which the optical 
absorption spectrum is the same but the conductivity 
is different. For example, after optical bleaching the 
F band is absent and the V band is approximately the 
same initially in both virgin and annealed crystals, but 
the conductivity is quite different in the two cases 
(curves B and D in Fig. 3). Also, at the end of the 
conductivity measurement the absorption is essentially 
zero, as in the normal crystal, the conductivity 
differs in all cases. 

It is perhaps surprising that 
verse of the last situation ; 


but 


something like the in- 
lso appears to occur. Ingham® 
has concluded that immediately after the crystals are 
colored by irradiating at room temperature, the con- 
ductivity is essentially normal. He made measurements 
similar to ours at lower temperatures, in the range 65 
to 135°C, and observed that initially conductivity 
decreased with time. His conclusion is based on an 
extrapolation to zero time. 
Ingham’s measurements aré 
since at higher temperatures the 


consistent with ours, 
initial decrease was 
more rapid, and, by extrapolation, would be over in 
less than a minute at temperatures above 150°C. But 
his resuit means that our conduc 


be extrapolated to zero time. 


tivity curves cannot 

It was previously suggested‘ that the decrease in 
conductivity observed after long times in the colored 
specimens might be consistent with a mechanism in- 
volving annihilation of excess positive vacancies 
produced by the irradiation. A similar conclusion is 
more directly suggested by a comparison of the present 
results with the experiment of Ewles and Jain,* in which 
they have observed the rate of relaxation of the en- 
hanced conductivity produced by quenching KCl. They 
conclude, from the temperature and time dependence 
of the relaxation, together with the theory of Jain’s, 


ion 
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ELECTRICAL CONDI 
that the relaxation is limited by migration of negative 
ion vacancies to sub-boundaries in the form of cubes of 
the order of 10~* cm, with an activation energy of 43 
kcal/mole. Our activation energy is consistent with 
this value, although the distance the excess vacancies 
diffuse before they are annihilated would have to be 
much smaller in our case. 

The possibility cannot be excluded, however, that the 
peak in the conductivity curves is related instead to elec- 
trons released from the F centers during thermal bleach- 
ing. The observation of the peak only in samples con- 
taining the F band lends strength to this interpretation 

Crystals annealed in air are more easily colored than 
those as received from Harshaw, and the electrical be- 
havior is markedly. different. A possible explanation is 
that OH™~ centers, which enhance colorability,’* are 
formed during the anneal. The absorption curves of 
Fig. 4 are referred to an uncolored crystal, so that the 
OH~ absorption has been subtracted from them. Some 
of the uncolored virgin Harshaw KCI crystals had a 
peak absorption, relative to air, of the order of 1 cm™ 
at 204 my. Consequently, the number of OH™~ centers 
may have been comparable with the number of F 
centers produced by the irradiation. On the other hand, 
the uv abserption of the uncolored crystals was not 
strongly increased after an anneal in air at 260°C. 
Divalent cation impurities also increase the colora- 
bility,’ and precipitated impurities may be expected 
to go into solution during annealing. This effect should 
give an increased conductivity of the annealed crystals, 


7H. W. Etzel and D. A. Patterson, Phys. Rev. 112, 1112 (1958) 
* J. Rolfe, Phys. Rev. Letters 1, 56 (1958) 
*H. W. Etzel, Phys. Rev. 87, 906 (1952). 
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IRRADIATED KCl 1225 
however, and the reverse was observed. Neutron acti- 
vation analysis" of Harshaw KCl indicates that not 
more than 0.1 ppm of the relevant impurities are 
present. Also, in the case of NaCl it was not possible 
to return the crystal to its virgin state even by very 
slow cooling. Therefore, it seems more probable that 


‘hydrolysis products or oxygen are the impurities 


involved. 

Whatever the cause of the differences between virgin 
and annealed crystals, the electrical and optical effects 
may be directly correlated. If a virgin crystal is irradi- 
ated longer than an annealed one, so that the two have 
roughly the same F-band absorption, the electrical be- 
havior was found to be more nearly the same. 

The relations between conductivity and absorption 
may be understandable after two fundamental prob- 
lems have received completely satisfactory explana- 
tions. The identification of the V bands with trapped 
holes requires an understanding of the following ques- 
tions. First, the F-band area can be greater than the 
V-band area (as, for example, in the annealed KC)). 
What is the source of the F-center electrons which are 
not created leaving holes? Secondly, the V band can be 
present without the F band (as in KCI bleached with 
white light). Where are the electrons which have left 
the F centers but have not annihilated the holes? 
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In additively colored crystals of KCI:Sr a thermal reaction between F and Z, centers is observed. The 


reaction is reversible and approaches equilibrium in a few hours in the range of ten 


yweratures between 


70°C and 170°C. The equilibrium value of the ratio between the concentrations of F and Z, centers, (xp/xz2), 
does not depend upon the total amount of coloration nor upon the past history of the crystal, and for a 


given impurity content is a function only of temperature. For crystals containing 2.5 10™* 


of Sr, the experimental points fit the equation 


xp/xXz2=0.8X 10 exp 


A comparison of the latter empirical equation with those that can be derived through the 


molar fraction 


-0.28/kT), kT in ev 


application 


Of the mass-action law to some specific models of the F > Z, conversion is discussed 


N recent years considerable investigation has been 
concerned with the properties of color centers 

which are associated with divalent cations in alkali 
halide crystals. Studies of the optical properties,' 
luminescence,? photoconductivity,? and paramagnetic 
resonance’ of the Z centers have provided useful 
information on the electronic structure of the centers, 
as well as on the nature of the point defects associated 
with them. However, an unambiguous choice between 
the different models proposed for the Z centers®:* has 
not yet been possible. In this respect, the observation 
of the thermal reactions and equilibria in which Z 
centers are involved might prove to be particularly 
interesting. 

It has been shown previously that mutual conversion 
between F and Z, centers can be thermally stimulated 
in colored KCl containing Sr++.’ The reaction is 
reversible, and approaches equilibrium in a few hours 
at temperatures of the order of 100°C. The aim of 
the present work is to investigate some quantitative 
aspects of the F = Z, equilibrium, and to compare the 
results with those to be expected assuming a particular 
model of the Z.» center. 


EXPERIMENTAL METHODS 


The crystals of KCI: Sr were grown in our laboratory 


by the Kyropoulos technique from reagent grade 


materials. The Sr content of the crystals actually used 


in the measurements was determined by means of 


flame spectrophotometry, and was of the order of 


2X10 molar fraction, varying slightly among spec- 
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*G. Chiarotti, F. Fumi, and L. Giulotto Defects in Crystalline 
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imens from the same batch.’ The crystals were addi- 
tively colored at 550°C in potassium vapor; the density 
of color centers was normally of the order of 1+5 
< 10!*/cm’. 

The absorption measurements were taken at liquid 
nitrogen temperature, using a Beckman DU spectro- 
photometer, and a metal vacuum cryostat. The crystal 
holder contained a allowed the 
sample to be annealed in vacuum up to about 200°C. 

In order to study the thermal equilibrium between F 
and Z, centers the following procedure was used: the 
colored crystal was annealed in the dark at a certain 
temperature (in the range between 70°C and 170°C), 
quenched to liquid nitrogen temperature, and measured 


small heater, which 


for optical absorption; then it was reannealed at the 
same temperature, quenched, remeasured, and so on 
until no further change in the absorption spectrum was 
found. The same procedure was repeated at several 
temperatures, and the ratio between the heights of the 
F and Z, bands in mutual equilibrium was determined 
as a function of the temperature of annealing. 


RESULTS 


The curves of Fig. 1 show an example of the different 
equilibria between the F band and the Z; band, attained 
at various temperatures in a crystal of KCI containing 
2.5X10~ molar fraction of Sr. It can be seen that the 
equilibrium ratio between the concentrations of F 
and Z, centers increases with temperature. Measure- 
ments made on several spe that this 
ratio does not depend upon the amount of coloration, 
the crystal, but for a 
a function only of 


mens showed 
nor upon the previous history of 
given concentration of impurities is 
the temperature of annealing 

In Fig. 2 the ratio between the heights of the resolved 
F and Z; bands at equilibrium tted on a semi- 
logarithmic scale, as a function of 1/7, for three 
different crystals containing | same 


plo er 
approximately the 


traces of (a were 
order of 


* It was also found arc analysis that small 
present. A rough estimate tration of the 
10-* molar fraction 
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amount of Sr but different concentrations of color 
centers. 

No other bands (in particular no Z, band) were found 
present to an appreciable extent during the F = Z, 
conversion. This fact allows us to determine the 
oscillator strength of the Z;, band, assuming that the 
total number of color centers is conserved. In this way 
we find fz2=0.45+0.05. With this value of the oscillator 
strength, the experimental points of Fig. 2 fit the 
equation : 


A=0.8X 10', 
H=-—0.28 ev, (1) 


xp/Xg2=A exp(H/kT), 


where xp and xz, are the molar fraction of centers in 
mutual equilibrium. 

Similar measurements were performed on crystals 
containing other impurities, though with less clear 
results. In KCl: Ba the variations of the Z, band with 
temperature are comparatively small; furthermore, a 
strong M band appears at the various stages of the 
transformation, participating in the F = Z, equilibrium. 
On the other hand, in crystals of KC]: Ca the amount of 
Z:; band which can be obtained thermally is always 
very small. In both cases it was difficult to follow the 
equilibrium. 


DISCUSSION 


It seems interesting to compare the empirica! Eq. (1) 
with those which can be obtained through the applica- 
tion of the mass-action law to some specific models of 
the process F £ Z,. Two different models of the Z, 
center, proposed by Pick and Seitz, are shown in 
Fig. 3.5. 
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Fic. 1. Equilibrium between F and Z, bands at various tem- 
peratures: 80°C (curve 1); 120°C (curve 2); 160°C (curve 
3). The absorption measurements were taken at liquid nitrogen 
temperature. 
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Fic. 2. A logarithmic plot of the equilibrium ratio between the 
heights of the F and Z, bands, as a function of reciprocal temper- 
ature. The experimental points refer to three crystals containing 
the same amount of Sr (2.5X10~ mol. fract.), but different 
concentrations of color centers: (@) 2.710" centers/cm'’; 
(+) 4.7 10"* centers/cm’*; (©) 6.6 10"* centers/cm*. 


According to Seitz’s model, the thermal reaction 
between F and Z, centers could be a diffusion-controlled 
association such as 


C+F t Zz, (2) 


where the symbols stand for Sr*+*-positive ion vacancy 
complex, F center, and Z, center, respectively. The 
mass-action law applied in this case gives the following 
equilibrium condition : 


xe/xza= hKox- exp(—AW/kT). (3) 


x, being the molar fraction of the complexes, and AW 
the energy of association of a complex with an F center. 
Ky is an entropy factor, which takes into account the 
change of vibrational entropy due to reaction (2); 4 
is the ratio between the configurational weights of the 
complex and the Z, center in their ground state. 

In order to compare Eq. (3) with the empirical 
relation (1), the temperature dependence of x, must be 
taken into account. In principle x, varies for two 
reasons: in the first place, reaction (2) occurs at the 
expense of a certain number of complexes, and secondly, 
there is a simultaneous equilibrium between the 
complexes and the dissociated divalent ions. However, 
the number of color centers taking part to reaction (2) 
is much smaller than the total amount of Sr present 
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in the crystal: thus the first effect has a negligible 
influence on the concentration of complexes, which can 
be calculated by applying the mass-action law to the 
association between Sr++ and 
positive ion vacancies."” Taking for the association 
energy of the complex the theoretical value 0.39 ev," 


separate reaction ol 


it turns out that x, is practically constant in the range 
of temperature of interest, the degree of association 
varying only from 0.90 to 0.97. Therefore Eqs. (3) and 


(1) are identical, and coincide numerically provided 


AW =0.28 ev, Ko 


2AxX—A. 


These two figures are quite reasonable, even though 
the value of the association energy between an F center 
and a complex seems a little too large, since the two 
entities are neutral. However, it must be noticed that 
this value is an upper limit, owing to the slight tempera- 
ture dependenc e of a 

Alternatively, one could try to explain the observed 
results on the basis of Pick’s model. The simplest 
reaction which might be involved is 


F+]++ ts V-+2,, (4) 
where the symbols stand for F center, divalent ion, 
negative ion vacancy, and Z, center (Pick’s model). 
In this case, the mass-action law reads: 


x44) exp[(Wr—Wazs)/kT]. (5) 


X, and «x the molar fraction of 
impurities and negative ion vacancies; Wr and_Wz. 
the formation energies (absolute values) of the two 
centers in their ground state. Ko’ is an entropy factor 
which takes the change of vibrational 
entropy due to the occurrence of reaction (4). Assuming 
as before that there is a separate equilibrium between 


Xp/Xz2 Ko' (a 


are dissociated 


into account 


divalent ions and positive ion vacancies, which is not 
appreciably changed by the occurrence of (4), Eq. (5) 
changes to”: 

Xp/Xz2>= (12)'Ko"’ (x_/x.#) 


<exp[(Wer—W2t4W.)/kT]. (6) 


” A. B. Lidiard, Phys. Rev. 94, 29 (1954) 

" F, Bassani and F. G. Fumi, Nuovo cimento 11, 273 (1954) 

2 In this respect it should be noted that the maximum number 
of Z; centers is always much smaller than the number of dissociated 
divalent ions, in the range of temperature of our experiments 
For instance, in the case of crystal of Fig. 1, (xz2)max=0.9X10-* 


molar fraction, whereas x,, =0.8+ 2 10~* molar fraction. 
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energy of 


with x, practically constan s the 


association of a complex, includes also the 
entropy factor of the reaction of association between 
impurities and positive ion v: 
The discussion of Eq. (6 
that of Eq. (3 


concentration of negative 


traightforward as 


, because very s known about the 


on vacancies 


in our crystals. 


However, x_ is presumably very small in the range of 
temperature 
liberated in the 
number of 
temperature, owing to the 
furthermore, in any case x<<a 
to fit the empirical Eq. (1), one sl 


(Ws W zo 


vacancies 
itself. The 
with increasing 
rebuilding of the F 
The refore, in order 


ould take 


conside red, except lor the 


course of the reaction 
such vacancies decrease 


band; 


0.28 ev—4W~—047 ev; Ko>A. 


Actually, 


substituting reasonable values of the ratio 
r_/x,*, one easily obtains Ko’’ 


107+ 10°. A theoretical 


nvolving an analysis 


evaluation of Ko” is very difficult 
of the normal modes of vibration of an imperfect crystal 
However, factors of the order of unity are expec ted for 
This should be 
symmetrical reaction such as (4 
of Ko” as large as the one obtained seems rather 
unlikely. On the other hand, a value of —0.47 ev for 
(W e—W2ae) implies that the ground state of the Z2 
center is much lower than it of the F center. This 
rather difficult to justify; indeed, would 
in view of the fact that 
two centers in 
and that the 
is greater for the F center. 


most reactions especially true for a 
In any case, a value 


ibove 


seems one 


expect the opposite to be true, 


the thermal ionization energies of the 


their excited states art nearly the same,? 


optical excitation energy 


In conclusion, our experimental results seem to 


agree much better with Seitz’s model of the Z, center, 
do the measured quantities 
’ 


and 


since only in this scheme 
combine a simple meaning reasonable values. In 
this respect, however, our conclusions do not fit the 
the Z».-center 


lear results on the bleaching 


observations on the polarization of 


luminescence, and the less 
of the Z, band with polarized light*: as is known, these 


experiments seem to postulate a Z, center with a 


high degree of symmetry." However, it must be 


noticed that Seitz’s center, shown in Fig. 3(b), is not 


the only possible combinaticn of an F center with a 
complex ; centers with different symmetry, lying in the 
(100) as well as in the (110) plane, are also conceivable. 
The simultaneous existence of Z, centers with different 


configurations, might be tentatively assumed to 


reconcile Seitz’s model with the absence of polarized 


luminescence. 


% Evidence for this is given by uupublished results, obtained in 
this Laboratory by D. W. Lynch, showing that no detectable a 
band is present in uncolored Sr from 
various temperatures 

4 However, dichroism was found in the Z, band of NaCl 
after bleaching with polarized ligh maut and W. Dekeyser, 
Physica 24, 20 (1958). 
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In recent experiments Geschwind has observed transitions between the Zeeman components of the ex 
cited metastable state dé *1, of trivalent chromium present as a dilute impurity in Al,O,. In first order the 
transitions are forbidden. In third order a number of processes give rise to a transition probability and 
predict g,;=0.1, consistent with the experimental observations. The magnetic moment associated with the 
transition is shown to rotate opposite to the usual sense 


N a recent letter! Geschwind, Collins, and Schawlow’ these involve the close-lying level dé?I, and 

describe the detection of microwave transitions be- tabulated below: 
tween the Zeeman components of the metastable ex- 
cited state dé *I’; of Cr**, present as a dilute impurity 
in Al,O;. The state *I'; is two-fold spin degenerate and 
two-fold orbitally degenerate, and we may designate 
the four components as *I°;(1,4), M'a(1, — 4), *'s(—1, 4), 
and *I’;(—1, —4), where +4 is the spin quantum num 
ber and +1 is an orbital quantum number describing 
the transformation properties of the wave functions 
under rotation around the axis of quantization which is 
taken to be the trigonal axis of the crystal. Under the 
combined action of spin-orbit coupling and the trigonal 
crystal field the state "I's splits into two Kramer’s 
doublets separated by about 30 cm~. The upper doublet 
is comprised of the states *M'3(1,4) and *',(—1, —4), 
while the lower doublet contains the states *1;(1, —4 
and *f';(—1,4). In an applied magnetic field, these 
latter states split and give rise to the microwave transi- 
tions observed by Geschwind, Collins, and Schawlow.' 
Since no matrix components of angular momentum L 
exist in I's, and since the spin S cannot affect the orbital 
quantum number, it is clear that 


('rs(1, —4)|L+28|*r3(—1, })] 





vanishes, and that the transitions are forbidden to first 
order. It is of interest therefore to identify the proc- 
esses that give rise to a nonzero transition probability. 

The energy levels of the Cr** system of importance in 
the following discussion are shown in Fig. 1 which is 
similar to a diagram given by Sugano and Tanabe,’ and 
includes some additional levels. The levels are desig- 
nated in the strong field representation, and the existing 
matrix components are indicated by arrows. The ap- 
proximate experimental position for each level above the 
ground state dé ‘I’, is shown in wave numbers. The 
numbers in brackets are calculated from the value of 
the parameter B discussed below. V,, is the spin-orbit de? *r, 
interaction, V;, the trigonal crystal field, Vc the Cou- 
lomb interaction, and L the orbital angular momentum. 

A variety of processes give rise to a matrix component 
of (L+2S) in the third order. The most important of 





§e?(?1,) dq “rn, ‘2 





467(?r,\dy “r, 





de *r, 





2s. ae ee 
- 7 : 7 : ag3 2 EE 
''S. Geschwind, R. J. Collins, and A. L. Schawlow, Phys. Rev. Je° “Ty 4 - 
Letters 3, 545 (1959) 
*S. Sugano and Y. Tanabe, J. Phys. Soc. Japan 13, 880 (1958) Fic. 1. Excited energy levels of Cr** in a cubic crystal field. 
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raBe I. Contributions to g; from processes 1 to 10 


Process Contribution 


1 0.0297k 
0.0020k 
0.0040k 
0.0655k 
0.0547k 
0.00482 
0.00242 
0.0011k 
0.00442 
0.0109k 
0.0849% 


{ 1, 9) k, 


x} I", ), 


«[1'y’(0, 


\ 


2¢Kk. (10) 


These matrix elements are obtained from the tables 


prepared by 
Kamimura.' Eact 


Tanabe and 
process is supplemented by another, 
in which L,=(L,+iL,) appears 
at the opposite end of the chain. In these expressions, 


Tanabe and Sugano’* and 


of equal magnitude, 


tis the effective spin orbit coupling parameter for the 
d electrons and has been found by Sugano and Tanabe? 
to equal 140 cm™ from the splitting of #13. The quan- 
tity K measures the strength of the trigonal field and 
has been estimated by Sugano and Tanabe’ to equal 

350 cm™' from the splittings of ‘I's and ‘I’y. The pa- 
rameter & measures the reduction of the orbital angular- 
momentum matrix components in the de wave func- 
tions, and has been estimated by Sugano and Tanabe? 
to be equal to 0.6. B is the usual Racah parameter and 
determines the Coulomb interaction between the levels 
*I'4, 714’ and 71's, *I'3’. It may be estimated by fitting 
the position of the levels ‘I's and ‘I's,’ and an appropriate 
1 


value for the present case is 700 cm™'. The correspond- 


ing matrix elements of L L,.—1L,) are all zero. 


1954). 
Japan 13, 394 


*Y. Tanabe and S. Sugano, J. Phys. Soc. Japan 9, 753 
*Y. Tanabe and H. Kamimura, J. Phys. Soc. 
1958) 
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microwave field h with the 
L+2S8 


matrix 


The interaction of th 

where ya is the Bohr 
element of this inter- 
g, is the matrix element 
of the doublet, and 


were 


ion may be written uph 
We et the 
action equal to }giueh 

of L. between the 
h h, ih, If the transition 
ponents of 


magneton. 
where 
component 
between the com- 
an ordinary spin doublet, g; would be 2. 
ted in Eqs. (1-10) are found 
by dividing by the appropriate energy denominators in 
and are listed Table I. The 
omitted from this table give much smaller contributions 
to gi. For example, the 


['rs(1, 7 } V.. ] . 04 


1 


32 


The contributions to g, li 


each case processes 


two cases 


0.00068 0.000152, re- 
listed in Table I must be 
discussed above. Consequently 
the theoretical value of g; is 0.170. If we adopt the 
value k=0.6 estimated by Sugano and Tanabe,’ gi 
0.102. It will be noticed that the largest contribution 
to gi arises from the configuration interaction between 
levels of type dé and dé dy. 
Geschwind, Collins, and Schaw 


give contributions of and 
spectively. The final tot 


doubled for the reasor 


ow have determined 
ingular dependence of the field for 
n 0.06.! A more recent analysis 
ncluding the effects of crystal 
twinning,® places g, less than 0.2 


g. directly from the 
resonance to be less t} 
of the limits of error, 
lhe theoretical value is 
therefore consistent with t! 
We have determined 


from the state *I » 3) t he state *I'3(1, —4) by 


e experimental observation. 
above that a transition is made 
states formed an 


on would be caused 


way of the interaction }uzh_L,. If the 
ordinary spin doublet 
by the interaction pu equently the sense of 
rotation of the transit opposite to that of a transi- 
spin doublet. In 


sion by Pryce,® the 


tion between the state normal 
accordance with a re 
parallel g value in the spin mian for the excited 
state must be taken to be negatiy The 
of rotation has interesting i 


excited doub 


reve rsed sense 
tions concerning the 
relaxation of the by way of cross re- 
laxation with ground-state transit 


ions. 
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The conventional theory of the variation with temperature of the anisotropy of cubic crystals is extended 


to include the magnetoelastic constants 


T the Grenoble conference, one of us' reported a 
derivation of the relation K;~M" between the 
anisotropy constant K, and saturation magnetization 
M of cubic crystals which was somewhat more general 
than previous proofs. The other of us? commented that 
the same method could be used to derive a relation 
between the magnetoelastic constants and the mag- 
netization or temperature. It is the purpose of the 
present note to do this and also to discuss the conditions 
under which the result is valid. As is customary in the 
discussion of anisotropy and related subjects, our 
results will be expressed in the form of a functional rela- 
tion connecting the magnetoelastic energy with M 
rather than 7, but as the saturation magnetization M is 
itself a function of T, the form of dependence on T is in 
principle determined. 

Becker and Déring* show by symmetry considera- 
tions that in a cubic crystal, the magnetoelastic energy 
is given by an expression of the form 
F,°= BoLA ut+A 22t+A 33] 

+Bi[ (ay?— $)A 11+ (a2?— 4) Anet (a? }) As] 
+ Bel 2aryareA 12+ ZarrasA 23+ Zager, A i | 

+ss’(A +A 22+ Aas) 

+B pa(ar)A 11+ polar) A cot falas) A 33] 

+Bsl (Tayarsas?— ayere) A 12+ (Tarrrgay? — areas) A 23 


+ (Jaynes? —agr;) Aj |, (1) 


with 
ps(u) = (8/35) Po(u) = [— (6/7) 2+ (6/70) }, 
s'=a/a?+a;a?+a7a?—}. 


The direction cosines of the magnetization relative 
to the principal cubic axes are denoted by aj, a2, as, and 
the strain tensor A ,; is defined by 

X=xotAyxt+A pv+A 12, etc. (Ag; A i). 

‘J. H. Van Vleck, J. phys. radium 20, 128 (1959). See this 
article for earlier references and a review of the theory of ferro 
magnetic anisotropy, with which it is assumed the reader has 
some familiarity 

?C. Kittel, J. phys. radium 20, 135 (1959 

*R. Becker and W. Déring, Ferromagnetismus (Verlag-Juiius 
Springer, Berlin, 1939), p. 136. 


The constants 8, «++, 8s which we use are connected 
with the 4 constants used by Becker and Déring as 
follows 


Bo=bot+bbs; 8:=b:4+(6/7)b4; Ba=bet(1/7)bs, 
Bs=b3 +e, ; Bu=by; B= (2/7) bs. 


We believe our grouping of terms or definitions of 
constants is more fundamental as well as convenient, 
since thereby terms with different modes of temperature 
variation are sorted out. In particular, the coefficient 
of each 8 is a homogeneous surface harmonic, of degree 
4 for 83, 81, 8s, and of the second degree for 8;, Bs. The 
coefficients of the Becker and Déring bg, b4, bs, on the 
other hand, are mixtures of harmonics of degree 0, 2, 4, 
and we have absorbed the portions of the Oth and 2nd 
degree in Bo, 8, Be. 

The factors Bo, -«+, 8s or bo, «++, bs, can be functions 
of the magnetization or equivalently of temperature. 
In order to have more useful constants, Bo’, «++, Bs’, 
which do not involve these variables, we have simply to 
repeat Becker and Déring’s symmetry argument under 
the assumption that the local magnetization of a con- 
stituent has a modulus independent of temperature so 
that thermal effects arise only from its degree of align- 
ment. By a constituent we mean merely a single atom 
in the one-atom crystalline potential model of anisot- 
ropy, or each appreciably coupled atom-pair in the 
model in which anisotropy arises from modulations of 
interatomic coupling. We use the term local magnetiza- 
tion for the resultant moment of an atom or atom-pair. 
If the magnetism arises entirely from spin, the assump- 
tion of a constant local magnetization requires that 
(Sz;)?+ (Sy;)?+ (S2,)? in the one-atom, or (Sz;+Sz:)? 
+ (Syit+Sy2)?+ (Sa+S2)? in the atom-pair, be treated 
as an absolute constant. The Becker and Déring sym- 
metry argument shows that now the expression for the 
magnetoelastic energy can also be written as 
F,°=Bo[TAutAntAss] 

+By'[ (ay a 1)avA ut: - |+ ree (2/7)Bs" 


j~ ‘ Pat f (a\ 
x<[- + (Jag "Vay Vag’? —a;3""ay Ais], 


(2) 


instead of (1). Here the average is to be taken over all 
the constituents, which can differ in the direction of 
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their local magnetization specified by the direction 
cosines. 

We now use the transformation theorem for normal- 
ized Tesseral harmonics,‘ 


Ty” (0',¢') =X m Dn m(O,P,¥)T1"(0,¢), 
taking the unprimed polar axis along the direction of 


the resultant magnetization of the crystal, and the axes 


(3) 


for the primed system fixed relative to the principal 
cubic axes. The Eulerian angles connecting the two 
systems are ©, #, WV. If we regard all anisotropic effects 
as perturbations, so that they do not need to be included 
in the computation of the average values, then there is 
axial symmetry about the direction of magnetization 
in the unperturbed system, and only the member m=0 
of (3) averages to anything different from zero. Further- 
more, expect for a normalization factor, D,.” 


ordinary Tesseral harmonic. Hence 


is an 


(Ty (0',¢") av= 71” (O,%) (P1(cos8) ) av, 
where the Legendre polynomials P;(u) are normalized 
in the usual way, so that they reduce to unity at the 
poles. 

From (3) we see that 


1 
\@1 5 /av 


(4) 
The angle @ is that between the local magnetization 
and the macroscopic magnetization M. 


If zero subs« ripts denote the values at T 


by P2(cos@)) ay etc. 


(ay 


0, then if 
one is close to saturation, 


av= (M/M 


as has been shown by various writers, with progressively 
increasing generality, beginning with Akulov.®! 

On comparing (1), and (2), using (4), (5) and re- 
membering that the 3,’ are independent of M, we obtain 
our final result 


(P, (cos) (5) 


M 
M. 
VU 10 


Bu My 


Theory and Its Application to Atomic 
Inc., New York and London, 1959), 


‘EE. P. Wigner, Group 
Spectra (Academic 
Chap. 15 

°N. Akulov, Z. Physik 100, 197 (1936); C. Zener, Phys. Rev. 
96, 1335 (1954); F. Keffer, Phys. Rev. 100, 1692 (1955); J. H 
Van Vlec k, see reference one. 


Press, 


J 


H VAN VLECK 

It remains only to comment on the conditions under 
which (6) may be expected really to apply. Thermal 
treating the 6, 
The one-atom model can contribute 
to §3, Bs, Bs only if the 
the two-atom model 


expansion has been neglected in as 
absolute constants 

pin of atom-atom ex« eeds 3. In 
it must be supposed that the re- 
pair has its maximum value, in 
what Keffer® calls perfect 
correlation. With incomplete correlation the dependence 


sultant spin of the 
other words there must be 
or ss drastic. 


order effects can 


on temperature magnetization will be le 


In the atom-pair model, the fourth 
arise either from the first order effect of anisotropic 
exchange of quadrupolar form or the second order 
effect of that of dipolar form. Keffer® has corrected the 
work that latter 
gives the same form of temperature dependence as the 


former. Regardless of the model used, 


of various writers, and shown the 


it is basic to the 
that the (My>—M)/M,p be 

The appropriate curve 
iigher temperatures has been given by 


calculation in obtaining (6 
small compared w 


ith unity 
replacing (5) at 
Yosida and 


or completely correlated atom-pair model. 


lachiki’ for the case /=4 for the one-atom 

Experimentally, the place par excellence to test the 
theory is, of course, the ferrites or yttrium iron garnet, 
as questions of electron migration do not arise, and a 
considerable part of the anisotropy arises from the one- 
atom model. No adequate experimental data are avail- 
able, but the theory is very similar to that for the 
temperature variation of the anisotropy, and the latter 
Mn** and Fet** 
On the other hand, in metallic iron or nickel, 
the tenth 


theory are notoriously 


is well confirmed for t! ions in the 
ferrites. 
the experimental discrepancies relative to 
power relation predicted by 
bad.* As the way in which the directional factors enter 
is rather similar in the fourth order part of the magneto- 
striction and of the anisotropy constant K,, it is perhaps 
a fair approximation to assume that 83, 84, 8s depend on 
temperature in approximately the same way as does K,, 


and that 61, 82 vary considerably less rapidly. 


* F. Keffer and 1 

7K. Yosida and 
(1957). 

§C. D. Graham, Jr., Fifth Conference on Magnetism and M agnetic 
Materials, Detroit, Michigan, November, 1959 (J. Appl. Phys. (to 
be published) ], paper 55 
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Electron Capture and Loss by Hydrogen Atoms in Molecular Hydrogen* 
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University of Pittsburgh, Pittsburgh, Pennsyloania 
(Received November 20, 1959) 


Measurements of the single electron capture and loss cross sections for atomic hydrogen in molecular 
hydrogen are reported for atoms of energies 4 to 35 kev. Peaks in the loss cross section are found which 
appear to be associated with the formation of negative ions in the target gas 


I. INTRODUCTION 


HE sum of the electron loss and capture cross 

sections for hydrogen in the energy range 4-35 
kev has been measured by a method capable of yielding 
results precise to within 2 or 3%. The difference between 
the same cross sections has also been measured with 
comparable accuracy by means of a different technique 
but one employing the same apparatus. The result has 
been the discovery of structure in the cross section oo) 
for electron loss and perhaps in oo_; for electron capture 
as well. This structure is probably associated with the 
formation of negative hydrogen ions in the target gas. 


Il. APPARATUS 


The method employed in the measurement of ¢o;+-¢0_; 
has already been described.' In brief, a beam of protons 
accelerated to some energy in the kilovolt range is de- 
flected through 90° by an electromagnet with special 
pole-tips.? This magnet serves to determine the energy 
and focus the beam on the entrance slit of a scattering 


chamber (Fig. 1). In the forepart of this chamber the 


beam passes through high pressure H, and then between 
condenser plates maintained at several thousand volts 
for the removal of whatever protons remain. Beams of 
neutral atoms equivalent to 0.2 to 2 microamps are in 
this way prepared and sent through collimating slits 
into the scattering chamber proper. 

This consists of an array of nine identical condensers 
each 3 cm long followed by a Faraday cup in which a 
thin Nichrome foil is mounted. The beam is incident to 
this foil which is stretched across an opening in a massive 
copper block attached to the Faraday cup base. Fine 
copper wires are soldered to the back of the foil and to 
the block. The thermal emf developed between the hot 
copper Nichrome junction in the center of the foil where 
the beam hits and the cold junction at the copper block 
can be measured by a special potentiometer built for 
the purpose. The details of this instrumentation will be 
described elsewhere. 

H; is admitted to the scattering chamber after it has 


* This paper is part of a thesis submitted by R. Curran to the 
University of Pittsburgh in partial fulfillment of the requirements 
for the Ph.D. degree. 

t Present address: Westinghouse Kesearch Laboratories, Pitts 
burgh, Pennsylvania. 

'R. Curran, T. M. Donahue, and W. H. Kasner, Phys. Rev 
114, 490 (1959) 

*M. Camac, Rev. Sci. Instr. 22, 197 (1951). 


passed through a palladium leak and a liquid nitrogen 
trap. Several other such traps look directly into the 
scattering chamber. The chamber is pumped through 
the hole which admits the atomic beam. During the 
measurement of oo;+o9_; the pressure ranges between 
7 and 18 microns. It is measured by means of a McLeod 
gauge connected to the scattering chamber. 


IIL. Go; +@o_, 


When the atomic beam enters the Hy, collisions occur 
leading to the loss or capture of an electron by the fast 
atoms. If this charged component of the beam is re- 
moved at once the neutral beam current is attenuated 
according to 


To(x)=1o(0) exp[—n(oo.+o0-s)x], (1) 


where /o(0) is the original neutral current and n is the 
H, density. If x is divided into m equal segments of 
length x,, the condenser length, plus an end correction 
x» this becomes 


To(m) = Io(O0) exp[— (no+n’'o,')(mx.+2x0)}, (2) 


where @ stands for oo;+o9_; and the primed symbols 
refer to the impurities which may be present. Then 


InlJo(m)/1o(0) ]= —(no+n’'o,’)(mx.+2%). (3) 


For fixed values of m and n’, m is varied from 1 to 5 
by the application of several thousand volts to the 
proper number of successive condensers. The reading 
of the neutral beam detector potentiometer is recorded 
at each step. (Although the ratio of charged to neutral 
component changes after the beam leaves the last 
charged condenser the total beam current does not. It is 
to this that the “neutral” detector responds.) Fortu- 
nately the detector is linear (Fig. 2) and so the logarithm 
of the detector readings themselves are plotted against 
mx, and fitted by least squares to a straight line whose 


rBeom Entronce. Plote 


Beam Preporation f/, feo Cup Assembly 
Conderser Piotes sores Plug 


Gloss Kovor Seok 
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Fic. 1. Sketch, not to scale, of apparatus used 
in charge transfer experiment. 
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Detector Reading 


Fic. 2. Variation of ‘‘neutral beam’”’ detector with proton current. 


slope is na+n’'o;’. This procedure is repeated at each 
energy for 10 to 20 values of n+n’. no+n’'o;' is then 
plotted against » and the slope of the resultant curve 
obtained from a least squares fit gives oo;+o0-1. The 
error in the measurement of the pressure is no greater 
than 1%. The major contribution to the error of 
001 +¢0_, is from the random fluctuations in the neutral 
beam. 


IV. @,;—@o_.,; AND @; 


In Fig. 3 it can be seen that ¢o:+o0_:° does not vary 
monotonically with energy. To determine whether the 
structure belongs to oo; or oo; a method has been de- 
vised for the measurement of o9;—oo_;. This is essen- 
tially the same technique used previously in the meas- 
urement of oy for protons.' Hy is maintained at low 
pressure (0.2 to 0.8 micron) in the scattering chamber 
and a neutral atomic hydrogen beam sent into it. Low 
voltage, ranging from 12 to 35 volts (sufficient to satu- 
rate the collected current but not to deflect the charged 
component in the beam to the plates) is applied to the 
condensers. The current to any plate or collection of 
plates can be measured by an electrometer. When m 
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such positive plates are so connected the current re- 
corded is 


J_(m) I,(0)[» Coit 0 ’ 2 if et Xo), 


where oa; is the cro ection for ion pair production by 
H in H,. The current to the negative plates is 


J, (m) =19(0)[n (oo: +01) +n'o3' |\(mx.-+2x0). (5) 


ist be known. The neutral 
detector is calibrated after each run at a given beam 
energy by permitting a proton beam to fall on the de- 
tector in the evacuated chamber. Since the detector is 
an integral part of a Faraday cup and the beam current 
can be varied the sensitivity of the detector is measura- 
ble. The leakage current for each condenser is measured 
also during every run. 

Froma plot of n(a0,+01)-44 t' ae" 
against pressure op; 
from them in turn ¢ 
perform the 


In this experiment J9(0) mi 


and n(oo,;+o1)+n’'a;' 
+o; are obtained and 
It is possible to 


subtraction electrically by a recording of 


and OI 








Fic. 4 
curve is the difference 
monotonic curve arbitrar 
measured curve 


Electron loss cros ction for m He. The lower most 
vetween tl r cross section and the 
the minima of the 


the total current to both positive and negative plates 


but this foregoes the possibility of measuring or. 

When oo;— 0-1, is plotted inst energy (Fig. 3) it 
is clear that the ture belongs mainly to oo. The 
coincidence of details in the structure in both oo;+o0_1 
although they are measured by very 


aga 


and ooi—¢ 
different techniques and 
confirms the realit I u 

The values of oo; and o ire estimated as accurate 
he vertical line through 
each experimental point ontributions to this error 
arise from the probable error in the values of oo:+¢0-1 


i different pressure region, 


vy of ture 


to within the uncertair 


and the inaccuracy of the pressure measurements which 
was about 2% at most for the oo;+o1 and ooy+o7 


determinations. 


V. RESULTS AND DISCUSSION 


In Figs. 4 and 5 there are plotted oo; and oo_, sepa- 
rately. The results of previous measurements of these 
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cross sections by Fegel and others,‘ by Stier and Bar- 
nett,® and by Whittier® are also plotted. Our results for 
oo, agree well with the results achieved by the Russian 
workers, especially since they estimate an uncertainty 
of 15% in their measurement. There is clearly a big 
discrepancy with the Stier and Barnett results. In both 
instances the previous measurements have been made at 
energy intervals too large to show the structure. Our 
measured values of oo; would appear to be asymptotic 
with the theoretical value calculated by Bates and his 
co-workers.’ It is expected from the Born approxima- 
tion used that the calculated cross section be too high at 
low energy. As for oo_, our values agree fairly well with 
those of Whittier but are far iarger than those measured 
by the other two groups. The structure which is sug- 
gested in oo_; is, we believe, real. 

A smooth base curve has been drawn in Fig. 4 and the 
slowly varying part of ao; subtracted out. The resulting 
structure is plotted in Fig. 4 and in Fig. 6 as a function 
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Fic. 5. Electron capture cross section for H on Hz 


of the velocity of the hydrogen atom. In Fig. 6 are 
plotted also the mcasurements by Schulz® of the cross 
section for capture of free electrons by H, to form 
H-+H. The last two of our peaks can be made to coin- 
cide fairly well with those of Schulz if about 0.30 10* 
cm/sec is added to the atomic velocity, that is if it is 
assumed that the capture is a two step process in which, 
during one encounter between a fast hydrogen atom and 
a molecule, the electron is first stripped from the proton 
ending about 2.5 volts in the continuum and is then 


* To avoid confusion all cross sections are in units of cm? per 
molecule. 

‘I. M. Fogel, V. A. Ankuninov, D. V. Philipenko, and N. V 
Topolia, J. Exptl. Theoret. Phys. U.S.S.R. 34, 579 (1958 
(translation: Soviet Phys.-JETP 7, 400 (1959). 

5 P. M. Stier and C. F. Barnett, Phys. Rev. 103, 896 (1956 

* A. C. Whittier, Can. J. Phys. 32, 275 (1954) 

7D. R. Bates and G. W. Griffing, Proc. Phys. Soc 
A68, 90 (1955). 

*D. R. Bates and A. Williams, Proc. Phys. Soc 
306 (1957). 

*G. J. Schulz, Phys. Rev. 113, 846 (1959). 
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Fic. 6. Structure in the electron loss cross section for H on Hy 
plotted against hydrogen atom velocity. For comparison and not 
on the same scale the results of Schulz (see reference 8) for nega- 
tive ion formation by electrons in H; are plotted as a function of 
electron velocity 


captured by the He. Thus, it resembles the free electrons 
used by Schulz and by Khvostenko and Dukel’skii.” 
The increment in velocity appears to be a linear function 
of the atomic velocity in this energy range as is shown 
in Fig. 7. 

Workers who have studied electron capture by H, 
have regularly noticed the formation of H~ at about 
6.8 ev. Water vapor created in amounts proportional to 
the quantity of H, present is considered responsible. 
Schulz, for example, has noted a great enhancement in 
the formation of H~ at this energy if traps are removed 
from his collision chamber. To check our hypothesis we 
measured o»;+oo_; with traps on and off and noticed a 
large increase in cross section at 8.2 kev when the traps 
were absent (dotted curves in Figs. 3 and 6). This is 
just where the peak should be to correspond to the 6.8 ev 
process for free electrons. 

It is to be noted that our partial cross sections— 
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Fic. 7. Correction AV which must be applied to H atom velocity 
to bring about coincidence of peaks in cross sections for atoms 
and free electrons 


”Y. I. Khvostenko and V. M. Dukel’skii, J. Expti. Theoret. 
Phys. U. S. S. R. 33, 851 (1957) (translation: Soviet Phys.-JETP 
6, 657 (1958) }. 
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Fic. 8. H, and H,” potential energy curves. The dotted 
curve is inferred from the first peak of Fig. 6 


resonant parts of a, are very large compared to the 
cross sections normally encountered in negative ion 
formation 1-310-" cm* compared with 
1-3X10-” cm? for free electrons. The presence of the 
proton as a third body for transfer of energy and mo- 


proc esses : 


mentum apparently improves the chances for the cap- 
ture of the electron 

The large peak at 6.5 kev has no counterpart in the 
free electron capture measurements. The electron energy 
corresponding to this peak would be 5.4 ev if the same 
assumptions are made in this case concerning the 
stripping-capture process. This energy would be just 
about right to fit a transition to the attractive H,~ state 
if the calculations of Eyring, Hirschfelder, and Taylor" 
give a good approximation to the potential curve (Fig. 8). 
It would not be compatible with the potential curve 
calculated by Dalgarno and McDowell.” 


H. Eyring, J. O Chem 
Phys. 4, 479 (1936 

2A. Dalgarno and M. R. ¢ 
London) A69, 615 (1956 


Hirschfelder, and H. S. Taylor, J 


McDowell, Prox Phys. Soc 
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The structure in ¢ s rather more difficult to explain 
quantitatively than that in ¢ 
formation of a complex H 
H- and H,* 

In Fig. 9 the result 


It may result from the 
molecule with breakup into 

are plotted This cross 
since it total ion pair creation 
many 
; and oo_. 


section, represent 


cross section, has contributions arising from 


processes, some of which also contribute to ¢ 


The results have been corrected for se ondary electrons 
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(p,p’y) Angular Correlations at Low Energy* 


H. J. Hausman, G. F. Dewi, ann H. F. Bowsner 
Depariment of Physics, The Ohio State University, Columbus, Ohio 


(Received December 4, 1959) 


At an incident proton bombarding energy of 6.5 Mev, angular correlations have been measured between 
protons scattered inelastically from various even-even nuclei and the decay gamma rays from the first 
excited states of these nuclei. Among the angular correlation experiments reported are C"(p,p’y) 4.4 Mev, 
Ne™(p,p’y) 1.63 Mev, Si*(p,p’y) 1.78 Mev, and S*(p,p’y) 2.25 Mev, which were done for proton detector 
angles of 60°, 90°, and 120°. The measured angular correlation: functions are all of the form 
A+B[sin?2(@—6,)], where 6» is the axis of symmetry. None of the symmetry directions agreed with pre- 
dictions of the simple direct-reaction theories. However, the symmetry direction for the correlation functions 
changed with proton detector angle for the experiments on C®, Ne®, and S®; for the experiment of Si* the 
angular correlation functions were symmetric about 90°, independent of proton detector angle. The results 
of the angular correlation experiments appear to be consistent with a collective interaction involved in these 


direct-type reactions rather than a nucleon-nucleon type collision at the nuclear surface 


INTRODUCTION 


NUMBER of angular correlation experiments 

have been performed in this laboratory between 
the proton group leading to the first excited state of a 
bombarded target nucleus and the decay gamma ray 
from that state. The purpose of the experiments was to 
investigate the presence of direct reaction mechanisms 
at low-particle bombarding energies, and to ascertain, 
if possible, the nature of the direct-reaction mode. From 
the results of experiments conducted in this laboratory 
during 1958' and from the work reported by Seward,’ it 
appeared that angular correlation experiments were a 
sensitive test for determining the presence of direct re- 
actions at these energies. The angular correlation ex- 
periments reported here involved the first excited states 
of Li’, C®, Ne”, Si?*, S*, and Cr®. The experiments 
have been examined in the light of the simple direct- 
reaction theories and comparisons made between theo- 
retical predictions and experimental results. 

Direct reactions have been defined* as those reaction 
processes whose calculation requires only the considera- 
tion of a small number of all the degrees of freedom of 
the nuclear system. This is in contrast to the compound 
nucleus description of nuclear reactions wherein many 
intermediate degrees of freedom are involved. There is 
now a considerable body of experimental evidence of 
nuclear reactions which cannot be explained within the 
framework of compound nucleus theory. Some of these 
experiments involve the inelastic scattering of n, p, d, 
and a particles from target nuclei.! The angular dis- 
tributions often show diffraction-like oscillations of the 
type which have become well known for deuteron strip- 
ping. These distributions are usually characterized by a 

* Supported in part by the U. S. Atomic Energy Commission 

1H. A. Lackner, G. F. Dell, and H. J. Hausman, Phys. Rev 
114, 560 (1959) 

2 F. T. Seward, Phys. Rev. 114, 514 (1959). 

*N. Austern, Fast Neutron Physics (Interscience Publishers 
Inc., New York, 1959), Chap. V 

*As examples: R. M. Eisberg, Phys. Rev. 94, 739 (1954); 
H. J. Watters, Phys. Rev. 103, 1763 (1956); and P. G. Gugelot 
and M. Rickey, Phys. Rev. 101, 1614 (1956 


strong forward peak with subsequent peaks decreasing 
in amplitude with increasing scattering angle. Also, 
(p,pn), (pan), and (p,2p) experiments performed by 
Cohen et al.5’ were in serious disagreement with pre- 
dictions based on compound nucleus theories. The angu- 
lar distributions of scattered protons in (m,p) reactions 
were found to have more high-energy protons than 
would be consistent with the Maxwellian spectrum 
predicted by statistical theories. Finally, the angular 
correlations between the inelastically scattered pro- 
jectiles and gamma rays from the low-lying excited 
states of the bombarded targets have shown distribu- 
tions inconsistent with compound nucleus theory. 

For a surprising number of cases, simple direct-reac- 
tion theories have been able to explain qualitatively, 
and in many cases quantitatively, the experimental 
observations noted above. A large number of theoretical 
papers on the theory of direct reactions have appeared 
in the literature.’ simple theories assume in 
general plane waves for the incident and final unbound 
particles, and that the reaction proceeds through some 
single step interaction. Although direct reactions may 
take place throughout the volume of a nucleus as well 
as on the surface, the surface region reactions are those 
which are responsible for the striking diffraction-like 
angular distributions. In addition, the nuclear surface 
is subject to deformation of quadrupole shape. 

Many of the angular distributions reported in the 
literature are ambiguous as to whether direct processes 
are occurring or not. In particular, at low-particle bom- 
barding energies—the energy range of interest at this 
laboratory there are rather wild fluctuations, as a 


7 hese 


* B. L. Cohen, E. Newman, R. A. Charpie, and T. H. Handley, 
Phys. Rev. 94, 620 (1954) 

* B. L. Cohen, Phys. Rev. 108, 768 (1957). 

7 As examples: N. Austern, S. Butler, and H. McManus, Phys 

Rev. 92, 350 (1953); S. T. Butler, Phys. Rev. 106, 272 (1957); 
S. Hayakawa and S. Yoshida, Progr. Theoret. Phys. (Kyoto) 14, 
1 (1957); J. S. Blair and E. M. Henley, Phys. Rev. 112, 2029 
1958); D. M. Chase, L. Wilets, and A. R. Edmonds, Phys. Rev. 
110, 1080 (1958); S. T. Butler, N. Austern, and C. Pearson, 
Phys. Rev. 112, 1227 (1958); and J. S. Blair, Phys. Rev. 115, 928 
1959 
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function of energy, in the angular distributions of in- 
elastically scattered particles.'? Sherr*® and others have 
pointed out instances wherein angular distribution ex- 
periments were ambiguous but angular correlation 
measurements—(p,p’y), (a,py), and (d,py) 
evidence for a simple direct process. In the simple 
theories, gamma rays should be correlated with the re- 
coil vector q k, 


incident particle and ky is the wave vector of the out- 


gave clear 


k,, where k,; is the wave vector of the 


going particle. The q vector is the momentum trans- 
ferred to the target nucleus and should be the polar 
axis for the subsequent gamma-ray emission pattern. 
Only for a direct process will there be a well-marked 
correlation with q. In the plane wave approximation, 
Satchler® has shown that the angular correlation func- 
tion u (@) should be of the form (for a 0-4 > 2+ > 0+ 
reaction) 


W (0)~A sin?2(0,—9,) (1) 
where @, is the momentum transfer direction, and 6, is 
the gamma-ray detector angle. A more refined calcula- 
dis- 


tortions of the projectile wave functions were taken into 


tion, such as by Levinson and Banerjee,'’ where 


account, leads to a correlation function of the form 


W (@)~ 2) 


1+ B sin?2(6,— 9), 2 


where @, the axis of symmetry, does not always agree 
with 45. 

A statistical the ory compound process will not select 
this polar axis. The angular correlations apparently 
survive the complicating features which lead to am- 
biguities in the angular distributions. At low-particle 
bombarding energies, however, the projectile wave func- 
tions are considerably distorted at the nuclear surface 
and consequently the measured angular correlation 
function would be expected to deviate from that pre- 
dicted in the plane wave approximation. In particular, 
one would not expect the polar axis, or axis of symmetry, 
for the angular correlation to agree in detail with the 
momentum transfer direction q 

The angular correlation technique was used not only 
to detect the presence of direct reactions at low energies, 
but also to attempt to determine whether the direct 
reaction mode was via nucleon-nucleon single particle 
excitation or whether the excitation was via a collective 
interaction. The nature of the inelastic scattering process 
for rotational excitation of a deformed nucleus is differ- 
ent from that for single particle excitation. In the case 
of rotational excitation of a deformed nucleus, the 
physical process involves no excitation of the internal 
motions of the nucleus. The impinging particle sees the 
nucleus as an optical well of deformed shape; by virtue 
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potential 
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torts wave functions from plane waves 
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heoretica 
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low-lying states of a 
le 
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For heavy nuclei, such stable deformations 


are found well away from closed shells; for light nuclei, 
considerable deformations may exist 


quite close to closed shells. Should 


even for nuclei 
rotational excitation 
of the 


lei, then 


be responsible for direct excitation low-lying 


levels of light even-even nut should see 


differences in the 


one 


angular correlations from deformed 


nuclei and from spherically symmetric nuclei. 


APPARATUS 


The Ohio State University Cyclotron Scattering Sys- 


tem, see I ig. 1, has been described in de tail elsewhere." 


im extracted electro- 


The accelerated cyclotron be 


statically from the cyclotron vacuum system. The beam 
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enters a 2 in. o.d. brass pipe and passes through the 
field of a pair of quadrupole focusing magnets. The beam 
then passes through the field of the 15° deflecting 
magnet and is focused at the center of the scattering 
chamber. The final beam collimator is.a 0.025 in. aper- 
ture. The beam is finally collected in a Faraday cage. A 
large double-focusing magnet, which will rotate about 
the center of the scattering chamber, has recently been 
added to the system for high-resolution energy analysis 
of the charged particles emitted from the bombarded 
targets. The analyzing magnet has not been used in the 
experiments described in this report. 

For the angular correlation experiments, there were 
two radiation detectors attached to the scattering cham- 
ber. The first was a thin CsI crystal attached to a Lucite 
light pipe which in turn was attached to an E. M. I. 
9536B multiplier phototube; the second detector was a 
1-in. diameter by 2-in. long Nal crystal attached via a 
Lucite light pipe to a second E. M. I. 9536B phototube 
The CsI detector was used to detect the spectrum of 
charged particles emitted from the thin bombarded 
targets, while the Nal crystal was used to detect gamma 
rays emitted from the same targets. Changes in the 
charged particle detector angle were accomplished by 
changing the orientation of the Lucite light pipe at- 
tached to the photomul!tiplier. The gamma-ray detecting 
crystal was attached to a Lucite rod which passed verti- 
cally through a vacuum seal located in the rotating lid 
of the scattering chamber. A remotely controlled selsyn 
system was used to change the angular position of the 
gamma-ray detector. 


Accidental Fast-Slow Coincidence Circuit 


The cyclotron beam is modulated at the frequency 
of 11.2 Mc/sec and particles are accelerated only during 
one-half cycle of the acceleration period. Consequently, 
the instantaneous beam current is very large compared 
to the time average beam current. Since the number of 
accidental coincidences recorded varies as the square of 
the source strength—or proportional to the square of 
the beam intensity—whereas the true coincidences re- 
corded vary as the first power of the source strength, 
errors could result in determining the accidental counts 
from the time average beam. In order to eliminate this 
potential source of error a second fast-slow coincidence 
circuit was added to the detector system (see Fig. 2). 
Pulses from the output of the fast amplifiers were con- 
ducted to the inputs of the original and the new fast 
coincidence circuits (called No. 1 and No. 2). A delay 
equivalent to the time between cyclotron pulses was 
inserted in the signal line to one of the inputs of No. 2 
circuit. The outputs of No. 1 and No. 2 fast coincidence 
circuits went to the inputs of two separate triple slow 
(approximately 1 microsecond) coincidence circuits. 
Proton and gamma-ray amplitude pulses fed the other 
two inputs of the two slow triple coincidence circuits. 

Should a scattered proton of the correct energy be 
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2. Block diagram of the fast-slow coincidence circuit. The 
resolving time of each circuit is 30 milli-microseconds. 
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detected during one cyclotron accelerating pulse, the 
probability that a true coincidence occurs between that 
proton and its coincident gamma ray is the probability 
that the coincident gamma ray strikes the gamma-ray 
detector and is detected. This probability is proportional 
to the factor ¢,2, where e, is the efficiency of the gamma- 
ray detector and Q, is the solid angle of the gamma-ray 
detector. The probability that an accidental coincidence 
occurs is the probability that any gamma ray strikes the 
gamma-ray detector during the same accelerating pulse. 
This probability depends on the gamma-ray detector 
singles rate. Consequently, the accidental coincidence 
rate could be determined by measuring the coincidences 
between protons detected in one cyclotron accelerating 
pulse and the gamma rays detected in an adjacent cyclo- 
tron pulse. Coincidence circuit No. 1 was arranged to 
measure all coincidences between protons and gamma 
rays, of the correct energies, occurring during the same 
cyclotron accelerating pulse, while coincidence circuit 
No. 2 measured coincidences between protons in one 
cyclotron pulse and gamma rays in an adjacent cyclo- 
tron pulse. Circuit No. 1 then measured the sum of true 
plus accidental coincidences occurring during a run while 
the circuit No. 2 measured only the accidental coin- 
cidences during the same run. 

The efficiencies and resolving times of the two coin- 
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Fic. 3. The solid curve is the spectrum of protons scattered 
from a gaseous neon target at a laboratory detector angle of 90 
The dotted curve is a plot of net coincidence counts between 
inelastically scattered protons and decay gamma rays from Ne” 
as a function of analyzer base-line 


cidence circuits were adjusted to be the same. Initial 
alignment of the two circuits was accomplished utilizing 
a fast pulser and running the two circuits in parallel. 
The two circuits were then adjusted to have the same 
efficiencies and the same resolving time. With the two 
circuits still in parallel, coincidences were observed be- 
tween inelastically scattered protons and decay gamma 
rays from a bombarded target. A variable delay network 
was inserted prior to the fast amplifiers and a coin- 
cidence delay curve (coincidence counts versus delay in 
cable) run for both No. 1 and No. 2 circuits. If the co- 
incidence delay curves were observed to be the same, 
i.e., equal peak counting rates and equal resolving times, 
then a second variable delay network was inserted in the 
gamma-ray lead between the input of No. 1 and No. 2 
circuits. With the first delay network adjusted so that 
circuit No. 1 was set at the center of its coincidence 
delay curve, a second coincidence delay curve was taken 
using the second variable delay network. The second 
variable delay network was then adjusted so that circuit 
No. 2 
After this alignment, circuit No. 1 measured coinci- 


was at the center of its coincidence delay curve. 


dences between protons and gamma rays in the same 
cyclotron pulse, while circuit No. 2 measured coin- 
cidences between protons in one cyclotron pulse and 
gamma rays in an adjacent cyclotron pulse. 

Another test made prior to each angular correlation 
run was to measure the true coincidence rate, No. 1 
minus No. 2, as a function of scattered proton energy ; 
i.e., with a fixed window on the proton pulse height 
analyzer, net coincidence counts were recorded as a 
function of analyzer base line. Figure 3 is a plot of the 
spectrum of protons scattered from a neon gas target at 
an angle of 90° with respect to the incident beam direc- 
tion. Plotted as an overlay on this spectrum are the 
net coincidence counts as a function of analyzer base 


line. There are two peaks in the true coincidence curve 
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corresponding to the first and second excited states of 
Ne” at 1.63 Mev and 4.26 Mev. Although the total 
recorded coincidences were highest when the proton 
window bracketed the elastic proton peak, the net co- 
incidence counts were zero within statistical limits. 


EXPERIMENTS 


In order to increase the solid angle of the detectors, 
the two crystals were each placed approximately 1 in. 
from the target. Small geometrical misalignments could 
induce large errors in the correlation functions under 
these conditions. i 
align the system carefully 


Consequently, it was necessary to 


Targets could be aligned on 


center to within 0.003 in. The absolute angular position 


+1.5° 


of the rotating detector could be set to 


Li’(p,p’y) 0.48 Mev 


One of the experiments chosen to test for geometrical 
misalignments was Li’(p,p’y) 0.48 Mev. The 0.478 Mev 
first excited state 


in Li’ is known to have a spin of 3 
| 


From the theory of angular correlat is known 
that the complexity of the correlation function is limited. 
In particular, if the intermediate state involved in the 


cascade has either spin 4 or 0, the angular correlation 


ions,’ it 


Li+p 
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Fic. 5. The angular correlation between the proton group lead 
ing to the 0.48 Mev first excited state in Li’ and the decay gamma 
rays from that state. The proton detector angle is 90° with respect 
to the incident beam direction. 


function is isotropic, i.e., 


W(6)=> A,P,(cos@) 


Vinax & Min(2/5,2L,,2L2), 


where /,=spin of the intermediate state; 1, L2=angu- 
lar momentum carried by the cascade radiation. Any 
deviation of the measured angular correlation function 
from isotropy would have indicated geometrical mis- 
alignments. 

The spectrum of charged particles emitted from a thin 
natural lithium target when bombarded by 6.5-Mev 
protons is shown in Fig. 4. Peak a@ is the unresolved 
proton group corresponding to the elastic scattering of 
protons from carbon, which comprises the target back- 
ing material, and oxygen, which is in the form of an 
oxide of lithium. Peak 5 corresponds to the proton group 
leaving Li’ in its 0.478 Mev first excited state. Since the 
0.478-Mev peak could not be resolved from the elastic 
peak, it was necessary to place both peaks in the window 
of the amplitude analyzer. The base line of the gamma 
ray amplitude analyzer was set such that all pulses 
corresponding to gamma rays having energies greater 
than 0.35 Mev were counted. Figure 5 shows the angular 
correlation of protons, scattered at a lab angle of 90° 
with respect to the incident beam direction, with gamma 
rays from the first excited state in Li’. Within statistical 
limits, the distribution was isotropic indicating little or 
no geometrical asymmetries in the scattering system. 


Cr’ (p,p’y) 1.44 Mev 


The work of Seward? indicated that (p,p’y) reaction 
mechanisms are predominantly compound nucleus when 
proton energies are below the Coulomb barrier and that 
direct reactions become appreciable as soon as the 
energy of both the incident and scattered protons are 
above the barrier. Since the Coulomb barrier for protons 
on chromium is about 6 Mev, it was felt that an angular 
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correlation experiment on this nucleus would indicate 
whether it would be profitable to examine nuclei of 
higher atomic weight for evidence of direct interactions. 
For energies below 7 Mev, Seward was able to fit the 
Cr®(p,p’y) 1.44-Mev angular correlation assuming only 
a compound-nucleus type reaction. 

Chromium targets were prepared by evaporating 
metallic chromium onto thin Formvar backings. The 
spectrum of protons scattered from Cr® at a detector 
angle of 90° is shown in Fig. 4. Peaks a and b correspond 
to protons scattered elastically from Cr® and C”, 
whereas peak c corresponds to protons leaving Cr® in its 
1.44 Mev first excited state. The incident proton beam 
current was decreased to approximately 10~* micro- 
amperes in order to keep the ratio of true to accidental 
counts between 4:1 and 6:1. The results of the angular 
correlation between protons leaving Cr® in its 1.44 Mev 
first excited state and the gamma rays from that state 
are shown in Fig. 6. The proton detector position is 90°. 
The angular correlation curve is isotropic, in agreement 
with pure compound-nucleus type reaction. 


C"*(p,p'y) 4.4 Mev 


A considerable number of experiments have been per- 
formed on the ineiastic scattering of protons leaving C” 
in its 4.4 Mev first excited state.“ These experiments 
range in energy from 6.5 Mev to 96 Mev. Even at 
energies as high as 10 Mev, some of the angular distri- 
butions of the inelastically scattered protons have been 
measured as being symmetric about 90° (center-of-mass 
coordinates). However, for a fairly small change in 
incident beam energy, from 9.49 to 9.58 Mev, asym- 
metries in the angular distributions have been noted.'* 
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Fic. 6. The angular correlation between the proton group lead- 
ing to the 1.44 Mev first excited state in Cr® and the decay'gamma 
rays from that state 


“ (As examples) H. E. Gove and H. F. Stoddart, Phys. Rev. 
86, 572 (1954); W. E. Burcham, W. M. Gibson, A. Hossain, and 
J. Rotblat, Phys. Rev. 92, 1266 (1953); R. W. Peelle, Phys. Rev. 
105, 1311 (1957); and K. W. Brockman, Phys. Rev. 110, 163 

1958) 
'*W. M. Gibson, D. J. Prowse, and J. Rotblat, Proc. Roy. Soc. 
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Fic. 7. The upper curve is the spectrum of 6.5-Mev protons 
scattered from a thin Formvar target at a detector angle of 90° 
Che lower curve is the spectrum of protons scattered from a 
gascous neon target at a detector angle of 60° 


At higher energies the angular distributions tend to be 
asymmetric about 90° and are peaked in the forward 
direction. Angular correlation experiments performed by 
Sherr at 16.6 Mev agreed surprisingly well with predic- 
tions of the simple direct-reaction theories. 

This data can be understood within the framework of 
the compound-nucleus and direct-reaction models. 
low-particle bombarding energies the number of channels 
available for decay of the compound nucleus is seriously 
limited due to the high excitation energy of the first few 
excited states in C’, 4.4 and 7.6 Mev, and because of the 
energy required for competing reactions such as (p,d) 
or (pv). Consequently, the probability is high that the 
compound nucleus will decay to the first excited state 

t 4.4 Mev. Since the direct-reaction contribution to the 
reaction cross section is predicted to be small, its con 
tribution to the angular distribution may be unobserv- 
able because of the large compound nucleus contribu- 
tion. At high bombarding energies the number of 
channels open for compound nucleus decay is large. The 


probability of compound nucleus decay to the first 
excited 


state is consequently decreased and direct 


processes to the first excited state may then become 


observable. 
The spectrum of protons scattered from thin Formvar 
targets is shown 


Fig. 7. Peaks a and 6} correspond, 
respectively, to 


the elastic peak from C™ and the in- 
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elastic 
in C®, 


group leading to the 4.4 Mev first excited state 
For the correlation runs, 
the proton analyzer was set 


angular the window of 
the first excited 
he gamma-ray analy- 
gamma-ray pulses having an 
energy greater than 1 Mev were counted. The proton 
detector was set at laboratory angles of 90° and 120° 
with respect to the incident beam direction. At forward 
angles, the elastic scattering of protons from hydrogen 
in the target gave rise 


to brac ket 
state group while the base line of t 


zer was set 


to a large scattered proton group 
which overlapped the 4.4-Mev level in carbon. Conse- 
quently, only two proton detector angles were used in 
the angular correlation experiments 

The results of the ang tion runs are shown 
in Fig. 8. The experimental points are shown with their 
statistical standard deviations. The smooth curve is a 
weighted least-squares fit to the experimental data. The 
ingular correlation functions 
for the finite of the 

rhe point @, represented on the 

uclear recoil direction q=k,— ky. 
symmetry axis for the measured 


ilar correla 
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Fic. 8. The angular correlation between the proton group lead 
ing to the 4.4 Mev first excite 1 state in C™ and the decay gamma 
rays from that state. @g is the classical nuclear recoil direction 
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(p,~p’vy) ANGULAR (¢ 
as in the case with C", the angular distributions tend to 
be symmetric about 90° (c.m.) at energies below 10 Mev. 
The angular correlation of inelastically scattered pro- 
tons and decay gamma rays was undertaken with the 
expectation that these experiments would be more sensi- 
tive to direct reactions than the angular distribution 
experiments. 

A gas target was used for the neon experiments. The 
spectrum of protons scattered from the gaseous neon 
target is shown in Fig. 7. Peak a is the proton group 
corresponding to protons elastically scattered from Ne”, 
peak 6 is the proton group corresponding to the first 
excited state at 1.63 Mev, and peak c is the proton group 
corresponding to the second excited state at 4.26 Mev. 
Since the 1.63-Mev proton group is well resolved, the 
window of the proton analyzer was set to bracket this 
peak. The baseline of the gamma-ray analyzer was set 
to count all pulses greater than 0.7 Mev. The position 
of the gamma-ray analyzer baseline was determined 
empirically for this experiment, as well as all the angular 
correlation experiments. The ratio of true to accidental 
coincidences varied from 3:1 to 9:1 for the 
experiments. 

The results of the angular correlation runs are show! 
in Fig. 9. The experimental! points are shown with their 
statistical standard deviations. The smooth curve is a 
weighted least-squares fit to the experimental data. The 
angular correlation functions, printed on the curves, 
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Fic. 9. The angular correlation between the proton group lead 
ing to the 1.63 Mev first excited state in Ne” and the decay gamma 
rays from that state. @z is the classical nuclear recoil direction 
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Fic. 10. The upper curve is the spectrum of 6.5-Mev protons 
scattered from a thin quartz fiber at a detector angle of 90°. The 
lower curve is the spectrum of protons scattered from a sulfur 
target covered with a thin evaporated layer of gold. The’abscissas 
are not normalized 


have been corrected for the finite geometry of the 
gamma-ray detector. The curves correspond to labora- 
tory proton detector angles of 60°, 90°, and 120° with 
respect to the incident beam direction. Calculated classi- 
cal nuclear recoil directions @, are indicated on the 
curves. 


Si**(p,p’y) 1.78 Mev 


Angular distribution experiments of protons inelasti- 
cally scattered from Si** have been reported by Yamabe 
et al.” from 4.8-Mev to 5.7-Mev bombarding energy, 
and by Greenlees et al.” from 8.0- to 9.4-Mev bombard- 
ing energy. For the reported cases, the angular distribu- 
tions of protons leading to the 1.78 Mev first excited 
state in Si** have not been symmetric about 90° (c.m.). 

Silicon targets were prepared by drawing quartz fibers 
down to a diameter estimated as being Jess than 0.001 in. 
Two or three fibers were then mounted on a target 
holder and a thin coating of gold evaporated onto the — 
fiber surfaces. The spectrum of protons scattered from 
the quartz targets is shown in Fig. 10. Peak a comprises 
the proton groups corresponding to elastic scattering 
from gold, silicon, and oxygen, and peak 5 corresponds 
to the proton group leading to the 1.78 Mev first excited 
state in Si**. The window of the proton analyzer was set 
to bracket peak 5, while the baseline of the gamma-ray 


*S. Yamabc, M. Kondo, T 
Soc. (Japan) 13, 777 (1958) 

™G. W. Greenlees, L. G 
Proc. Phys. Soc 
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London) 71, 347 (1958) 
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ric. 11. The angular correlation between the proton group 
leading to the 1.78 Mev first excited state in Si and the decay 
gamma rays from that state 


analyzer was set to count all pulses corresponding to 
gamma-ray energies greater than 0.7 Mev. 
The results of the angular correlation runs are shown 


in Fig. 11. The experimental points are shown with their 
statistical standard deviations. The smooth curves are 
The 
been corrected for 
gamma-ray detector. The 
curves correspond to laboratory proton detector angles 
of 60°, 90°, 120°, and 140°. The experimental points 
were so scattered for the 140° correlation run, that no 
ttempt was made to fit the data. The ratio of true to 
:1 to 6:1. 


weighted least-square fits to the experimental data. 
angular correlation functions have 


the finite geometry of the 


accidental coincidence counts ranged from 2 


S"(p,p'y) 2.25 Mev 


S® was chosen as a target for angular correlation 
experiments because of (a) the nuclear ground state 
deformation, (b) the well-resolved nature of the excited 
tates, and (c) the 
correlation function for 04 


Targets were 


simplicity of the theoretical angular 
> 2+ — 0+ transitions. 
initially prepared by evaporating sulfur 
onto thin Formvar backings. However, the sulfur was 
re-evaporated from the Formvar backing when the 
target was bombarded by the proton beam. A successful 
target was prepared by first 
Formvar and then evaporating a thin gold film onto the 
sulfur. The gold film was sufficiently thick to conduct 
heat away from the sulfur surface. 


evaporating sulfur onto 
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The spectrum of protons scattered from the sulfur 
target is shown in Fig. 10. The broad peak a corresponds 
to protons elastically scattered from gold, sulfur, and 
Peak 6 corresponds to inelastically scattered 
protons leaving S® in its 2.25 Mev first excited state. 
The width of the peaks is ascribed to the energy loss in 
target. Since the proton group corresponding to the 
2.25-Mev excited state is resolved from the elastic pro- 
ton group, the window of the proton analyzer was set to 
bracket this group. The baseline of the gamma-ray 
analyzer was set to count all pulses corresponding to 
r than 1 Mev. 

e angular correlation runs are shown 


carbon. 


gamma-ray energies greate 

The results of th 
in Fig. 12. The experimental points are shown with 
their statistical standard deviations. The smooth curves 
are weighted least-square fits to the experimental data. 
The angular correlation functions have been corrected 
for the finite geometry of the gamma-ray detector. The 
curves correspond to 
of 60°, 90°, and 120°. The classical nuclear recoil direc- 
tions were calculated on the 
of 6.5 Mev 
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Fic. 12. The angular correlation betwee 
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The q vector is the momentum transferred to the target 
nucleus and should be the polar axis of the subsequent 
gamma-ray emission pattern. The measurements on 
Mg™ were taken for three separate proton detector 
directions, hence three different values for q, and there 
was agreement with the predictions of the simple theories 
at all detector angles. The results of other angular 
correlation experiments involving the first excited states 
of C®, Ne*®, and S® cannot be explained within the 
framework of compound nucleus theory but yet do not 
agree with the simple direct-reaction theories. The exact 
agreement of these experimental results with the pre- 
dictions of the simple theories should not be expected 
since these theories all treat the incident and outgoing 
particle wave functions as plane waves near the nuclear 
surface. Especially at these low energies, one should 
expect serious distortion of the projectile wave functions 
and hence only a qualitative agreement of experimental 
results with the simple theory. 

The nuclei C", Ne”, Mg’, Si**, and S® all have even 
numbers of protons and neutrons and have measured 
first excited states of spin 2 and even parity. The angu- 
lar correlation experiments involving these first excited 
states are of the form 0+ — 2+ — 0+. Consequently 
if a quantization axis exists in the inelastic scattering 
reaction, the form of the angular correlation function 
should be sin?2(@— 49). Moreover, should a direct process 
be involved in the reactien, one would expect a correla- 
tion between the measured symmetry direction and the 
classical nuclear recoil direction q. The angular correla- 
tions measured in this laboratory between the protons 
leading to the first excited states of the above nuclei 
and the gamma rays from these states all have the form 
of Eq. (2). The measured angular correlation functions 
for experiments on C”, Ne”, Mg™, and S® were different, 
i.e., had different symmetry directions for different pro- 
ton detector angles. The measured correlation functions 
for the nucleus Si**, however, were all symmetric, within 
experimental accuracy, about 90° independent of proton 
detector angle. 

It is difficult to assess the role of compound nucleus 
contribution in the energy range of these experiments 
The excitation energy of the compound nucleus is cer- 
tainly not high enough so that one is in the statistical 
region, i.e., the excitation energy of the compound 
nucleus is not so high that a statistically large number 
of overlapping states exist within the energy spread of 
the incident beam. At the same time, at these energies, 
the compound nucleus is not excited to the region 
wherein only a single level is excited. We are indeed i 
that region of compound nucleus excitation wherein 
only a finite number of states are excited within the 


energy spread of the incident beam. This is just the 


region where analysis is difficult, since a finite number 
of excited overlapping states of different parities could 
give rise to angular distributions of inelastically scat- 
tered protons which are not symmetric about 90°. 
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However, there are some generalizations that can be 
made concerning the compound nucleus contributions, 
Satchler® has worked out the general formula for the 
angular correlation of three nuclear radiations, for in- 
stance (p,p’y), when continuum theory is applied to the 
compound nucleus state. For this case, the interference 
terms for overlapping states disappear on taking a 
statistical average and the outgoing partial waves are 
incoherent. For the case of an even-even target nucleus, 
wherein one excites a J = 2+ state followed by £2 emis- 
sion, the angular correlation has an axis of symmetry 
only for the specia: cases where either there is pure 
S-wave absorbtion of the incident proton or there is 
pure S-wave emission from the compound nucleus. 
However, for the general case where more than one 
partial wave can contribute to the reaction, the angular 
correlation has no axis of symmetry. There is the possi- 
bility that an axis of azimuthal and axial symmetry 
could exist for the angular correlation in the case where 
a finite number of levels of the compound nucleus inter- 
fere. However, for an axis of symmetry to exist under 
these conditions, there would have to be a definite rela- 
tionship between the parameters of the interfering com- 
pound states. While such a relationship might exist for 
a particular compound nucleus at a particular excitation 
energy, the likelihood is small that such relationships 
exist for all of the compound states involved in these 
experiments. Even should such an angular correlation 
be describable, for a particular compound nucleus, in 
terms of overlapping interfering states, it is not clear 
as to why the symmetry axis would change for different 
particle detection angles. One must conclude that com- 
pound nucleus processes alone do not appear,to explain 
the angular correlations observed. 

It has been pointed out by Wildermuth and Kanel- 
lopoulos™ that very probably the low-energy levels of 
most nuclei possess collective features; for deformed 
nuclei it is practically always to be expected that the 
lowest excited states can be described approximately 
by rotational wave functions, because for a given angu- 
lar momentum these excitations are energetically more 
favored. The regular structure of the low-energy levels 
of even-even nuclei supports this hypothesis. The ex- 
periments reported by Helm” and by Fregeau and 
Hofstadter™ on the inelastic scattering of 187-Mev elec- 
trons from light even-even nuclei are additional evidence 
for the hypothesis of collective excitations for these low- 
lying states. The inelastic cross sections for the forma- 
tion of the first excited states of nuclei such as C”, Mg”, 
Si**, and S® were compared to the inelastic cross sections 
to the same states predicted by the Weisskopf single- 
particle model excitation. The ratio of the measured 
cross section to the single particle cross section varied 


™G. R. Satchler, Phys. Rev. 94, 1304 (1954) 

“= K. Wildermuth and Th. Kanellopoulos, Nuclear Phys. 9, 449 
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“RK. H. Helm, Phys. Rev. 104, 1466 (1956) 
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from 2.3 to 1 for C® to 9.1 to 1 for Mg™. The ratio of 
the measured lifetime to the Weisskopf estimate of the 
first excited state in C”, Si**, and Ne” by Devons et al.” 
and of the first excited state in Mg™ and Si** by Ofer 
and Schwarzschild** all show enhancement of the E2 
transition probability over the single particle estimate. 
The exhaustive analysis of the low-lying states of Mg” 
and Al** by Litherland et al.?’ indicates that the Mg™ 
ground state has a prolate distortion and that the low- 
lying states of Mg” are well described by the rotational 
model. Also the work of Cohen and Rubin”* on the 
anomalous inelastic scattering of 23-Mev protons by 
various medium weight nuclei indicates that collective 
levels that are strongly excited in Coulomb excitation 
experiments are also strongly excited in inelastic proton 
scattering, and vice versa. Finally, Cohen™ has pointed 
out that striking similarities have been observed be- 
tween medium energy (p,p’) and (d,d’) angular distribu- 
tion experiments. The nucleon-nucleon collision model 
for direct reactions is inapplicable to (d,d’) reactions 
since it would be very improbable for deuterons to have 
high energy collisions without breaking up. 

In view of the above experimental evidence and in 
view of the low single particle excitation cross sections 
predicted at these bombarding energies, it seems con- 
sistent to interpret the existence of direct processes in 
the angular correlation experiments reported here as 
due to collective excitations rather than as nucleon- 
nucleon collisions. The existence of permanent nuclear 
ground state distortions means that the collective exci- 
tations are either rotations of the entire nucleus about 
an axis perpendicular to the symmetry axis of the fixed 
distortion or as vibrational oscillations of the nuclear 
shape about this spheroidal shape. In either case, the 
nuclear ground state wave function becomes more nearly 
spherically symmetric as the nuclei approach a closed 
shell. At a closed shell the excitation energy of a rota- 
tional state would be very high. Consequently, at or 
near a closed shell the low-lying states could be single 
particle states. At low-particle bombarding energies, the 
observation of direct excitation of these single particle 
states is difficult because of the low cross section for 
single particle excitation and the large compound nu- 
cleus contribution through the same states. 

On a pure j-j coupling picture, the Si** core corre- 
sponds to the closing of the dy shell for both protons 
and neutrons and indicates a tendency for the nuclear 
wave function to have a high degree of spherical sym- 
metry. If the low-lying states of Si** are not collective 
states but are single particle states, the contribution to 


* S. Devons, G. Manning, and J. H. Towle, Proc. Phys. Soc. 
(London) A69, 173 (1956). 
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excitation of these 
states would be expected to be small compared to the 
total reaction cross 


the reaction cross section of direct 


section. The results of the angular 
correlation experiments reported here show that the 
symmetry axis for the experiments on carbon, mag- 
nesium, neon, and sulfur changed for different proton 
detector angles while the symmetry axis for Si®* re- 
mained fixed in space independent of proton detector 
angle. If the criteria stated earlier for the presence of 
direct reactions in 0+ — 2+ — 0+ angular correlation 
experiments is valid (i.e., the sin?2@ form of the correla- 
tion function and the change in symmetry direction 
with change in nuclear recoil direction), then the experi- 
ments on carbon, neon, magnesium, and sulfur show the 
presence of direct reactions while the experiments on 
silicon do not necessarily show the presence of a direct 
reaction. These results appear to be consistent with the 
description of Si?* as a spherically symmetric nucleus 
and the other nuclei investigated as having permanent 
ground state distortions. 

Unfortunately, there are some serious discrepencies 
with this description of Si?*. The electron scattering 
experiments by Helm showed that the ratio of the meas- 
ured inelastic cross section to the single particle cross 
section for the first excited state of Si*® was 6 to 1. This 
result indicates that the first excited state does show 
some collective behavior. It has also been pointed out 
by Bromley® that the experiments by the Chalk River 
group" on the low-lying levels of Si” indicate that Si?* 
would be expected to have a stable oblate deformation. 


He also points out that Broude et al.,® using an analysis 
similar to the Chalk River group, were able to get a good 
fit to the P* data with the same oblate deformation 
implied for S® as for Si?*. From these results, one would 
expect the same angular correlations on S® as on Si**. 


It is clear that the present experiments do not un- 
ambiguously determine the nature of the direct-reaction 
mode for the nuclei investigated. Experiments are now 
in progress on S® and Si** which may clarify some of the 
anomaly concerning the interpretation of the angular 
correlation experiments on these nuclei 
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Q values and differential cross sections have been measured for nuclear states in Bi*” excited by the 
Bi**(d,p) reaction. A previously unobserved group wich Q=2.354-0.03 Mev has been found, corresponding 
to a state with probable proton-neutron assignment (/»/2¢9/2). The observed Q value for this state is in good 
agreement with the Q value expected for the 1— ground state of RaE. Groups of states with mean excitation 
of 0.41, 0.88 and 1.4, 2.02, 2.56, 2.81, 3.15, and 4.03 Mev have been found, and neutron assignments of g¢/2, 


isis, Gora, 


$i/2, 81/2, day2, and (hy1/2) have been suggested. A comparison with theoretical calculations by Newby 


and Konopinski for the (49/2g9/2) group of states gives further support to their observation that a calculation 
of levels in the neighborhood of Pb*®* is far less accurate when the extra-core interaction type is proton- 
neutron than when it is neutron-neutron or proton-proton 


I. INTRODUCTION 


UCLEI with mass number close to 208 are of 

particular interest because of their relative sim- 
plicity. Since Pb”* has a closed proton shell and a closed 
neutron shell, the study of nearby nuclei is less com- 
plicated than other medium and heavy nuclei, both from 
the standpoint of experiment and theory. Thus, indi- 
vidual particle model calculations' have been more 
successful in the nuclear lead region than elsewhere 
among medium and heavy nuclei. Most of the experi- 
mental knowledge in this region is obtained from decay 
scheme studies,’ but since many levels cannot be studied 
by a-, B-, and y-ray spectroscopy, high-resolution 
nuclear-reaction data can be expected to be of im- 
portance. A very suitable reaction for investigation is 
Bir (d,p) Bi”, since only one excited state in Bi*™ is 
reached in the Pb*” 8 decay, and nothing is known of 
the states produced in the a decay of At™. 

Since Bi*” has one proton and one neutron outside 
closed shells, a study of its levels may yield information 
about the neutron-proton interaction in a heavy nucleus 
Quantitative comparisons of theory and experiment 
have previously been attempted only in the lead isotopes 
where the interaction type is neutron-neutron. As shown 
by Newby and Konopinski,’ the calculations become 
much more complex in the proton-neutron case, and 
(due to an apparent necessity to include tensor forces) 
are more inaccurate. 

Another reason for interest in the Bi®(d,p)Bi*™ re- 
action is that the results might throw some light on the 
order of the single-particle neutron levels above neutron 
number 126. Most of the direct experimental informa- 
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tion on these levels comes from the Pb”*(d,p)Pb*” re- 
action. However, several uncertainties exist as to the 
interpretation of the Pb levels. It might be expected 
that, because of the proton interaction, a study of the 
Bi*” levels could be of help in the interpretation of the 
single-particle neutron levels even though the proton- 
neutron interaction can be taken into account only in 
an approximate way. 


IL. PREVIOUS EXPERIMENTAL KNOWLEDGE 
A. Radioactive Decay 


Radioactive decay studies reveal very little about the 
states in Bi’. There are, in fact, only three low-lying 
states which are known. The RaE #-decaying state is 
believed** to be 1—, and an a-decaying state, probably 
of high spin, has been found*’ very near this 1— state. 
Experiment has as yet been unable to determine which 
of these is the ground state.’ However, in this paper the 
1— state will be referred to, for convenience, as the 
ground state. It is also known from the 8 decay of Pb*"” 
that a 0— state exists 0.047 Mev above the 1— 8-decay- 
ing state of Bi*"’.* 

One expects the configuration assignments for the 
extra proton and neutron outside the Pb™ core in the 
ground state of Bi?” to be the same as in other cases 
for the 83rd proton and 127th neutron. The spins of the 
odd A bismuth isotopes are all 9/2," so that the 83rd pro- 
ton has an /g/y assignment in agreement with the shell 
model. The assignment for the 127th neutron is less 
certain. The nucleus Pb” must have a spin of 7/2, 9/2, 
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or 11/2, and the assignment is believed*® to be go,2 in 
agreement with the shell model. Further evidence that 
the new shell starts with a goz neutron comes from TI, 
whose ground state and 0.040-Mev excited state have 
probable® assignments of 5+ and 4+, respectively. 
Since the Tl isotopes all have an (5,;2)~' proton con- 
figuration, these spins can arise only from the interac- 
tion of a go/2 neutron with the unpaired 5;,2 proton, 

Single-particle neutron states in Pb™ should have 
corresponding states (actually multiplets, due to the 
n-p interaction) in Bi". Two states which are ascribed 
to neutron excitation have been observed at energies of 
1.56 and 2.01 Mev above the ground state in Pb™, 
produced by the 8 decay of TI’. The 2.01-Mev state 
was given an assignment of d3,. on the ground that it is 
fed by an £1 gamma transition from the 2.13-Mev 
state. Since the 2.13-Mev state is the final state in all 
the observed 8 decay, it is believed to be predominantly 
a (p1/2)~' core-excited neutron state. 


B. (d,p) Reactions 


States in Bi?” have been observed previously in (d,p) 
reactions by Harvey," who also studied the states in 
Pb*7, Pb’, and Pb”. Neutron configuration assign- 
ments were made on the basis of shell-model predictions 
taking the relative sizes of the cross sections into con- 
sideration. Corresponding states in the different nuclei 
were given the same assignments. One noticeable feature 
of Harvey’s data was the presence of three states in 
each nucleus which exhibited very large cross section. 
Each of these states occurred with approximately the 
same neutron binding energy in each nucleus. The four 
groups observed in the Bi®*(d,p) Bi?” reaction had exci- 
tation energies of 0.45, 2.09, 2.66, and 3.21 Mev. The 
neutron configurations assigned to these states were 
gore, ds/2, &7/2, and dy, respectively. The ground-state 


206 
- 


Fic. 1. The closed mass-cycle illustrating the expected Q for the 
Bi® (d,p)Bi® reaction (references 8 and 12). A new group found 
in the present investigation has a measured Q=2.35+0.03 Mev, 
in agreement with the expected ground-state value of 2.39+0.03 
Mev. The error quoted for the expected value is the rms error of 
all of the contributing measurements shown 
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group was not observed (see part C below), and no 
group corresponding to the 7,12 state in Pb™ was found. 
A more recent investigation of the Pb**(d,p) Pb” and 
Pb™*(d,p)Pb™ reactions has been made” in which angu- 
lar distributions of the protons leading to several states 
were studied. Interpretations made primarily on the 
basis of stripping theory suggested assignments in agree- 
ment with those made by Harvey for the gg)2 and d5/2 
states. However, in this experiment no levels with excita- 
tion energies higher than 1.58-Mev were studied in Pb™. 


C. The Ground-State Transition 


As soon as reaction QO values in the lead region became 
available, it was pointed out®—"* that an error of be- 
tween 0.4 and 0.5 Mev existed in a closed cycle including 
neutron binding energies and §8- and a-decay energies. 
This cycle is shown in Fig. 1. It was suggested that 
neither the most energetic proton group observed in the 
Bi? (d,p)Bi*® reaction nor the broad y ray from the 
Bi®™(n,7)Bi?” reaction'® represented the transition to 
the ground state but rather to a state (or group of states) 
of about 0.45-Mev excitation. The expected Q value for 
the ground state of the Bi?®(d,p) Bi?” reaction calculated 
from the data given in the figure is 2.39+0.03 Mev. 

A search" for protons of higher energy gave an upper 
limit of 3% for the intensity of the ground-state tran- 
sition relative to the observed Q= 1.94-Mev group. 


Ill. EXPERIMENTAL PROCEDURE 


The experimental arrangement used in this study was 
similar to that previously described.” 11-Mev deuterons 
from the Indiana University 


cyt lotron passed through a 
half lit,” a strong-focusing magnetic- 
quadrupole lens, a 32-degree sector magnet, and a series 
of defining slits before entering the target chamber. For 
most of the measurements the beam intensity on the 
target was about 0.25 microampere, concentrated in a 
spot about 4 in. wide by } in. high. Beam collection and 
integration have been previously described.'? 8 


inch ‘“‘snout s 


Protons from reactions in the target passed through a 
20-inch radius, 180° double-focusing magnetic spec- 
trometer" and were detected by a 20-mil CsI (TI) crystal 
placed behind the image slits of the spectrometer. Ab- 
sorbing foils were introduced between the slits and the 
crystal to stop all charged particles except protons. A 
complete proton spectrum over the momentum range 
of interest was obtained at 12 laboratory angles between 
28° and 142.5 


Another experiment in progress pre- 
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Fic. 2. A typical proton spectrum obtained for the Bi®(d,p)Bi®™ reaction for angular distribution purposes using 
norma! resolution conditions described in the text. All of the groups shown represent states in Bi*”. The intense groups 


between the dashed lines are plotted to one-fifth scale 


vented the accumulation of data at angles less than 28°, 
but the cross section was expected” to be very small and 
without structure in this region. For the angular dis- 
tribution measurements the acceptance solid angle of 
the spectrometer was set at 3.35X10~ steradian, and 
the momentum resolution at 0.32%. One spectrum was 
obtained under higher resolution conditions, as will! be 
described in detail in the following section. 

Elastic deuterons scattered from heavy targets are too 
energetic to be focused directly by the spectrometer. 
Therefore, the beam energy was determined by observ- 
ing proton groups with well-known (Q’s from the Be*(d,p) 
reaction.” A measurement of the energy of a proton 
group from bismuth then allowed the Q value of the 
latter reaction to be calculated. In a typical run, a 
known proton group from a beryllium target was first 
observed, then a portion of the spectrum from a bismuth 
target, followed by the known group again. This pro- 
cedure minimized possible effects of beam-energy shifts 
or other time-dependent effects. In general, the beryl- 
lium group closest to the portion of the bismuth spec- 
trum under investigation was used for beam-energy 
determination in order to minimize possible errors due 
to spectrometer nonlinearities.” 

All of the bismuth measurements were carried out on 
a 2 mg/cm’ bismuth target prepared by evaporation 
onto a thin Zapon backing. The 0.32 mg/cm’ beryllium 
target was also an evaporated target prepared for an 


* F. Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 
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sen, and M. B. Sampson, Phys. Rev. 101, 740 (1956). 


earlier experiment.”' Target thicknesses were determined 
by using the spectrometer to measure the energy lost by 
alpha particles from a ThB deposit in traversing each 
target. 


IV. RESULTS 


Figure 2 shows the spectrum of proton groups ob- 
served from the Bi?”(d,p) reaction at a laboratory angle 
of 120°. At this angle the contaminant groups are 
essentially negligible, so that all of the proton groups 
shown in Fig. 2 are due to bismuth. As the laboratory 
angle was decreased, contaminant groups from oxygen 
and carbon became more troublesome since the bismuth 
cross sections were decreasing. In a few cases at more 
forward angles, contaminant subtractions were required 
to estimate certain bismuth cross sections. Fortunately, 
contaminant effects were the worst at the least interest- 
ing (forward) angles 

The angular distributions for most of the proton 
groups observed are plotted in Figs. 3 and 4. Their 
general character is quite similar to that observed pre- 
viously in the Pb isotopes at this bombarding energy.” 
Since quantitative theoretical Coulomb corrections to 
the simple stripping theory require extensive machine 
analysis, the discussion of the present paper is guided 
instead by the previous experiment” in which certain 
known states were excited. A detailed discussion of the 
conclusions drawn from these angular distributions is 
given below. 

An examination of Fig. 2 reveals that certain of the 
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observed groups clearly do not represent transitions to 
single states. On the other hand, there is a clear separa- 
tion between most of the broad groups themselves. 
Further, it was found that the shapes of the broad groups 
do not seem to change with angle, indicating that the 
unresolved groups in a particular peak all have the same 
angular distribution.” These rather striking results are 
clarified experimentally and theoretically in subsequent 
ections. 

Table I lists the O values of the groups observed in the 
present study, the corresponding excitation energies of 
the residual nucleus Bi*”, the magnitude of the cross 
section at the peak of the angular distribution, and the 
angle at which this peak occurs. Since in most cases an 
improvement in resolution did not resolve further states, 
each Q value was calculated from the proton energy at 
the center of the half-maximum of the appropriate 
group. In some cases, however, this does not represent 
the O value of the 
group. The Q values 


‘center of gravity” of the observed 
quoted for Bi?” in Table I and indi- 
cated in Fig. 2 represent the appropriate mean values of 
all suitable measurements taken at the twelve angles. 
Overall errors in these Q’s are +0.03 Mev, based on the 
internal consistency of the various measurements and 
including a reasonable allowance for possible systematic 


errors. Errors in the absolute magnitudes of the cross 
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Fic. 3. Proton angular distributions for the four most energetic 
groups shown in Fig. 2. Note the scale factors indicated for the 
weak Q=2.35- and 1.47-Mev groups. There is marked similarity 
between the Q=2.35- and 1.94-Mev groups (suggested captured 
neutron assignment gz), and between the Q=1.47- and 1.0-Mev 
groups (suggested neutron assignment #11/2 
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Fic. 4. Proton angular distributions for the four intense groups 
between the dashed lines in Fig. 2. The assignments suggested ir 
the text for the captured neutron are: Q=0.32 group, d5/2; 
V= 0.21 group, s O= 0.47 group and V= -~O.81 
group djy2 

sections quoted in Table I and plotted in Figs. 3 and 4 
are about +20%, 
target thickness 
employed for all of the 


due primarily to uncertainty in the 
Since the same bismuth target was 
angular distribution measure- 
ments, the relative values of the cross sections shown in 
Figs 3 and 4 are believed to be accurate to +5¢ O- 

In an attempt to resolve further structure in the 
broad groups shown in Fig. 2, 


tained under higher resolution 


one spectrum was ob- 
The hori- 
zontal and vertical beam-defining slits were narrowed 


conditions. 


until the beam spot on the target, which represents the 


“object” for the spectrometer optics, was less than } in. 
by 4 in. In addition, the spe 
closed from } in. 


trometer image slits were 


to } in., representing about 0.17% 
momentum resolution ing 


source. Since 
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Fic. 5. The high-energy portion of the proton spectrum of 
Fig. 2 repeated at a different angle under higher resolution condi 
tions described in the text. The region between the dashed lines 
labelled ‘‘A” and ‘‘B”’ was run with the spectrometer counter slits 
reduced to 7s in. instead of } in., so that the number of counts in 
that region should be approximately doubled to compare with the 
rest of the spectrum. The principal gain in information over Fig. 2 
occurs in the observed splitting into three groups of the Q= — 1.94 
Mev multiplet between “A” and “B”. A comparison of this energy 
region with theory is made in Fig. 8. 


the target thickness correction for 13-Mev protons was 
only about 20 kev, a thinner target was not necessary. 
Under these conditions, the spectrum shown in Fig. 5 
was obtained. It will be noted that the broad group 
centered at 0= 1.94 Mev does split into three prominent 
peaks, and the most energetic group of the entire spec- 
trum (0=2.35 Mev) is more cleanly resolved. Aside 
from these modifications, the spectrum does not change 
markedly from that of Fig. 2, indicating that much 
higher resolution would be required to resolve further 
structure. Comparing the results in Fig. 5 to the ex- 
pected theoretical spectrum,’ with some modifications to 
be mentioned later, the overall energy resolution (in- 
cluding spectrometer resolution, target thickness, and 
beam spread) appears to be about 0.7%, or 90 kev for 
13-Mev detected protons. The major contribution to 
this result is probably energy inhomogeneity of the 
beam. 


V. DISCUSSION 
A. Basis for Interpretation of Results 


A leading principle in the interpretation of the data 
has been stripping theory. An attempt” to confirm the 
possibility of a stripping interpretation for (d,p) reac- 
tions in the lead region at 11-Mev bombarding energy 
gave results that appeared to be clearly related to the 
theory. However, although the angular distributions of 
the protons did not show strong statistical features, 
they were not simple Butler curves. 


® This is consistent with the results of more recent unpublished 
measurements on isolated states taken with the same equipment 
under essentially the same experimental conditions. 
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Stripping theory as originally formulated” is expected 
to apply only if Coulomb effects are relatively unim 
portant. In general, other things being equal, the “un- 
charged” theory predicts that the angle corresponding 
to the first peak in the cross section increases, and the 
peak cross section decreases, as the angular momentum 
transfer increases. Further, for states of the same con- 
figuration and reduced width, the cross section should 
vary as 2/+-1, where J is the spin of the final state, 
provided the energy and angle for which the comparison 
is made are the same. 

Coulomb effects are certainly serious in the present 
experiment, however, in which 11-Mev deuterons were 
used to bombard Bi” nuclei for which the Coulomb 
barrier is about 14 Mev. Numerical calculations have 
shown*** that one expects (d,p) angular distributions 
to be peaked at more backward angles and to be smeared 
out by the Coulomb effects. Proton angular distribu- 
tions leading to the states in the Pb isotopes show” these 
features. They indicate that, although the peak angle 
appears to increase and the peak cross section appears 
to decrease with the angular momentum /, of the cap- 
tured neutron, interpretation of /, from either the peak 
angle or the peak cross section alone is very difficult. 

In experiments performed in lighter nuclei, analysis 
has shown”? that the effects of specifically nuclear dis- 
tortions of the stripping amplitude tend to have the 
opposite effect from the Coulomb distortions, and fre- 
quently restore the appearance of a simple Butler strip- 
ping angular distribution. However, as might be ex- 
pected, the angular distributions found previously in 
the Pb isotopes” appear to be dominated by the Cou- 
lomb effects. 

Shell model states expected in the region above the 
Pb*® core have also been used as a guide in making 
assignments to the observed levels. Although the spac- 
ings and order are not well known, the single-particle 
neutron states expected** in this region are go/2, i11/2, 
ji6/2, 45/2, 7/2 S1y2, and ds,o. The shell model also predicts 
that the spin-orbit splittings between pairs of states 
with orbital angular momentum / should be proportional! 
to the appropriate ratios of 2/+-1. 

In addition to these “single particle” considerations, 
calculations in the spirit of the “individual particle 
model” could be expected to be useful in the interpreta- 
tion of the data. Although calculations in the zero-range 
approximation were made, and finite-range calculations’ 
were available for some of the configurations, no com- 
plete theoretical calculation exists with which experi- 
mental data can be compared. However, the results of 
the zero-range approximation in predicting the widths 
of the groups of states arising from different neutron 
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configurations were used in the interpretation of the well both in peak cross section and peak angle with the 
data, and the result of the finite-range calculation for Pb’ and Pb results.’ 

the (ho/2g9/2)"* configuration was used in the manner The proton group observed with Q=1.47 Mev 
described later (E,=0.88 Mev) does not appear to be part of the £o/2 


neutron configuration. The angular distribution shows a 
B. Interpretations peak angle of 124°, which is suggestive of a larger /,, and 
a peak cross section of 0.06 mb/sr. The broad group 
with Q of about 1.0 Mev (E,=1.4 Mev) peaks at 126°. 
Since the next neutron state expected from the shell 
model is i;:/2, the most plausible interpretation is that 
these states are both from the (Ag/2ti1;2) configuration. 
The peak angle of these states is about 125° compared 
to 111° for Pb”’ and > 120° for Pb™, and the sum of the 
peak cross sections for these states is 0.45 mb/sr com- 
pared to 0.13 mb/sr in Pb” and 0.76 mb/sr in Pb*’. In 
this vicinity are also expected states with a jis/2 neutron 
configuration. Such states might very well contribute to 
part of the cross section of the group ascribed to éy12. 


Figure 6 shows a summary of the states observed at 
Indiana University in (d,p) experiments in the lead 
region. This figure gives the excitation energies, peak 
angles in the angular distributions, peak cross sections, 
and suggested configuration assignments of the observed 
states.” The figure is plotted so that equal neutron bind- 
ing energies in the various nuclei coincide," allowing 
ready identification of corresponding states. 

As shown in Fig. 2, a group with Q=2.35+0.03 Mev 
was found in the Bi®*(d,p) reaction. Its Q value is not 
significantly different from the value of 2.39+0.03 Mev 
expected from the mass cycle already described (Fig. 1). 
lhe significance of the angular distribution of this peak 

Fig. 3) will be discussed in the next section. 

rhe group with Q= 1.94 Mev in Fig. 2 (average Bi?” 
excitation energy E,=0.41 Mev) has a peak cross sec- 
tion of 1.88 mb/sr and a peak angle of 107°, as shown 
by the angular distribution in Fig. 3. The suggested 


The angular distributions of the four groups with Q 
values of 0.32, —0.21, —0.47, and —0.81 Mev are shown 
in Fig. 4. The group with Q=0.32 Mev (£,=2.02 Mev) 
has a peak angle of 96° and a peak cross section of 
8.70 mb/sr. A very similar angular distribution is ex- 
hibited by the Q= —0.81-Mev group (£,=3.15 Mev), 
which has a peak angle of 96° and a peak cross section 
of 8.28 mb/sr. On the basis of the large peak cross sec- 

tions, peak angles, and energy separation of these 

* In a symbol of the form (Ag/2g9/2), used frequently in the rest a ] 

; L \ ¢ 2), Used Ur) “ . > as : assit ts a * Gare ) he 
of this paper to describe configurations of Bi®, the first assignment groups, the mon ee able ' — _ _ -_ “ f es 
is that of the proton outside the Pb®* core and the second is that 2.02-Mev excited state and d3,2 for the 3.15-Mev ex- 
of the neutron. 

*® This figure includes excitation energies for two higher states : a ‘ ty EE wf 
in Pb™ obtained from the Pb™*(d,p) reaction. These states were previous” assignments in Pb*”’ and Pb*”. 
not studied in the earlier work (reference 12), and so were included 
in the present investigation for comparison purposes. Angular : ' , 
distributions for these two states were not attempted assigned as g7/2 by Harvey,'' and the corresponding 


neutron assignment of go/2 for this state agrees fairly 


cited state. The ds/2 assignment is in agreement with 


The group with Q= —0.21 Mev (£,=2.56 Mev) was 
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state in Pb was assigned” as d3/2 in the study of the 
decay of TP”. The peak cross section for this group is 
6.51 mb/sr, which is more than three times as large as 
the go/2 group. Further, the peak angle of 103° is smaller 
than that for the go/2, although it might be expected to 
be larger since the outgoing proton energy here is 
smalier. Thus, the assignment of a g neutron appears 
doubtful. A d3,/_. assignment on the other hand would 
give a d-state splitting which is smaller than that of the 
known p-state splitting in this region. The only remain- 
ing neutron state of expected high cross section sug- 
gested by the shell model is $12. An (49/251/2) configura- 
tion gives rise to only two states, J=4 and J=5, which 
are 50 kev apart according to the zero-range calculation. 


This would explain the fact that the experimental width | 


of the Q= —0.21-Mev group is jess than that of any 
other group observed in the experiment. Furthermore, 
the arguments supporting a d3,_ assignment for this 
state in the study of the Tl decay are also valid for 
an $12 interpretation. If this interpretation is correct, 
the peak angle is larger and the peak cross section is 
smaller for the sy. than for the d states. A possible 
explanation is that the principal maximum in the angu- 
lar distribution has not been observed.” 

The group with Q= —0.47 Mev (E,= 2.81 Mev) most 
likely represents the g7/2 state. Its peak angle of 110° and 
peak cross section of 2.9 mb/sr are in fair agreement 
with the go/2 state. No state corresponding to this group 
has been observed in Pb™ or the other lead isotopes. An 
explanation for this might be that in Pb” the gz,» state 
has an excitation close to that of the state which has 
been assigned d3,2. and has not been resolved, while in 
Bi? the (As/2g7/2) interaction is larger than that of 
(hy/2d3;2) so that the two groups are resolved. Zero-range 
calculations support this suggestion. 

Due to the small cross section, large background, and 
the presence of carbon and oxygen contaminants, no 
angular distribution has been obtained for the 0 
—1.68-Mev group (E,=4.03 Mev). The next shell- 
model state expected is 41/2, which starts a new shell. 
The energy separation between the shells (i.e., from 
d3_ to Ay1/2) obtained in zero deformation by Nilsson”* 
is about one Mev. Experimentally the separation be- 
tween the 4.03-Mev state and the supposed d;,, state is 
0.88 Mev. This suggests (ho/2/11/2) as a possible assign- 
ment for the state at 4.03-Mev excitation. 

As shown by Harvey," the nuclei Pb”, Pb*, Pb”, 
and Bi?” all have three states with neutron binding 
energies between about 1.5 and 2.5 Mev which are 
strongly excited by (d,p) reactions. In experiments using 
better resolution than that available to Harvey, the 
same three prominent groups have also been observed 
at this laboratory. A possible explanation given by 
McEllistrem et al.” for the central large state in Pb?” 


* For an example of the apparent suppression of a forward peak 
by Coulomb effects, see I. Slaus, Nuclear Phys. 10, 457 (1959) 

“In the present work and in reference 12 Pb™ has not been 
investigated at this laboratory, except for the ground state 
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does not appear adequate to explain the corresponding 
states in the other nuclei. It seems more probable that 
each of the three states in each nucleus is a separate 
single-particle neutron state. Corresponding states in 
the three nuclei investigated here have similar binding 
energies, peak cross sections, and (where measured) 
peak angles in the angular distributions. Thus, if the 
Siy2 neutron interpretation suggested for the 2.56-Mev 
state in Bi* is correct, it would appear that the same 
assignment is more probable for the 4.62-Mev state 
in Pb’, 


C. Comparison with Calculations 


lhe first attempt to calculate levels in the lead region 
was made by Pryce,” who introduced a simple approxi- 
mate method which later was very valuable in construct- 
ing the level scheme of Pb”*.™ In a more exact calcula- 
tion utilizing the same strength of internucleon force as 
observed in the two-body system, True and Ford® ob- 
tained a mean discrepancy from experiment of 57 kev 
for 13 levels in Pb”. 

Recently Newby and Konopinski,’ using the method 
of True and Ford, have attempted to calculate the levels 
involved in the RaE 8 decay. In the case of Po*” with 
two protons outside the Pb” core, good agreement with 
experimentally-known levels was obtained. However, 
in the case of Bi*”, with a neutron and a proton outside 
the same core, the calculation proved to be much more 
involved. A pure central force could not account for the 
positions of the known 1— and 0— states. When tensor 
force effects were calculated approximately, however, 
they were able to show that the result was in the right 
direction to reproduce the observed order of 1— and 
O— levels. 

Figure 7 shows the levels below 2-Mev excitation in 
Bi?” calculated by Newby and Konopinski with a finite- 
range central force. They have shown that the tensor 
force moves the (/s/289;2)0- level up, and the (Ag/zii1/2)) 
level at 830-kev excitation down, while the (A/2g9/2); 
level at 400-kev excitation is little affected. Their conclu- 
sion is that the ground-state configuration is (Ag/ati1/2); 
However, the (he/2¢0/2),— assignment is not excluded, 
and the most straightforward interpretation of the 
present experiment favors this configuration as shown 
below. No calculation of the effect of the tensor force on 
the rest of the levels has been made. Nevertheless, a 
comparison of this level spectrum with the observed 
proton spectrum of Fig. 5, obtained with a resolution of 
about 90 kev, is of interest. As shown in Fig. 3, the most 
energetic proton group (Q= 2.35) has an angular dis- 
tribution very similar to that of the group with O= 1.94 
Mev (E,=0.41 Mev). This suggests that the two groups 
arise from the same neutron configuration, i.e., g9/2. The 
peak cross section of the most energetic group is experi- 


™ M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952) 


“TD. E. Alburger and M. H. L 
' (1954). 
% W. W. True and K. W. Ford, Phys. Rev. 109, 1675 (1958) 


Pryce, Phys. Rev. 95, 1482 
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lic. 7. The expected positions of the energy levels of Bi® for 
the proton-neutron configurations (/g/2g9/2) and (Ag/zii1/2), as Ob 
tained by Newby and Konopinski 


central-force type of calculation 


reference 3) using a finite-range 


mentally 3° of the total of the two groups. On the 


basis of stripping theory, the cross sections for states 
with spins 0, 1, and 2, formed from an (Ag,/2g9/2) con- 
figuration, should be 1%, 3%, and 5%, respectively, 
of the total cross section Thus, the most probable 
assignment for the observed (= 2.35 group is (//289/2)) 

It then seems most likely that this group represents 
excitation of the known (RaE) 1— ground state since 
its Q value is in agreement with that calculated for the 
ground state and its cross section is consistent with the 
If this interpretation is valid, the 
observed group must also contain the known 0— state 
of 47-kev excitation. Since this state must arise from the 


spin one assignment 


hg/289/2) configuration, the expected cross section for the 
group becomes 4%, which is not significantly different 
©. When such a state is sub- 
tracted, the Q value calculated for the (Ao/2¢9/2)) 
; increased by about 0.01 Mev to 2.36 Mev 

rhe possibility that the 1— 8-decaying state is of the 
configuration has been suggested.*** In this 
two 1— states lie close together and mix 
weakly or not at all, the Q=2.35-Mev group represents 
Che difference between the measured 
Q value and the Q value expected from the mass cycle 


from the experimental 3 


state 


Naosolyy 


event, if the 
an excited state 


places the observed state at an excitation energy of 
10-+60 kev 


*G. E. Lee-Whiting, Pt Rev. 97, 463 


1955 
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If the two 1— states mix strongly (i. 
mately equal amplitudes in eac! , two possibilities 
exist. If the two mixed states are less than 50 kev apart, 


, WILN approxi- 


State 


the observed peak represents both. However, it seems 
unlikely that two strongly mixed states would lie within 
50 kev of each other because of their mutual repulsion. 
If the two mixed states are greater than about 200 kev 
apart, the upper one would lie under the main body of 


the (As/2g9/2) configuration and would not have been 
ground state has been 
section is in 
ted cross section of 24° O- Both 


states would have been observed if their energy separa- 


detected. In the latter case the 


2¢ 


observed, and the 3 ( measured cross 


agreement with the expe 


tion were between about 50 and 200 kev and they are 
strongly mixed. Finally, as discussed above, the possi- 
bility that the group represents a superposition of the 
(Agy2t11/2)1— state and a high-spin state of the (Ag/2t 1/2) 
configuration is ruled out by its angular distribution 

level lies 
s configuration with 


It is clear from Fig. 7 that the (Ag,2g9/2)9 


well below any other level of tl 


higher 


Fic. 8. A comparison of the resolution experimental re 
sults of Fig. 5 and the theoretical results of Fig. 7, modified by the 
present authors in a manner 


described in the text 

appreciable cross section. If one assumes that the tensor 
force effects are not too large, it is natural to identify 
the first excited state of appreciable cross section, the 
0.28-Mev state in Figs. 5 with the 9— state. 
Furthermore, the spin states fall into 
two groups, 4—, 5—, 7—, and 8—, 6—, which could 
0.44 and 0.57-Mev excita- 


and 6, 
remaining high 


correspond to the peaks ; 
tion, respectively 

The experimental spectrum is compared with the 
theoretical one in Fig. 8. The theoretical curve was ob- 
tained by normalizing the predicted peaks to the experi- 
mental ones, keeping the theoretical level order the 
same, and folding in the experimental resolution. The 
level scheme obtained in this way is shown in Fig. 9. 
Normalization of the absolute scale was made by esti- 
mating that part of the binding energy originating from 
the n-p interaction for the 1— ground state in the same 
manner as True and Ford 
0.75 Mev « ompared to the 0.9-Mev result of the central- 


This value turns out to be 


force calculatior 
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The major result of this comparison (aside from the 
effect on the 0O— and 1— levels already mentioned) has 
been to move the spin 9 state up by about 0.32 Mev. The 
qualitative agreement is good, but some rearrangement 
would be necessary in order to fit the two peaks of 
0.44- and 0.57-Mev excitation. However, this is to be 
expected since the states here are very close, and even 
small tensor-force effects are of importance. 

When examined with better resolution, no great im- 
provement was obtained for the (/9/2i11;2) part of the 
spectrum, It appears to agree fairly well with the level 
order calculated by Newby and Konopinski. The cross 
section of the 0.88-Mev state is 13% of the cross section 
for all the states that are believed to belong to this 
configuration. This is in agreement with the cross section 
expected for the spin 8 state, which would have to be 
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Fic. 9. The qualitative level diagram for low-lying states of 
Bi?” from the proton-neutron configuration (Ag/2g9/2), as suggested 
by a comparison of the results of the present experiment with the 
theoretical predictions of Newby and Konopinski (reference 3 
The level diagram at the center is reproduced from Fig. 7, while 
the diagram at the right represents possible modifications sug 
gested by the comparison of Fig. 8. 
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moved down 0.02 Mev, or possibly for the spin 10 state, 
which would have to be moved up 0.95 Mev, by the 
tensor interaction 

No evidence has been found for the high-spin a-decay- 
ing state near the ground state. On the basis of the above 
interpretation such a state cannot be of the (/y/2¢9)2) 
configuration, since the cross section of the 0= 2.35-Mev 
group puts an upper limit of one on the spin for that 
configuration. The possibility that the Q=2.35 Mev 
group is of the (4o/211/2) configuration (e.g., of spin 10) 
is, as mentioned above, not likely if the angular distri- 
bution of the group has been interpreted correctly. Thus, 
the most likely configuration for the high-spin state 
appears to be (/7/2¢9/2), for which the cross section is 
expected to be very low in this reaction.” 


77 In the above discussion, it has in general been assumed that 
configuration mixing is too small to affect the cross sections ap 
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VI. CONCLUSIONS 


With the possible exception of two states, interpreta- 
tion on the basis of stripping theory of the neutron states 
observed in (d,p) reactions in the lead region appears 
meaningful. Although the suggested i;:/2 neutron state 
in each nucleus is consistent with other states in Q value, 
peak angle, and order of magnitude of the peak cross 
section, the exact value of the peak cross section varies 
considerably from nucleus to nucleus. The second diffi 
culty arises from the magnitudes of the peak angle and 
peak cross section of the suggested 5,,2 state. The reason 
for these quantities being in disagreement with those of 
other states is not known, but it may be related to the 
large Coulomb effects. 

The predicted ground state of Bi*” has been observed 
for the first time in a particle reaction. The observed 
group has a measured Q value of 2.354-0.03 Mev. Its 
of the total cross section for the 
proton-neutron configuration (/t9/2g9/2) is consistent with 
its being due primarily to the (/g/2g9/2),— state. With 
this interpretation, the most probable Q value for the 
Bi (d,p) Bi?” reaction to the 1— ground state alone is 
2.364+0.03 Mev, in agreement with the value of 
2.3940.03 Mev calculated from known binding and 
disintegration energies in this region 

A previously unobserved group has been found at an 
excitation of 2.81 Mev in Bi*”. The neutron assignment 
suggested here is gz/2. The failure to observe a corre 
sponding group in Pb” may be due to the proximity of 
this state to the 2.53-Mev (ds,2) state. A zero-range 
calculation of the proton-neutron interaction for the 
(hg;2d3;2) and (Ao2g7/2) configurations suggests that the 
states would be resolved in Bi*” if this were true. 

Using the interpretation already discussed, the pres- 
ent experiment suggests that the most probable order of 
the single-particle neutron levels in Bi™ is gy/2, t11/2, 
ds/2, 51/2, Z2/2, and dy2. The data give no information on 
the j15/2 It is also of interest to note that the 
present interpretation of these and earlier lead results 
yield spin-orbit level splittings as follows: p states, 0.9 
Mev (Pb*"); d states, 0.83 Mev (Pb), 0.95 Mev 
(Pb™), and 1.13 Mev (Bi?"); f states, 1.78 Mev (Pb”™’) 
and g states, 2.4 Mev (Bi*”). Except possibly for a small 
value of the d-state splitting, these numbers are in 
qualitative agreement with the expectation that the spin 
orbit splitting should be proportional to 2/+-1. 

The data suggest that there is little, if any, over- 
lapping of states from different neutron configurations. 
Comparison of the (/9/2¢9/2) configuration with central- 
force calculations based on the low-energy properties of 
the neutron-proton system shows that the central force 
overestimates the effect of this interaction. However, 


cross section of 3% 


state. 


new esd The general similarity of the observed cross sections 
eading to states of Pb™ and Bi* seems to justify this assumption. 
However, it should be kept in mind that the mixing of even a 
relatively small amount of the configuration (Ag/2g9/2) into an 
(fr2g02) wave function for example can drastically increase the 
expected cross section for a state of the latter assignment 
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qualitative experimental agreement is obtained with the 
level order predicted by the central force for the states 
of the (Ao/2g0/2) configuration. 
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Note added in proof.—Recently Blomqvist and Wahl- 
born, Arkiv Fysik (in print), have calculated energy 
levels in the lead region using a diffuse potential of the 
Woods-Saxon type. obtain the same single- 
particle level order as is suggested in the present work. 

It has been suggested by Golenetskii et al., Z. Eksp. 
Teor. Fiz. S.S.S.R. 37, 560 (1959), that no a-decaying 
state exists close to the ground state. Instead, a 9— 


ney 


state at about 0.22 Mev excitation is proposed, in good 
agreement with the present suggestion of a 9— state at 
about 0.28 Mev 
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otal gamma absorption cross sections were measured of C® from 20.0 to 21.2 Mev, a 
\l’ from 20.0 to 20.5 Mev using monochromatic gamma rays 


l of N™, O**, and 
A direct absorption technique was used, 


utilizing T*(p,y)He* photons, varied in energy by changing the energy of the incident protons. The C” 


cross section showed structure with possible resonances at 20.15 Mev, 20.46 Mev 
integrated cross sections of 1.1, 1.0, and 6.6 Mev millibarns, respectively 


and 20.92 Mev, 
O** showed a sharply rising cross 


with 


section suggesting a strong resonance above about 20.3 Mev. The cross sections of N“ and Al?’ were smooth 


over the energy interval investigated 


INTRODUCTION 


NE of the most striking features of photonuclear 

reactions is the “giant-resonance” region of 
photon absorption. This resonance is ascribed princi- 
pally to electric-dipole absorption. Experiments in this 
energy region have usually measured the various partial 
cross sections, principally the (y,p) and the (y,») 
reactions, using heterogeneous bremmstrahlung pho- 
tons. Several of these experiments have indicated fine 
structure in the “giant resonance” absorption by light 
elements.’ Attempts to investigate such structure’ using 


* Supported by the National Science Foundation and by the 
joint program of the Office of Naval Research and the U. S 
Atomic Energy Commission 

t Now with the Westinghouse Electric Corporation, Bettis 
Atomic Power Laboratory, Pittsburgh, Pennsylvania. 

1L. Katz, R. N. H. Haslam, A.'G. W. Cameron, and R. Montal- 
betti, Phys. Rev. 95, 464 (1954); A. S. Penfold, and B. M. Spicer, 
Phys. Rev. 100, 1377 (1955); L. Katz, Conference on Photonuclear 
Reactions, National Bureau of Standards, 1958 (unpublished); 
F. K. Goward and J. J. Wilkins, Proc. Roy. Soc. (London) A217, 
357 (1953); L. Cohen, A. K. Mann, B. J. Patton, K. Reibel, W. 
E. Stephens, and E. J. Winhold, Phys. Rev. 104, 108 (1956); 
S. A. E. Johansson and B. Forkman, Arkiv Fysik 12, 359 (1957) 

?—D. St. P. Bunbury, Proc. Phys. Soc. (London) A67, 1106 
(1954); J. G. Campbell, Australian J. Phys. 8, 449 (1955); D. C. 
Foster, doctoral thesis, Cornell University, 1956 (unpublished); 
M. M. Wolff and W. E. Stephens, Phys. Rev. 112, 890 (1958); 
L. D. Cohen and W.{E{4Stephens, Phys. Rev. Letters\2, 263 
(1959); T. Nakamura, K. Fukunaga, T. Takamatsu, M. Yata, 
and S. Yasumi, J. Phys. Soc. Japan 14, 1117 (1959). 


monochromatic gamma rays have not been generally 
successful. The present experiment is a further attempt 
to measure the detailed total photon absorption in the 
giant resonance region using monochromatic gamma 
rays 


EXPERIMENT 


Figure 1 shows a simplified schematic diagram of 
target, absorbers, detectors, 
circuitry. An electrostatic 


and associated electronic 
accelerator provided protons 
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rOTAL GAMMA 
of energies from 340 kev to about 2 Mev, at currents 
of up to 50 microamperes. The protons were incident 
on a thin target of tritium gas adsorbed in a thin layer 
of zirconium deposited on a water-cooled platinum disk. 
Four NalI(Tl) crystals were placed symmetrically 
around the target, about 63 cm distant, and at an angle 
of 974 degrees to the proton beam. Conical absorbers 
about two feet in length were suspended by wires 
between the target and two of the crystals, while the 
other two crystals served to monitor the photon 
intensity. 

The detected gamma-ray pulses were amplified and 
fed through a discriminator window which selected 
those pulses whose height fell between 12 and 21.5 Mev. 
Gains of the photomultipliers and amplifier were main 
tained constant to within +0.2% by measuring the 
steeply rising leading edge of the 1.28-Mev gamma 
radiation from a Na” source for each counter between 
each 20 minute run. 

The thickness of the target for 1.1-Mev protons was 
determined by measuring the T(p,n)He’ neutron yield 
in the forward direction with a “long counter’”’ as the 
proton energy was varied through the neutron threshold. 
The observed yield was compared with curves obtained 
by numerical integration of the thin target results of 
Jarvis et al.’ for various assumed target thicknesses 
The thickness so determined was 58+8 kev. The vari- 
ation of target thickness with proton energy was 
obtained from Madsen’s curves‘ by interpolation. 

The energy of the gamma ray was determined from 
the proton energy using the good approximation: 
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Fic. 2. Tota! absorption in C". The points indicate the experi 
mental results. The lines show the total atomic cross sections 
calculated as described in the text using the indicated triplet 
calculations. The curve marked Koch and Wyckoff includes a 
2.25% addition to the pair production and the Borsellino triplet 
cross section. 


4G. A. Jarvis et al., Phys. Rev. 79, 932 (1950) 
‘C. B. Madsen, Kg!. Danske. Videnskab Selskab 
Medd. 27, No. 13 (1953) 
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Fic. 3. Total nuclear absorption in carbon-12. The cross section 
in millibarns is plotted as a function of photon energy. 
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Fic. 4. Tota! nuclear absorption in nitrogen-14. 


where E, is proton energy in Mev, @ is laboratory angle 
from the proton beam, and the Q value is 19.812+0.011 
Mev. The crystals subtended an angle of 0.12 radians 
at the target, introducing a Doppler spread in photon 
energy of 43+6 kev at 20.52 Mev. The resolution of 


' the apparatus was determined from the target thickness, 


Doppler energy spread, and the accelerator energy 
wander of +2.3 kev, to yield a trapezoidal line shape 
as indicated on Figs. 2, 3, 4, and 5. 

The carbon and aluminum absorbers were in the 
form of machined, truncated cones, two feet and one 
foot long, respectively. The absorbers used for N“ and 
O'* were hydrazine (93% NoH,, 7% HO) and distilled 
water, respectiveiy ; both liquids were held in truncated 
pyramidal Plexiglas boxes with ,-inch thick walls, 
and two feet in length. 


CORRECTIONS 


Corrections were made to the data to account for 
(1) air absorption, (2) absorption in the Plexiglas when 
using liquids and (3) cosmic-ray backgrounds (~ 10% 
of total counts). Corrections necessitated by the “bad” 
geometry were calculated to account for (1) unscattered 
Compton photons, (2) Compton electrons formed in 
the end of the absorbers which entered the crystals to 
cause spurious counts, and (3) electrons and positrons 
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Fic. 5. Total nuclear absorption in oxygen-16 


formed in the pair-production and triplet processes 
which entered the crystals from the absorber ends also 
to cause The higher energy data on 
carbon taken T*(p,n)He® threshold, 
and additional corrections were necessitated by the 
pileup of 7-Mev gamma pulses from neutron capture in 
the I’ of the crystals. The “bad” geometry corrections 
varied from 2.5% for the aluminum absorber to 7.0% 
for the After these corrections had been applied 
to the measured ratios of monitor to detector counts, 
the total absorption cross sections were deduced. Table 
I shows the estimated uncertainties to be associated 
measured cross sections. Within these uncer- 
there is reasonable agreement between these 
and the total absorption measurements of 
Kockum, and Starfelt.® 
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ATOMIC CROSS SECTIONS 


Calculated atomic cross subtracted 


from the corrected experimental data to yield the total 


sections were 


lable of estimated uncertainties to the 
measured cross sections. 


ABLE | 


Carbon Carbon 
20.1 (20.5 
20.5 21.2 
Absorber Mev Mev) 


NoH, H,O 


Statistics of 
attenuation ratio 
Statistics of 
zero ratio 
Density 
Impurities 
Corrections mad 
Neutron pile-up 
Totals 
Relative ancertaint 
between points 
\bsolute uncertainty 
for each point 


0.40% 091% O54% 0.52% 
0.21% 0.25% 
0.15% O15% 
0.1% 0.1% 
0.544% 049% 

0.1% 


0.37% 
0.15% 
0.5% 

0.56; 


0.31°; 
0.15% 


0.6°; 


0.54% 


1.1% 1.0% 


*B. Ziegler, Z. Physik 152, 566 (1958); J 
Starfelt, Nuclear Instr. and Meth. 5, 37 (1959) 
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nuclear absorption. The 
calculated at 20 Mev as 
scattering section 
Nishina formula for free 
White.* (2) The pair-production 
calculated using the Bethe-Heitler unscreened formula’ 
and subtracting (a) the screening corrections calculated 
with Hartree-Fock form and (b 
correc tions.’ (3) The triplet cross sections of Borsellino™” 
were used. The ulated a 
in Table IT. 

The triplet cross sections of Wheeler 
Votruba” seemed too high and too low, respectively, for 
a reasonable interpretation of this experiment in light 
of the known ‘average nuclear cross this 
energy region. The 2.25° pair production 
cross sections used by Koch and Wyckoff* seems unneces 
sary at this energy in Fig. 2 
for carbon as representative of the results. The points 
are the observed values of tot 


atomic cross sections were 


follows: (1) the Compton 
taken from the Klein- 
electrons as tabulated by 
were 


cToss was 


CTOSS Se¢ tions 


factors,*® Coulomb 


cross sections so cal re shown 


and Lamb" and 


sections in 
increase in 
This is shown graphically 
al cross se 


tion while the 


Table of atomi n millibarns 


at 20 Mev 


TABLE IT 


Hydra 


zine 


544.8 


Compton 124 42 20 
4.2 326.98 


Pair prod 05.1 536.8 
Koch's pair 
prod 
Triplet 
Borsellino 
Votruba 
Wheeler and 
Lamb 
Total 
ch 
Boreetli t 912.98 
Votruba 96 1 9.9 ) 899.78 
Wheeler i 


Lamt 


lines are 
de S( ribed 


RESULTS 
The 
atomic 
The uncertainties showr 
relative statistical uncertainties. The 
value of all other uncerta upplies equally to all 
points in each set, and is indicated as 
in the zero cross sectior 


ibtraction of the 
Figs. 3, 4, 5, and 6 
point are only the 


experimental dat 


cross sections, aré 


root mean square 


an uncertainty 


G. White, Nationa! Burea f Standard teport No. 1003 
1952 (unpublished 

’ Experimental Nuclear P edite E. Segre 
& Sons, Inc., New York, 1953), Vol. 1 

* H. W. Koch and j. M. Wyckoff, National Bureau 
Report No. 6313 (U. S. Government Printing Office, 
*H. Davies, H. A. Bethe, and L. C. Maximon, Phys 
88 (1954) 

” A. Borsellino, Helv. Phys ta. 20, 136 (1947) 
cimento 4, 1112 (1947) 

"J. A. Wheeler and W. | 
1939 

®Y. Votruba 


yn Wiley 

hirst ed 

of Standards 
1959 

Rev. 93, 
Nuovo 

Lan Jr., Phys 


Rev 55 R58 


Phys. Rev. 73 
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TOTAL GAMMA ABSORPTION 
The measurements on carbon were made in two parts, 
divided at the T*(p,#)He*® threshold. The pileup of 
['27(m,y)I"** pulses in the crystals necessitated lower 
counting rates and higher discriminator settings in the 
upper-energy region. Due to a different zero-reading 
there is a relative uncertainty between the two sets of 
data of +1.3 millibarns in addition to that shown in 
Fig. 3. : 


Carbon 


The total nuclear absorption cross section for carbon 
shows possible structure. One resonance seems resolved 
at 20.15 Mev, with a peak cross section of 6.542 
millibarns, and width at half-height of 165+30 kev 
rhe integrated cross section is 1.1+0,60 Mev-mb. 

At 20.46 Mev, straddling the two sets of data, there 
seems to be another resonance. If it exists, the height 
is 7+3 millibarns, and width at half-height is 145+ 30 
kev. Note that if the two sets of data are moved 
relative to one another as far as the statistical uncer 
tainties permit, the shape of the cross-section curve in 
the vicinity of 20.53 Mev still indicates a partially 
resolved resonance. The integrated cross section is 
1.0+0.75 Mev-mb. 

A stronger resonance is observed rising steeply to a 
peak of 22 millibarns at 20.92+0.025 Mev. The 
measurements do not extend high enough in energy to 
determine the width, but it appears to be from 225 to 
350 kev wide. Assuming a width of 300 kev, this gives 
an integrated cross section of about 6.6+1.2 Mev-mb 
The sum of the three resonances yields the total 
integrated cross section from 20.00 to 21.20 Mev as 
8.7+2.6 Mev-mb 


Nitrogen 


rhe nitrogen results are shown in Fig. 4. There is 
no resolved structure, and the best straight line through 
the data has a small positive slope of 6 millibarns/ Mev. 
The average total cross section over the energy range 
measured is 10.544 millibarns. 


Oxygen 


The total cross section for O"* is shown in Fig. 5 
rhe cross section is smooth and steeply rising, with 
some suggestion of peaking at or above 20.33 Mev. The 
peak cross section attained is 22.544 mb, while the 
average cross section is 13.544 mb. The size of the 
peak cross section measured indicates that a decrease 
must take place at slightly higher energies in order to 
maintain a reasonable integrated cross section. The 
position of this steeply rising cross section is apparently 
associated with the (y,p) peak observed in this region.” 


“L. Cohen, A. K. Mann, B. J. Patton, K. Reibel, W. F 
Stephens and E. J. Winhold, Phys. Rev. 104, 108 (1956); S. A 
E. Johansson and B. Forkman, Arkiv. Fysik 12, 359 (1957 
D. L. Livesey, Can. J. Phys. 34, 1022 (1956 
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;. 6. Total nuclear absorption in aluminum-27 


Aluminum 


The total cross section for AP’ is shown in Fig. 6. 
All the points are consistent with a smooth, slowly 
rising line and an average cross section of 3744.5 mb. 


DISCUSSION 


The sensitivity (~0.5% relative uncertainty between 
points) and resolution (40 to 70 kev) of this experiment 
enable structure to be resolved in the total nuclear 
absorption cross section of C". The resolved resonances, 
presumable 1~ levels in C”, have widths of several 
hundred kev, of the same order as the level spacing. 
Strong indications are present of structure in the O" 
cross-section curve. The results for N“ and Al’ showed 
smooth behavior over the energy range measured. 

Reasonable agreement exists between the levels as 
deduced from the results of this experiment and some 
energy levels in this energy region indicated by other 
recently tabulated evidence. Levels are listed in C” 
at 20.27,'* 20.49," and 20.65'® Mev with widths of 
180 kev. A C"(y,p)B" experiment" shows a level at 
about 20.8 Mev with a width of about 300 kev. Recent 
C"(y,n)C" experiments at this laboratory" show levels 
at 20.25, and ~ 20.9 Mev, of widths of about 100 kev. 
Other C®(y,2)C"™ work” has reported abrupt changes 
of slope in the neutron yield curve at 20.13, 20.29, 
20.62, 20.90, and 21.0% Mev. 

In the case of O', the (y,n) studies” show energy 
levels at 20.33, 20.58, 20.79, and 20.93 Mev (all +0.2 
Mev), of widths <@ kev. The O'*(y,p)N" experi- 
ments” show a level at about 20.6 Mev. 

Using the Breit-Wigner formula derived 


as by 


“ } 
1959). 

Not seen in B"(p,y5)C* 

* Nonresonant for B"(p,7.)C™ 

“L. Cohen, A. K. Mann, B. J. Patton, K. Reibel, W. E 
Stephens, and E. J. Winhold, Phys. Rev. 104, 108 (1956) 

K. Geller, E. Muirhead, and J. Halpern (private communi 


cation ) 
9 i. 


Ajzenberg-Selove and T. Lauritsen, Nuclear Phys. 11, 1 


Katz, Conference on Photonuclear Reactions, National 
Bureau of Standards, 1958 (unpublished) 
» 4. S. Penfold and B. M. Spicer, Phys. Rev. 100, 1377 


1955) 
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Peaslee" the widths of the 
indicated in the carbon abserption curve can be deter- 
peak total gamma-ray 
nuclear ab orptis ni 


gamma ray resonances 


mined. The cross section for 


(neglecting branching 


tr SoD,/T, 


total? peak 


where A=hc/k, 
S (2J/+1)/2(2/-4 


the gamma-ray wave length, 
I is the initial spin, and J the 
brX?Sy can be determined 
from the observed width and peak cross sections of 
Vig. 3. The gamma-ray widths are then 70410, 70+ 10, 
and 450+70 ev for the 20.15, 20.46, and 20.92-Mev 
levels, respectively. These are smaller than the single 
particle Weisskopf widths for £1 transitions,” 


final spin Thu I la 


» 


l,w=O0.11AtE,? ev, 


which gives 4700, 4900, and 5300 ev for these levels, 
but not surprisingly smaller considering the possible 
number of such states which may make up the giant 
resonance 

The oxygen peak at 20.6 Mev is not completely 
determined, but the peak cross section and width can 
be estimated as about 20 mb and 450 kev. This suggests 
a gamma-ray width of 5004100 ev compared to a 
W eisskopf width of 6000 ev. 

In those cases where resonances are not resolved, and 
if the observed cross section may be considered to be 
made up of isolated resonances, the average photon 
absorption cross section may be expressed as 


total? 2r SI", dD, 

where D is the level spacing. Mutual interference of 
levels, or the presence of a continuum contribution, or 
very wide levels would of course complicate the aver- 
aging. However, neglecting such complications, 


l,/D= ¢/2r VS o=3.6X 10, 1.3 10-, 
2D. C. Peaslee, Phys 
2D. H. Wilkinson 


Rev. 88, 812 (1952 
Phil. Mag. 1, 127 (1956) 


AND W 


for N“ and Al*’, 


tent with the values deduced from the observed spacing 


respectively These values are consis 


in carbon and the calculated gamma-ray widths 
Peaslee*' finds such values for this ratio in these light 
elements to indicate a high degree of coherence in the 
motion of the many particle compound state. Thus our 
results are consistent with an appreciable contribution 
of the * 
of photons in these elements 

On the other hand, Wilkinson” « 
ation width from shell model theory to be a fraction 
0.05D to 0.5D of the We isskopf unit. Since D here is 
observed to be about 0.3 Mev we should then expect 
radiation widths of 0.15 to 0.015 of the 
Weisskopf unit. We observe 0.1 to 0.01 in agreement. 

If we apply our observed values of [,/D~10™ to 
the formula 7.21 in Blatt 
dipole radiation, 


Goldhaber-T eller’™ conce pt to tne absorption 


timates the radi- 


than 


less 


ind We sskopf ‘ for electric 


Ten 32 ~(=) 

dD; } hy D 
we can determine the 
to be about 7 Mev 
reported from neutron capture 
with the deduced from 
fluorine gamma rays.”* Althoug! 
involved in calculations aré¢ 
serve 


single particle level spacing” De 
contrast to the large values 
work?® but consistent 


value elastic scattering of 
the approximations 
very crude, they 


irrelevant factors 


these 


to remove some and to allow 


comparisons with other work 
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Mass yields for gamma fission of U™*, proton fission of Th™, alpha fission of U™*, and deuteron fission 
of normal uranium have been examined in terms of vector spaces for consistency with the hypothesis that 
for each target and projectile there are two and only two modes of fission. The first three cases are on the 


whole consistent with the hypothesis. The fourth is not consistent with the hypothesis 


yields include some yields from neutron fission 


» the measured 


Some consequences of the hypothesis with the added 


requirement of non-negative yields and non-negative coordinates are derived 


INTRODUCTION 


URKEVICH and Niday' have suggested that 

there are two fundamentally different modes of 
fission with mass yield characteristics that explain the 
increase in proportion of symmetric with 
increasing excitation energy. This idea may be reconciled 
with the large multiplicity of fission products by 
assuming that for a given target and projectile there 
are two and only two configurations for the nucleus 
that may result in fission. Once one of these configura- 
tions is attained, many results are possible but in 
different frequencies for the two configurations. In this 
form the hypothesis, which originally was concerned 
primarily with mass yields, extends readily to other 
things such as prompt gamma rays, neutrons, and the 
energies of fission fragments. The hypothesis would 
apply to spallation products if they result only from 
the two hypothetical configurations. 

Using the methods of linear algebra, we compare this 
hypothesis with the mass yield data of Schmitt and 
Sugarman? for gamma-induced fission of U“*, the mass 
yield data of Tewes and James* for proton fission of 
Th, the excitation functions of Ritsema*‘ for alpha 
particle fission of U™*, and the yields of Sugihara, 
Drevinsky, Troianello, and Alexander® for deuteron 
fission of natural uranium. 

in Sec. I we review a few elementary principles of 
linear algebra and we identify sets of fission yields 
(fission yield curves) with vectors. In Sec. [1 the method 
for a least test of the two-mode-of-fission 
hypothesis is developed and the significance of such 
tests is discussed. In Sec. III the results of the statistical 
tests for the cases under consideration are discussed in 
detail. In Sec. 


fission yield curves for the two hypothetical modes of 


fissions 


squares 


IV some ranges of possible shapes of 


fission are derived from measured fission yields. In the 
* Work performed under the auspices of the U. S. Atomix 
Energy Commission 
‘A. Turkevich and J. B. Niday, Phys. Rev. 84, 52 (1951 
?R. A. Schmitt and N. Sugarman, Phys. Rev. 95, 1260 (1954 
*H. A. Tewes and R. A. James, Phys. Rev. 88, 860 (1952) 
*Susanne Elaine Ritsema, University of California Radiation 
Laboratory Report UCRL-3266 (Office of Technical Services 
U.S. Department of Commerce, Washington, D. C., 1956 
*T. T. Sugihara, P. J. Drevinsky, E. J. Troianello, and J. M 
Alexander, Phys. Rev. 108, 1264 (1957) 


final section the lack of invariance of the treatment to a 
more or less arbitrary choice of two mass numbers is 
considered. 


I. VECTORS 


The set of mass yields corresponding to a given way 
of inducing fission in a given nuclide may be arranged 
into an m-tuple or a vector® (y:,°--,¥a), where y; is 
the fission yield of mass number A,. Such a vector then 
represents a mass yield distribution or fission yield 
curve, that is, a curve where the y,’s are plotted against 
the A,’s. Other measured fission parameters that are 
linear in number of fissions could be included with the 
y’s, but we will not do so. 

The two hypothetical modes of fission are represented 
by two such vectors,’ $:= (yu,-**,¥in) and B2= (ya, 

Yon). The hypothesis of Turkevich and Niday 
implies that any fission yield curve is a linear combina- 
tion of §; and $2. That is, if e is a vector representing a 
set of actual fission yields, then 


t 6181 +-¢28 


(CiVir twa, “1 Vin +< 2V2n), 


This conclusion follows 
from the hypothesis whether or not the spectrum of 
the particles including fission is monoenergetic. The 
two vectors §, and $2, representing the two hypothetical 
modes of fission, are characteristic of a given target 


for some two numbers ¢; and cs 


and projectile, and independent of projectile energy. 
3» is chosen as the one whose relative amount increases 
with energy 

For most of our purposes it is desirable not to require 
that fission yield curves be adjusted so that the sum 
of yields is 200%. With this understanding, the vectors 
can represent the mass distribution in a mixture of 
fission products from any number of fissions. Addition 
of vectors corresponds to combining two mixtures of 
products, and multiplication by a number 
corresponds to taking an aliquot or to taking a larger 
or smaller amount of the mixture of fission 
products. 


fission 


Same 


* Robert R. Stoll, Linear Algerbra and Matrix Theory (McGraw 
Hill Book Company, Inc., New York, 1952) 

* Greek letters are used for vectors and 
used for numbers 


Roman letters are 
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1262 GEORGE 
The two vectors, $; and $2, representing the two 
of fission, span a subspace included 
These two vectors must be 


hypothetical modes 
in the space of n-tuples 
linearly independent, otherwise there would be only 
one shape of fission yield curve, contrary to experience. 
Thus, the two-mode-of-fission hypothesis implies that 
the observed fission yield curves for a particular way 
of inducing fission in a particular nuclide will lie in a 
two-dimensional subspace. A two-dimensional subspace 
consists of all linear combinations of two linearly 
independent vectors 

For use in deriving the equations of condition in a 
least squares calculation to be described later, we now 
introduce two vectors, 4; and m2, and develop some of 
their properties. If all of a set, e:,---,e, of fission yield 
curves are of the form e;= ¢);$14+¢2:$2, then any three or 
more of the e’s are linearly dependent. This means that 
each of them may be expressed as a linear combination 
of any two linearly independent linear combinations 
of $6, and §. The two vectors = (1,0,@3,---,@,) 
and 92= (0,1,55,---,b,) are obviously linearly independ- 
ent. The a’s and b’s may be chosen so that 9; and m2 
lie in the two-dimensional subspace of fission yield 
curves. To make this choice we let ¢ and e’ be two 
linearly independent fission yield curves, or any other 
pair of linearly independent linear combinations of §, 
and §». Since e and e’ are linearly independent, the 
two-by-m matrix with e and e’ as rows contains a 
nonzero second order determinant. We choose A; and 
1» (called base nuclides) to be mass numbers whose 
respective-yields u, u’ and w, w’ form a nonzero deter 
minant ww’—wu'w. Then the two equations 


i 


£=UuNitwne, 
and 

e =u’ yi tw’ ne, 
may be solved for 4; and #2. This procedure gives ; 
and # as linear combinations of e and e’, which in 
turn are linear combinations of §; and $2. Therefore 
m and m: are in the subspace of fission yield curves. 
For any fission yield curve e” there is a linear relation 
c'e"’+-cimit+con2=0 since all three vectors are in the 
is not zero; if it 


same two-dimensional subspace. c”’ 
would be zero and m, and 
m2 would not be linearly independent. Thus, 


were zero, then ¢:qi+ cone 


, 


e”’ o/c” yi a/c") ne, 


and any fission yield curve is a linear combination of 
4, and 9 

The two vectors, $; and $2, may be thought of as 
determining a plane through the origin in the n-dimen- 
sional space. If the two-mode-of-fission hypothesis is 
true an actual set of fission yields is represented by a 
point in the plane of §, and $2; a measured set of fission 
yields is represented by a point near the plane of §, 
and 62. If only three yields were measured, the n- 
dimensional three-dimensional and 


spac t would be 


easily visualized 


FORD 


We define an inner product ; vectors 
C= (pi,°  * a and ny qi; Jn) as . i" Pdi The 
definition of an inner product permits the definition of 
the length of { as ({,@)' and the cosine of the angle 
between { and tas ({,&)/ (€,0)? (ab, b)? 
change the vector space into a Euclidian space and make 
it possible to plot graphs representing two-dimensicnal 
spaces or subspaces. In such a plot a fission yield curve 
is represented by a point 

Other inner products could be defined, but to change 
the vector space into a Euclidian space it is sufficient 
that the inner product be real, symmetric, bilinear, and 
positive definite (e.g., see reference 6, pp. 213-214). 
Symmetric means ({,¥)= (¢,@) 
the inner product is linear in each argument, i.e., for 
any vectors (; and any numbers r;, (7:€1+12€2,€3) 
=71(€1,03)+72(C2,03) and (Cs,7sst+rele)=175(Cs,05) +76 
X (1,06). Positive definite means ({,f) 20 and (¢,f)=0 
only if {= (0,---,0). The inner product as defined in 
the previous paragraph obviously satisfies these three 


)), ol any two 


Chese definitions 


Bilinear means that 


requirements. The inner product will not be used in the 
test of the hypothesis, but is useful in a discussion of 
the possible shapes of fission yield curves for the two 
hypothetical modes of fission 


Il. METHOD FOR THE TEST OF THE HYPOTHESIS 


It is the two-dimensional subspace implication of the 
hypothesis of Turkevich and Niday that 
compared with experimental mass yields. If all fission 
yield curves were known with zero error the hypothesis 


can be 


could be tested by solving for 9; and q: in terms of two 
fission yield curves and then testing the other fission 
yield curves for linear dependence on 4; and q:. Or 
more simply, any two linearly independent fission yield 
curves could be used instead of "1 and Me. However, 
because of errors in fission yield measurements three 
or more observed fission yield curves do not lie exactly 
in a two-dimensional subspace even if the hypothesis is 
true 
use a least squares calculation 


For this reason, instead of the above scheme we 
It was shown above that if a set of fission yield 
curves are in a two-dimensional subspace, then each 
fission yield curve of the set is a linear combination of 
two vectors 9, = (1,0,¢s, ,2,) and 2= (0,1,b3,- «+ ,bn). 
Such linear combinations may be written as 

uit wyne= (u G,Uj;+b,u 


ri, yX in 


; is the yield of mass number 1, in fission yield 
+} 


where x; 


curve /. These equations mean 


iy ud 


so that the hypothesis may be tested by determining 
whether the data may be represented by such equations 
This was done by the least squares method of Deming." 


Data (Johr 


idjusiment 


Ist ed 


Stiahistical 
York, 1938 


*W. Edwards Deming 
Wiley & Sons, Inc., New 
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rasie I. Summary of the cases tested for consistency with the two-mode-of-fission hypothesis. ¢(5,/) 


is the probability of obtaining 
a minimized sum of squares larger than S if the hypothesis is true 


Number Total Number S, 
of No of minimized 
yield Energy of fission Base degrees of sum of 


Reaction curves range yields nuclides freedom, f squares 


giS.f) 


6.7 Mev-21.1 Mev 
y-f 7 7 Mev-300 Mev 
U™ +-f 6 


Th® p-f 7 
[ss ~ 


7 Mev-100 Mev 
6 22.6 Mev-45.4 Mev 
3 


Normal U d-/ 5 Mev-13.6 Mev 


There is a least squares calculation for each mass 
number except A; and A>». In each least squares calcula- 
tion there is an equation of condition, x;;= uja,+w,d,, 
for each energy j for which the yield, x;;, of mass 
number A, was measured. a; and 6; are the parameters 
that are evaluated by the least squares calculation. 
Fission yields must have been measured for the base 
nuclides, A, and A», for each energy. For example, 
for gamma-induced fission of U** A; and Az were 
chosen to be 111 and 140. The errors listed in the fission 
yield tables in references 2, 3, and 5 were interpreted as 
standard deviations for the least squares calculation. 
The probable errors given in reference 4 for formation 
cross sections were multiplied by 1.4826 to give standard 
deviations. 

The numbers a;,:--,@, (@,=1, @2=0) arranged into 
an m-tuple form », and the numbers 5,,---,b, (6:=0, 
b.=1) form m2. A knowledge of 9; and #2 within experi- 
mental error results from the test of the hypothesis; 
it is not a prerequisite of the test. 

The minimized sum of the squares of weighted 
residuals, S, is a measure of the degree of fit obtained 
from the least squares calculation; the larger S the 
poorer the fit. It is well known that if only one of w,, 
w,, and x;; is subject to error, the sum of squares, S, 
is distributed like x? with f= m—2 degrees of freedom, 
where m is the number of measured yields. Deming* 
states that this is still true if two of them are subject 
to error, and we assume that it is true if all three are 
subject to error. It is a property of the x? distribution 
that if S, and S, are distributed like x? with f, and f/f. 
degrees of freedom, then $,+.S; is distributed like x? 
with f,+ fe degrees of freedom. Thus, the S for each 
mass number for a particular case of fission as well as 
the sum of the S’s for all the mass numbers constitute 
x’ tests for the hypothesis. 

A function, g, of S and f may be defined as the 
integral from S to infinity of the x* probability density 
function with /f degrees of freedom. When testing a 
true hypothesis, g(S,/) is the probability of obtaining a 
minimized sum of squares larger than S. If it is decided 
before a test to reject the hypothesis when g turns out 
less than some fixed value p, then p is the probability 
of rejecting a true hypothesis, i.e., of making an error 
of the first kind. The term ® is called the level of 
significance of the test. The probability of accepting a 


82 115 140 42 46.64 
87 111 140 32 74.43 
82 111 140 27 25.93 
53 97 115 20 3.26 
45 97 115 13 25.5 


0.29 
0.00001 
0.53 
>0.9995 
0.021 


false hypothesis (making an error of the second kind) is 
only rarely known. It is not known for the cases under 
consideration. 

The definition of the random variable g(5,/f) is not 
common in chi-square testing but appears to be valid, 
and it simplifies the discussion. 


Ill. RESULTS OF THE TEST 


Table I gives a tabular summary of the cases tested. 
The sums of S’s for individual mass numbers are given 
with the corresponding ¢(S,/). For proton fission of 
Th™, g is 0.29 and the hypothesis must be accepted 
unless one is demanding a better fit than may be 
expected in 29% of the cases when a true hypothesis is 
being tested. For gamma fission of U™* there are two 
entries. For the first, with yields up to 300 Mev, q is 
0.00001. If the hypothesis is true for this case a very 
improbable thing has happened; the hypothesis must 
be rejected at any reasonable level of significance. 
The second entry for gamma fission of U™* is the 
result of omitting some 300-Mev yields, as explained 
below. The result is g= 0.53 and the modified hypothesis 
must be accepted at any reasonable level of significance. 

For deuteron fission of normal uraniuin the hypothesis 
is known to be false; Sugihara ef al.* attribute most of 
the 5-Mev fissions to a neutron background. For this 
case g turned out to be 0.021 and the hypothesis may 
reasonably be rejected. Although it is not sufficient to 
make any probability statements, this case provides 
experience about errors of the second kind and offers a 
reason (how good a reason is not known) for accepting 
the hypothesis when q is reasonably large. 

For alpha fission of U™*, ¢ is beyond the range of 
readily available x? tables but it is larger than 0.9995. 
That is, the fit is better than may be expected in 
‘almost all cases. Such a good fit tends to confirm the 
hypothesis but is very unlikely. It is attributed to the 
use of errors quoted with the data and intended to be 
errors of absolute cross sections. For the least squares 
calculation the unrecorded, but presumably smaller, 
errors of relative cross sections are the appropriate ones. 
For this reason the results cannot be used as a x? test 
of the hypothesis. 

The results of the least squares calculation for 
individual mass numbers for proton fission of thorium 
are given in Table IT. Mass numbers A; and A; were 
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ANALYSIS OF TWO-MODE-OF FISSION HYPOTHESIS 


rasve IV. Alpha fission of U™*. The over-all sum of squares is 3.26. There are 20 degrees of freedom. 
q(3.26, 20)>0.9995. Base nuclides are: A; =97, Az=115 


22.6-Mev 27.1-Mev 33.8-Mev 38.6-Mev 40.1-Mev 43.9-Mev 45.4-Mev 
fission fission fission fission fission fissior fission 
yield yield yield yield yield yield yield 
Mass m n Obs é Obs Cale Obs Calc Obs Calc Obs Calc Obs Cak Obs Calc 


95 0.6521 0.0523 ] 5.35 29 24.3 28 38 37.7 35 38.3 41 37.6 36 36.5 0.386 

97 1 0 36 41 54 54 53 52 

103 0.7885 0.0932 5 47 47.1 44 2 51 2 47 456 0.095 

105 0.7658 0.1267 7 6 47.4 55 ] 48 46.0 0.703 

115 0 l ) 4% oo 58 49 

139 0.8509 0.1327 36 37 37.4 42 37.7 0.097 

140 0.7463 0.0781 ‘ 35 35.6 3 % 350 0.019 

143 0.6200 0.0961 f 3 19.2 38 0.835 
7 0.4685 0.0649 : 7 0.268 


ww 


14) 
156 0.0344 0.0351 f : 3.5 7 0.022 
157 0.0427 0.0002 : 2 0.053 
237 1.4728 3.5739 : 129.2 150 98.5 0.580 
239 0.2135 0.9368 0.29 25 44 34.8 0.092 
240 0.0549 0.1935 0.027 : ‘ . 59 663 0113 


NNN tw 


ysen to be 115 and 140. Entries are arranged in order Mass numbers 112, 115 (43-day isomer of Cd"*), 117, 
of increasing mass number; entries for 4; and A» are 132, and 143 have unusually large S’s. The calculations 
no longer first and second. S and q(S,/) are given in were repeated for them omitting the 300-Mev yields. 
the last two columns. The results indicate acce ptance of These results are given in parenthesis in Table ITI. 
the hy pothesis except for mass number 78 and possibly The agreement with the hy pothesis is now satisfac tory 
for mass number 77. For mass number 77, g(S,f) is except for mass number 112. The hypothesis could be 
0.12, so that a level of significance that would result rejec ted on the basis of the result for this mass number 
in rejection can be expected to result in errors of the at a level of significance of 0.027. However, we are again 
first kind (wrong rejections) in about twelve percent of — reluctant to reject the hypothesis on the basis of the 
the cases tested. For mass 78, g(S,f) is 0.0031 and it results of one mass number 
for 
first kind. However, we are reluctant to reject the hypo- individual mass numbers are given in Table IV for 
thesis on the basis of one very poor fit and one mediocr« ilpha fission of U"**. 4, and A» were chosen to be mass 
fit when everything else fits so well. In this connection numbers 97 and 115 (both isomers of Cd"™*). Vields for 


it should be pointed out that a necessary part of the 33.8 Mev were omitted in the least squares calculations 


may be re jected with very little risk of an error of the The results of the least squares calculation 


pd 


hypothesis being tested is that no mistakes have been because no yields were given for mass numbers 97 and 
made in the measurements or calculations of the 115. As mentioned earlier 


the results do not constitute 
vields. The results for the p-» product Pa do not agree a 51 cause of the errors used. It should be noted 
with the hypothesis. If Pa” results only from the two that th ilts for mass numbers 237, 239, and 240 
\ypothetical configurations represented by §; and 6 igree about as well as the fission products. This is 
the probability of obtaining a fit this bad or worse i experience about errors of the second kind, but in the 
ess than 6.0005. Since it may be reasonably supposed wrong direction 
it not all of the Pa results from the two hypothetical The tailed results for deuteron fission of norma! 
modes of fission, this case may be regarded as further uranium are given in Table V. Mass numbers 97 and 
were chosen for A, and 
kind. For proton fission of thorium we regard the data i As already menti d, the 


expe rience about the probability of errors of the second . 54-hour isomer of Cd 
hypothesis is to be 
s being in agreement with the hypothesis. rejected for this case 
The detailed results for gamma fission of U™* are ' 
given in Table III. No S is given for mass 99 since no IV RESULTS OF THE HYPOTHESIS : SHAPES OF 


vields included, the hypothesis is to be rejected as 


ndicated earlier. It is reasonable to examine the For this s ypot s is regarded as being 
possibility that the large deviations are caused by a_ true, and som msequences are examined. The test 
rd type of fission at 300 Mev. This could be done by of the hypotl s independent of a knowledge of 


1} 
; 


eating all of e calculations with the 300-Mev and J e ver s associated with the two modes of 
ds omitted. However, it is sufficient to repeat the fission. The least squares procedure does not determine 
alculations for those mass numbers with unusually 6, and §» but it does set limits on them by determining, 
arge S’s since if the others agree with the hypothesis up within experimental error, a two-dimensional subspace 
300 Mev, then they must agree up to 100 Mev ontaining them. Further limits may be set on them 
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TAB te V. Deuteron fission of normal uranium. The over-all sum of squares of weighted residu 
q(25.5, 13) is 0.021. Base nuclides are: A; =97 and A;=115 


5-Mev fission yield 
Obs Cale 


14347 136.3 
205+15 197.9 
233416 
48+0.5 
0.4+0.2 
128+1 
172+3 
181+9 
160+16 
120+7 
183+4 182.0 
89+4 85.1 
12.1+0.1 11.7 
3.0+0.5 3.04 
1.6+0.1 1.6 


"i 72 


0.6017 0.8050 
0.8717 1.0803 
1 0 
0 1 
0.0002 0.0663 
0.5113 2.0252 
0.7225 0.7580 
0.7612 0.3578 
0.6622 0.5648 
0.5141 0.0730 
0.8122 1.5025 
0.3670 0.0937 
0.0471 0.1524 
0.0109 0.1022 
0.0055 0.0659 


0.37 
128.9 
172.0 
175.6 
151.6 
119.4 


by the two requirements: (1) coordinates with respect to 


8; and Bo of observed fission yield curves cannot be 
negative; (2) $; and $2 may have no negative yields. 
To apply condition 1 a graph may be plotted of 
a two-dimensional subspace of fission yield curves. 
In such a graph the inner product defined earlier 
determines angles and distances. In these graphs a 
point represents a fission yield curve. All of the points 
on a line through the origin represent the same shape of 
fission yield curve, occur is 
unit circle. In 
graphs the yields « and w of mass numbers A; and A, 


could be used as 


and any shape that may 


represented by a point on the these 


oordinates with respect to 4; and 
However, in order! Lo avoid excessive dependence on 


two yields, the data for each fission yield curve were 


C 1 
COORDINATE WITH 
RESPECT TO 
Fic. 1. Points representing fission yiel 
of Th® uncertainty 
Regions that may contain points represent 
fission modes are determine: ments of no negative 
yields and no negative coordinates. The angle between coordinate 
axes is not 90° because (%;,9:)#0. The scale is not the same ot 
the two axes since (1,11) = (2,92). Points are all about the same 
distance from the N ecause yields are a make thei: 
sum 200% 


| curves for proton fissior 


Ellipses indicate osition of the points 


ing the two hypothetical 


GEORGE P. 


10-Mev fissior 


0.7340.03 
0.046+-0.004 
4.2+0.1 194 20.8 
4.2+0.2 
3.4+40.2 
2.9+0.1 
2.6+0.1 
3.0+0.3 
1.6+0.1 
0.33+0.01 5 2.04 1.78 
0.122 +0.002 
0.076+0.002 


FORD 


are 13 degrees of freedom 
54 hot 


13.6-Mev 


Obs 


12.2+0.8 
16.8+0.7 
24.1+0.2 
$7402 
0 304-002 0.283 1.12 
0.97 
0.00 
2.01 
2.35 
0.03 
0.27 
4.59 
8.21 
0.18 
0.49 


20.60 
16.84 
13.59 
12.08 
13.3 
8 45 
0.664 
0.45+0.06 


0.08 0.693 


0.0766 0.409 


fitted to 4, and by 
this purpose that 
Errors of coordinates ) 4, and mp are not 
independent but are ut ya matrix 


It was assumed for 
accurately known. 


moment 
occurring!in the least ilculation. Errors are 
illustrated on the obtained by 
equating to unity the quadratic form of the matrix of 
the least squares norma This results in an 
ellipse homothetic wit in elliy of 
and half its siz rt 
length ol a 
deviation. 
Condition 1, that observed fission yield 
cannot have negative 
$2, implies that §, ar 
observed fission yi d« 


conce ntration® 
make the 
standard 


nosen to 
semiax! one 
curves 
t to §; and 

in the region of 

he location of fission 
yield curves is uncertain, it ns rea 
of one standard deviation. For this reason the 
imposed on @; and 62 by condit 
tangents to the ellipses at each edge of the region of 
observed fission yield curves. T 


sonable to use limits 
limits 
ion 1 were set by drawing 


ilting angles were 
measured from 9; with a protractor. These limits, being 
yne-standard-deviation limits, e about the same sig- 
nificance as saying that a measured quantity is less than 
the measured value plus one standard deviation 


In applying condition 2 thi ind $» may 


negative yields it ms rei e to call 


nave no 
a yield 
standard 


rpose curves ot 


negative when the calculated y 1 plus one 
deviation is zero o1 
calculated 


yield as a functior ingle from m, 


with error ban I inda! ition above and 
pared. 
shapes of 8; 


In this way 


below reference These 


curves were used 


and upper 


nave about 


on 3; 


imits set 


and 3 n these ) re f tandard-deviation 


pace ior 


* Harald Cramér 
University Press 


Princetor 





ANALYSIS OF 
proton fission of Th” is given in Fig. 1. Regions that 
may contain §, and (2 are indicated. The range of 
angles for §; is from 142°30’ (condition 2 and mass 77) 
to 120°48’ (condition 1 with the 6.7-Mev fission yield 
curve). These angles, as well as those that follow, are 
measured from ;. The range of angles for 2, the 
high-energy fission mode, is from 67°53’ (condition 2, 
mass 156) to 113°28’ (condition 1, 21.1-Mev fission 

1.0 


os 
os 





a4 





RELATIVE FISSION YIELO 
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90 10 120 180 140 180 160 
MASS NUMBER 


100 


Fic. 2. Proton fission of Th™. These are calculated yields for 
the low-energy limit of $2, the high-energy fission mode. These 
yields were determined by the condition that observed fission 
yield curves may not have negative coordinates with respect to 


3, and Be. 
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RELATIVE FISSION YIELD 
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0.001 = 
70 80 90 100 0 120 


MASS NUMBER 


3. Proton fission of Th™. These are calculated yields for 
the high-energy limit of $2, the high-energy fission mode. This 
limit for B; is determined by the condition that §, may not have 
negative yields. This condition was applied to mass 156. 
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yield curve). Calculated yields for the limits of §, 
are shown in Figs. 2 and 3. Uncertainties in 9; and»: 
are illustrated by error bars one standard deviation 
above and below. These were determined from the error 
bands used in connection with condition 2. 

The graph of the two-dimensional subspace for gamma 


fission of U** is shown in Fig. 4. For this case the 


100 MEV 
48 MEV 


a 


COORDINATE with RESPECT TO %% 
uw 


RANGE FOR B, 








COORDINATE WITH RESPECT TO ”, 


Fic 


1. Points representing fission yield curves for gamma fission 
of U™. All of the comments for Fig. 1 are applicable. 
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RELATIVE FISSION YIELD 


Tre) 


20 130 
MASS NUMBER 


Fic. 5. Gamma fission of U™*. These are calculated yields for 
the low-energy limit of the high-energy fission mode, G2. These 
yields were determined by the requirement that observed fission 
yield curves may not have negative coordinates with respect to 
G, and Ge. 


hypothesis is consistent with the data only up to 100 
Mev. However, least squares calculations omitting the 
300-Mev points are available for only a few mass 
numbers, as explained earlier. For this reason the graph 
is drawn from the ’s resulting from the inclusion of 
the 300-Mev yields. The 100-Mev point rather than 
the 300-Mev point is used for condition 1 that §, and 
$2 cannot be in the region of observed fission yield 
curves. This puts a limit on §, at 83°03’. The other 
limit on §2 is at 47°58’ where the yield plus one standard 
deviation of mass 132 is zero. For this mass number, 
calculations without the 300-Mev yield are available 
and are used. Calculated fission yields for the limits of 
G» are given in Figs. 5 and 6. Uncertainties in 4; and 9» 
are again indicated by error bars. The one-standard- 


° 


ip 


o 


——— 


RELATIVE FISSION YIELD 


100 10 120 i30 iso 
MASS NUMBER 
Fic. 6. Gamma fission of U**. These are calculated yields for 
the high-energy limit of 82, the high-energy fission mode. These 
yields were determined by the condition that $; may not have 
negative yields. This condition was applied to mass 132. 


P FORD 


93°57’ (54-hour isomer of 
33’ (7-Mev fission 
Calculated fission yields 


Vie lds for 93°33’ 


deviation limits of 3, are at 
Cd" and condition 1) and at 93 
yield curve and condition 2 
for 93°57’ are shown in Fig. 7. 
similar. 

The graph of the sional subspace for alpha 
fission of U*** is shown in Fig. 8. I 


are 


two dime n 
or this case since the 
appropriate errors are not known from a better source 
they were determined by external consistency (reference 
8, p. 28). The limits of § 
mass 115) to 9°40’ (condition 1, 22.6-Mev fission yield 
curve). One limit on 8» 103°48’ where the 
yield plus one standard deviation of mass 97 is zero. 
The other limit was set at 27°45’ by 


are from — 3°29’ (condition 2, 


was set at 


a line from the 


RELATIVE FISSION YIELD 


OF + 4 120 
MASS NUMBER 


1 j238 


calculated yields for 
ion mode. Calculated 
nearly the same as 


Fic. 7. Gamma fission of These are 
the low-energy limit of 3 
yields for the high-energy limit of 6, are 
these yields. 


the low-energy fiss 


origin tangent to thé 


irve for 40.1-Mev fission. 
Although 40.1-Mev is not i 


the highest energy of alpha- 


particles used to induce fission, the point representing 
its fission yield curve is at the edge f 
observed yields. Since the 
from external consistency we 
significan¢ e to the apparent inversion in order of the 


of the region of 


only estimate of errors is 


hesitate to attribute aly 


points representing the 40.1-Mev, 43.9-Mev, and 
45.4-Mev points in Fig. 8. Calculated yields for 103°48’, 
the upper limit for $2, are shown in Fig. 9. Error bands 
are such that the lower I] 


limits of all except two mass 


numbers are negative 


Calculated yields for the two limits of $2, the high- 


energy fission mode, for proton fission of Th™ are 
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Fic. 8. Points representing sets of 
formation cross sections for alpha 
fission of U™*. 1, 22.6 Mev; 2, 27.1 
Mev; 3, 33.8 Mev; 4, 38.6 Mev; 5, 
40.1 Mev; 6, 43.9 Mev; and 7, 45.4 
Mev. Errors, represented by ellipses, 
were determined by external con- 
sistency. Distance from the origin 
increases with energy because cross 
sections increase with energy. 


shown in Figs. 2 and 3. The range of shapes for $2 do 
not include a single narrow peak at near symmetric 
masses as is sometimes assumed (see for instance 
Schmitt and Sugarman’). §, may possibly be a standard 
two-peaked curve (Fig. 2) or a triple-peaked curve 
(Figs. 2 and 3) such as Fairhall and Jensen” observed 
for 11-Mev proton fission of Ra®*. If the latter is the 
case our treatment does not allow the interpretation 
that the central peak is due to one mode of fission and 
that the two other peaks are due to another mode. 
The two limits for $. for gamma fission of U™* are 
shown in Figs. 5 and 6. Again the standard two-peaked 
fission yield curve is a possibility. The yields for the 
other limit of §, in Fig. 6 are not very similar to any 
of the familiar fission yield curves, nor are those for 
the high-energy limit of §, for alpha fission of U™* 
in Fig. 9. 


Calculated yields for the low-energy fission mode for 


gamma fission of U** are shown in Fig. 7. The high 
yield of mass 113 relative to neighboring masses may 
be interpreted as evidence for a peak at the bottom of 
the valley. It should be mentioned that this calculated 
yield is a long extrapolation from the data; 48 Mev is 
the lowest energy for which Schmitt and Sugarman 
measured the yield of mass 113. Such a peak for 
31-Mev bremsstrahlung fission of U™* was mentioned 
by Fairhall and Jensen as a private communication by 
Pappas. If there is such a peak at the bottom of the 
valley it cannot, according to our viewpoint, be 
attributed to a symmetric high-energy fission mode 
We regard it as a feature of the fission yield curve for 
the low-energy fission mode, §:. 


Vv. EFFECT OF THE CHOICE OF BASE NUCLIDES ON 
THE SUBSPACE OBTAINED FROM THE 
LEAST SQUARES CALCULATION 

For noncollinear points in a plane it is well known 
that the two regression lines do not coincide.’ We expect 


“ R. C. Jensen and A. W. Fairhall, Phys. Rev. 109, 942 (1958) 
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RANGE FOR B, 


~ 


as 
COORDINATE WITH 
— RESPECT TO 9, 


something similar in our case where the choice of a 
pair of base nuclides from many possible pairs corre- . 
sponds to the choice between the regression of y on x 
and the regression of x on y. In order to investigate this 
possibility, we chose another pair of base nuclides for 
gamma fission of U™*; they are the 54-hour isomer of 
Cd" for A; and mass 99 for A>». The standard deviation 
of the yield of mass 99 was assumed to be 0.1 or about 
1.5% of the yield. The new choice of base nuclides 
results in the vectors &; and & of Table VI. The 
subspace of & and & is to be compared with the 
subspace of 9; and 4 which resulted from the choice 








RELATIVE FORMATION CROSS SECTION 








i 120 1390 a “jeo 
MASS NUMBER 


Fic. 9. Alpha fission of U™. These are calculated relative 


formation cross sections for the high-energy limit of 9, the 
high-energy fission mode. 
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TABLE VI 


Gamma fission of U™* 


Mass 
number E, 
0.0742 
0.1490 
0.3850 0.3942 
0.8567 0.9753 
| | 
0.4158 0.4321 
0.2483 0.2637 
0.0035 0.0031 
0.0022 0.0022 
0.0269 0.0305 
0 0 
0.0006 0.0008 
0.0001 0.0005 
0.0735 0.0773 
0.6115 0.6278 
0.7902 0.8137 
0.5189 0.6030 
0.7802 0.7987 
0.6207 0.6417 
0.6446 0.7160 


gE, diy, dam 


0.0 
0.0047 
0.0092 
0.1186 
0 
0.0163 
0.0154 
0.0004 
0.0000 
0.0036 
0 
0.0002 
0.0006 
0.0038 
0.0163 
0.0235 
0.0841 
0.0185 
0.0210 
0.0714 


din, +d: 


0.0742 
0.1443 


83 
84 


111 and 140 for base nuclides. For this comparison, 


E, and &» were fitted to 4, and m2 by least squares to 


determine how near & and & are to the subspace 
spanned by m and mp. In Table VI, diqit+deme and 
eimiteome are the resulting linear combinations of 
m1 and m2 which are nearest in the sense of least squares 
to & and &. The calculations which 
gave &, and &» also furnish a standard deviation for 
each entry of &, and &. These are denoted by column 
in Table VI. 

For most cases, entries in &; and &» differ from the 
best fit with 4; and m2 by less than a standard deviation 
of the entry in &, and &». For mass 97, the differences 
for both &, and & 


tions. 


least squares 


headings o; and a» 


are more than two standard devia- 
However, for mass 97 the entry in , has a 
standard deviation of 97%. That is, the subspace 
is not very well determined with respect to mass 97. 
The agreement between the two subspaces is regarded 


as good. 


VI. SUMMARY 


The hypothesis of Turkevich and Niday that there 
are only two different modes of fission has been 
examined in terms of linear algebra. A chi-square test 


Comparison of subspaces obtained using yields from different pairs 


71 


0.0206 C 
0.0426 
0.0176 
0.0549 


0.0447 
0.0402 
0.0013 
0.0010 
0.0119 


0.0004 
0.0013 
0.0057 
0.0294 
0.0211 
0.0790 
0.0159 
0.0214 
0.0775 


r. FORD 


»f mass numbers 


Es 


2060 
0.0913 
0.4079 
0.2417 
0 

0.5773 
1.2037 
1.5947 
1.0061 
0.8939 
1 | 

0.0957 0.0946 
0.9967 1.0299 
0.8979 0.8703 
0.5140 0.3838 
0.8115 1.1072 
2.5000 1.5116 
0.1287 0.3362 
0.4367 
1.8182 


r Ur > Le Be 


0.2103 
0.1243 
0.3266 
1.4382 
0 

0.4395 
1.1047 
1.6049 
1.0002 


0.8785 


€:7)1 — €2)2 


0.0043 
0.0330 
0.0813 
1.6799 
0 

0.1378 
0.0990 
0.0102 
0.0059 
0.0154 
U 

0.0011 
0.0332 
0.0276 
0.1302 
0.2957 
0.9884 
0.2075 
0.2135 
0.7989 


o2 


0.1889 
0.3565 
0.1630 
0.7343 


0.4420 
0.3591 
0.0443 
0.0431 
0.0380 


0.0030 
0.0342 
0.0819 
0.3034 
0.1976 
0.9153 
0.2032 
0.1843 
1.3634 


0.6502 


2.6171 


applied to several sets of fission-yield data indicates 
that the hypothesis is not to be rejected for these 
at of significance. The 
application of two conditions of positiveness to the data 


cases any reasonable level 
provides limits on the possible shapes of fission yield 
curves associated with the two hypothetical modes of 
fission. Some of the possible shape s between the limits 
are similar enough to the triple-peaked curve for fission 
of radium by protons to comment. If these 
possible shapes are interpreted as being triple-peaked 
they cannot, according to our treatment, be regarded as 
a superposition of a high-energy and an 
asymmetric Rather, the whole 
triple-peaked curve must be regarded as a single fission 


warrant 


symmetri 
low-energy curve 


yield curve associated with one mode of fission. 
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{ comparison is made between (p,d) [or (d,p) ] and (d,/) pick-up 
reactions involving transitions between the same nuclear levels 
Eleven cases are studied, having transfer orbital angular mo 
mentum /=Q0, 1 or 2, for nuclei from Li* to Mg** and 
for incident energies of the order of 15 Mev. It is found that if the 
d,p) and (df 
reactions are plotted as functions of momentum transfer the curves 
differ by a factor independent of angle. This property holds pri 
marily in the region of the first peak of the angular distribution 
Towards larger angles the curves differ in shape. Because of the 
proportionality between the curves in the forward direction, it is 
possible to obtain an expression for extracting the stripping 


also Sn" 


differential cross sections of the corresponding 


I. INTRODUCTION 


HIS work is a survey and analysis of certain 

reactions of the type X(d,/)V¥. An attempt is 
made to gain insight into the mechanism of the reactions 
and to assess their value for nuclear spectroscopy. 

The mechanism of the transfer of the neutron in 
(d,f) or (t,d) reactions is usually thought to be the same 
as that in the corresponding (p,d) and (d,p) reactions 
Theories have been given! which describe the triton 
reactions by the same formulas used for deuteron 
stripping, taking into account the proper kinemati: 
modifications. It remains to be seen how nearly correct 
these theories are. 

The theory of deuteron stripping is normally set up 
in plane wave Born approximation,’ and this gives a 
good fit to experiment, especially for the forward part 
of the angular distribution, and for the range of energies 
usually studied, 8-20 Mev, when low-lying states of 
light nuclei are formed. In Born approximation the 
cross section can be written as a product of three factors: 
a factor which describes the separation of a neutron 
from the projectile, a factor which describes the pene- 
tration of the neutron to the surface of the target 
nucleus, and a factor (the reduced width) which de- 
scribes the probability that the target nucleus can 
capture the neutron. When the same Born approxi- 
mation is used for triton stripping only the first of these 
factors is different. The probability of separating a 
neutron from a triton is not the same as that of sepa- 
rating a neutron from a deuteron. If the formulas are 
expressed in suitable terms the ratio of these two 
probabilities is a constant factor, independent of angle, 
and the value of this factor should not depend on the 
target nucleus which is considered. These predictions 
of the Born approximation theory are subject to experi- 


* This work was assisted by the joint program of the Office of 
Naval Research and the U. S. Atomic Energy Commission 

1S. T. Butler and E. E. Salpeter, Phys. Rev. 88, 133 (1952); 
and M. C. Newns, Proc. Phys. Soc. (London) A65, 916 (1952). 

? P. B. Daitch and J. B. French, Phys. Rev. 87, 900 (1952) 


| 


reduced width of (d,t) reactions. This reduced width corresponds 
to the reduced width of the same transition when studied by a 
(d,p) process. No emphasis is placed on the interpretation of the 
results in terms of the structure of the triton, 

An attempt is made to determine the triton momentum trans 
form directly from an analysis of the d+d— p+t experiments, 
considering these as stripping reactions. It was not possible to 
apply the curves thus obtained to the (d,f) reactions in the heavier 
nuclei. 

The experiment F"(d4)F" ground state was performed with 
14.8-Mev deuterons, for angles @).) 5° and 45°. The 
results extend the information about transitions with /=0 


bet ween 


mental test, namely: (1) that the cross sections of the 
corresponding (d,f) and (p,d) reactions are, to within 
a constant factor, the same function of the momentum 
transfer; (2) that the ratio of amplitudes of corre- 
sponding reactions is independent of the target. 

Detailed theories of the triton structure, such as that 
of Irving,’ or that of Pease and Feshbach,*‘ predict the 
value of the factor in question. However these theories 
use wave functions which are reasonable approxi- 
mations only for small distances between the nucleons, 
and do not have the correct asymptotic form. For that 
reason a simple asymptotic approximation of the triton 
wave function is used throughout the present work. 
Although a comparison with the more fundamentai 
theories is also made (Sec. II), no emphasis is placed 
upon interpreting the numbers obtained here as giving 
fundamental information about the structure of the 
triton. The deficiencies of the Born approximation 
theory (see below) make such an interpretation seem 
pointless 

Using the asymptotic approximation, the asymptotic 
normalization factor B* [for the definition of B* see 
Eq. (3) ] is determined by the comparison of the (d,f) 
experiments with the corresponding (d,p) reactions 
involving the same levels. This procedure has been 
previously followed in some cases.*:* 

The greater number of (d,f) reactions recently 
available allowed a more systematic evaluation of B* 
to be made in the present study. Various cases for 
transfer angular momentum /=0, 1 and 2 for nuclei 
from Li*® to Mg®® (also a case for Sn") are considered 
in Sec. III. It is plausible, from the results, to establish 
a numerical value for B? which is constant for all (d,/) 
reactions studied. This permits the use of (d,/) reactions 


to determine the reduced width of a transition. The 


* J. Irving, Phil. Mag 
*R. L. Pease and H. Feshbach, Phys. Rev. $8, 945 (1952) 
A. Werner, Nuclear Phys. 1, 9 (1956). It should be pointed 


out that this paper contains several mistakes. 


* M. El Nadi and L. Abou Hadid, Nuclear Phys. 8, 51 (1958). 
71 


42, 338 (1951) 
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knowledge of the stripping reduced widths for (d,p) 
and (d,m) reactions has been very useful in the deter- 
mination of nuclear 
properties.’:® 


spectroscopic and_ structural 

Beyond the first peak the simple Born approximation 
theory does not give a good fit to (d,p) and (d,/) angular 
distributions. There is considerable evidence that (d,p) 
reactions are heavily influenced by distorted waves 
corrections.’° Distorted waves effects are likely to be 
altogether different for (d,) reactions. In addition the 
triton is a more compact structure than the deuteron, 
so the asymptotic wave function should not be a good 
approximation over a large region of this nucleus, 
where every particle interacts with the others most of 
the time. For these reasons it is interesting to make the 
comparison between (d,/) and (p,d) reactions also 
outside the region of good agreement with the crude 
theory of stripping Preliminary information about some 
of the finer details of the reaction mechanism seems to 
appear in some cases (Sec. III). 

Section IV contains a discussion of the d+d— p+! 
reaction, treated as proceeding by a stripping mechan- 
ism. The triton transform [Eq. (7) ] is obtained directly 
from the experimental results and is compared with the 
one used in the (d,f) reactions with the heavier nuclei. 

In the Appendix the experimental data for the 
reaction F'"(d,/)F'* g.s. with 14.8-Mev 
presented. 


deuterons is 


Il. STRIPPING FORMULAS 
The 


A(a,a 


differential section for a_ reaction 
1)A+1, i.e., the stripping of the particle of 


mass a by the nucleus of mass A, as calculated by the 


cToss 


simple Born approximation is: 


dea a 1(9) 


k, a(a—1)A(A+1) 
dQ (2xrh*)* kh, 


(A+a)? 
i ~ ~ 
x » ae 


1 + 1)(2Jo+1) mi M,; moM 


(ot) 12. (1a) 


If antisymmetrized wave functions are used, the sum 


can be expressed as: (see references 7 and 8) 
— ae mM 


— 


hus 
miM, moM 


A+1\? 
2A 


g?+K*)?< [1 (k) PXLJ(q) F, 


(1b) 


7J. B. French, Nuclear Spectroscopy, edited by F. Ajzenberg 
Selove | Academic Press, Inc., New York (to be published) ] 

*M.H. Macfarlane and J. B. French (to be published) 

*W. Tobocman, Phys. Rev. 115, 98 (1959) 

J. P. Martin, Ph.D. thesis, University of Pittsburgh, 1959 
(unpublished ) 
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where a is restricted to the values 2, 3, and 4, 


T(k) foe 
J q) feu 


For the inverse reaction 


da, l.a 6G) ~ ot ” . do. a—} 
dQ 4. 1} ky dQ 


In the above equations: ip, i; are the spins of the 
nuclei a4, a—1, with z components mo and m,, Jo, Ji 
are the spins of the nuclei A, A+1, with components 
My and M,, ko, k, are the relative momenta of the 
systems A+a, (A+1)+(a—1), m is the spin of the 
transferred particle, / is the angular momentum 
transfer, and [CF is the isotopic spin coupling factor, 
i.e., the square of the Clebsch-Gordan 
C(To, 4, T1; Mro, Mr1— M1 


trosc opie factor,”’ and 


0,X)da—i( oe k *dodx, 
and 


(Enda (Ee *dédr. 


(le) 


coefficient : 
§(/) is called the “spec- 
is essentially the coefficient of 
fractional parentage connecting the nucleus A+1 with 
the nucleus A. 


$(l)=(A+1) 3; (A+1, Ji, T1| A, Jo, To)? 


(see references 7 and 8). TJ», 7; are the isotopic spins 
of nuclei A, A+1, zs components Mro and Mr. 
q is the transfer momentum, q=kop—[A/(A+1) Jk, 
K is the wave number of the transferred nucleon in the 
nucleus A+1, k is the wave vector of the transferred 
nucleon in the nucleus a; k=k,—[(a—1)/a ]ko; 9, x, &, 
and r are the spatial coordinates in the indicated nuclei. 

The integral J(g), Eq. (1d), is treated in exactly the 
same way in (d,p) and (d,/) reactions, the spatial wave 
function of the {+1 written as the 
product wave function for a neutron of angular mo- 
mentum / and a core, the nucleus A. The integration is 
limited to the region outside a cutoff radius ro, and in 
this region the neutron is taken as a free particle, its 
radial wave function R,(r) being approximated by a 
Hankel function. The integration can be expressed as 
folk ws: 


(| Ri(r) ¥y" 6.¢ DA 


3a 


with 


nucleus being 


=4r(2/+1 


dimensionless 
For an actual transition 
and a state of nucleus 


In this equation @°=}reRF(ro) is the 
single-particle reduced width 
between a state of nucleus A 





ANALYSIS OF (d,t) 
A+1, the reduced width @ is 8(J)@°. This reduced 
width is assumed to be the same whether the reaction 
is (d,p) or (t,d). In the Wronskian above j;(x) and 
h,™ (iy) are spherical Bessel and Hankel functions of 
the first kind"; «= gro and y= Kro. 

The other integral, 7(&), is in general calculated with 
specific wave functions for the particles involved. The 
integral usually is carried throughout all space, and the 
result of the integration is called the “form factor.” 

For (d,p) reactions the Hulthén wave function for 
the deuteron is used in the calculation of /(&), as usually 
done. Almost the same angular distribution would be 
obtained if only the first term of the Hulthén wave 
function were used, the simple asymptotic form e~*’/r. 
(The binding energy of the deuteron is given by 
&=h'a?/m.) The correction in the Hulthén function 
which is due to the finite range of the interaction 
potential only adds to the form factor a term slowly 
varying with angle. 

For (d,{) reactions there is no generally accepted 
wave function available for the triton, comparable with 
the Hulthén function used above for the deuteron. The 
calculation of /(&) therefore is performed in the present 
work using three different reasonable wave functions: 
(a) the asymptotic approximation: 


B «7 


(En) = oul &), 


(4r)' 
where B is the normalization factor; y?=(4m/3h*) 
(B.E.), m is the nucleon mass, B.E. the binding energy 
of the last neutron in the triton, 6.2 Mev; @4(€) is the 
normalized deuteron wave function; &=r,—1%; 
r=r;—4(r,4+1.). (b) the Irving’ wave function: 


expl—9(72+9r°)'] 
(22+ 9°)! 


o:(En= N (4) 
where N is the normalization factor, 4~'=0.93 fermi. 
(c) the Pease and Feshbach* wave function (only the 
S part): 
:(x,y,€) = N’{ A; expl—Jri(x+- y+) ] 
+A, exp[--4r2(x+y+8)]}, (5) 

where N’ is the normalization factor; 
Y=fs-%%1; A= 1.0874; Ay,=3.01r, '; 
Ao= 1.87-'; r-= 1.184 fermis. 

Using the asymptotic approximation, which is the 
simplest form, /(&) becomes 


I (k) = (49)'B/ (+7). 


X=fy-fe; 
h,=0.9r, 


’ 


Because by the conservation of energy 
+= 49((A+1)/A ](¢+K”), 


the form factor for (d,t) reactions would be the same 


" L. Schiff, Quantum Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1955), 2nd ed., p. 77. 


PICK 


UP REACTIONS 





I(k) (fermig 


NN 





06 
k (fermis)”' 


Fic. 1. The triton transform J](k) calculated with different 
triton wave functions: curve / corresponds to the asymptotic 
approximation with the normalization factor determined by 
experiment; curve 7 to the wave function of Irving; curve P to 
the wave function of Pease and Feshbach. Curves D are /(k) 
given directly from the d+d -+ p+1 reactions: D-8 with 8.1-Mev 
incident deuterons, D-14 with 13.8-Mev incident deuterons. 


as that for (d,p) reactions involving the same transition 
if the simple asymptotic form also were taken for the 
deuteron. This fact supports the idea of comparing 
(d,t) and (d,p) cross sections as function of momentum 
transfer q. 

Figure 1 shows a plot of J(k) calculated,’ with 
forms 3, 4, and 5 for the triton and a Hulthén form for 
the deuteron wave function. The value of B in form 3 
is deduced from experiment (see Sec. III). The range 
of k involved in the (d,/) reactions studied is from 
~0.2 to ' for the forward direction. 
Within this region, it is interesting to note that form 
3, a simple exponential given by the binding energy, 
and form 4, the wave function of Irving, give approxi- 
mately the same variation with &. The fit with experi- 
ment is, therefore, of the same quality, and it is found 
to be good. The integral with the Pease and Feshbach 
wave function requires extensive calculations, and it 


~0.75 fermi 


' was not carried out for values of k greater than ~0.4, 


which, however, is enough to cover the range of interest 
for the d+d — p+t reactions (see Sec. IV). 


Ill. COMPARISON BETWEEN (f,d) AND (d,f) 
REACTIONS INVOLVING THE SAME 
TRANSITION 


The comparison between (p,d) Lor (d,p)] and (d,t) 
reactions involving the same transition has been made. 
The similarities of the mechanism of the two processes 
were observed by examining the variation of the differ- 
ential cross sections with transfer momentum q and by 
comparing the absolute magnitude of the cross sections. 
The comparison also evaluated the possibility of deter- 
mining the reduced width of a transition by means of a 
(dt) reaction. 


" The author is very grateful to P. Iano for performing the 
calculations with the wave function of Pease and Feshbach. 
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Fic. 2. Comparison between corresponding (p,d) Lor (d,p)] and 
(d,t) reactions, for orbital angular momentum transfer /=0. The 
differential cross sections are shown as function of momentum 
transfer q. The (d,p) reactions are normalized to the (d,t) cross 
sections at the region of the first peak of the angular distribution. 
The actual scattering angles are indicated on each curve for several 
representative points 


Several cases were studied, for values of /=0, 1 and 
2. Some of the reactions have been performed at various 
incident energies; in such cases only the pairs of (d,p) 
and (d,t) experiments with similar incident energies are 
presented. In most of the cases studied the incident 
energies are of the order of 15 Mev; thus, since the Q 
of the reactions do not differ by much, the differential 
cross sections extend through the same range of mo- 
mentum transfer. 

Figures 2, 3, and 4 show the experimental differential 
cross sections plotted against g. The (d,p) reactions are 
normalized to the (d,/) cross sections at the first peak. 
The theoretical Butler curves are also shown. In most 
of the cases it is possible to fit both (d,p) and (d,) 
experiments with the same radius, thus the shape of 
the theoretical functions of g is almost 
identical. The form factors are slightly different since 
the Hulthén wave function is used for the deuteron 
and a simple exponential for the triton. The difference 
is a factor slowly varying with angle, and whose ampli- 
tude may be about 1 or 2 for the cases studied. 

Unfortunately the data available do not present 
angular distributions for angles higher than 90°, and 
in various (~,d) cases not even for the region of the 
second peak. 


curves as 


For the range studied it can be said that: (a) in the 
region of g corresponding to the first peak the curves 
for (d,p) and (d,/) reactions do differ by a constant 
factor; (b) the (d,/) reactions, for /=1 and 2 have the 


first valley and the second peak lower than the (d,p) 
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reactions. This is more clearly seen in the carbon cases, 
Fig. 3, and in the magnesium cases, Fig. 4, where the 
difference is a factor of the 2. The two /=0 
cases examined do not seem to present the feature 
described in (b). The different behaviors of (d,p) and 
(d,t) reactions at large angles may be due to the details 
of the interaction mechanisms in the pick-up process, 


orde r ol 


or to different contributions from other processes. It 
would be very compare 
distributions at still higher angles. 


interesting to the angular 
magnitude of the 
For the 
(d,t) reactions the asymptotic approximation was used, 


The comparison of the absolute 


cross sections was performed with Eqs. (1). 


[see Eq. (3) | therefore the fit with experiment gives the 
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ANALYSIS OF (d,t) PICK-UP REACTIONS 
TABLE I. Values of the normalization constant B* calculated for various (d,) reactions. 


Level E; Q ro Bw B 
Reaction (Mev) (Mev) Mev) (fermis) fermis)™ (fermis)™ Ref. 


l[=(Q 
F¥ (dF g.s. 14.8 ~4.144 0.0062 soe 0.40 
0.70 
F"*(p,4)F™ g.s 18.5 —8.175 0.017 
0.009 


0.0038 


Sn"*(d,4)Sn"™? Z.5. _ 3 0.25 
‘ 


1 . 
Sn"7(d,p)Sn"* g.5. 2 0.015 


Na®™(d4)Na™ g.s. 6.17 
Na*™(p,d)Na™ g.s. f 10.2 
Mg*(dt)Mg™ g.s. 1.07 
Mg™(~.d)Mg™ g.5. 5.107 
Mg" (d,p)Mg™* g.s. 

Mg™(d,t)Mge™ 1.37 

Mg" (~,d)Mge™ 


~ 


Aan 
new 


0.014 . 
0.021 
0.00662 . 
0.0079 
0.0085 


aw 


0.022 


an” 
nN 


Li’ (d,t)Li*® ; 0.0628 : 
Li*(d,p)Li? Ss. . 0.053 
Li? (p,d)Li* " # 0.053 
Li’ (d,t)Li® 0.037 


=. 
2 ORR 


Li’ (p,d)Li® 


~ 


0.036 


0.027 
Li? (dt)Li* 


Li’(p,d)Li® 
C8 (d,t)C™ 


0.038 

0.028 
0.031 
0.032 
C#(d,p)C# 0.033 
0.025 
C¥(dt)C® 
C#(p,d)C# 
C¥(d t)C¥ 
C¥(d,p)C™ 
N¥(d,t)N™ 
N"(~,d)N™ 


0.023 oes 
(0.030)™ 
0.048 


0.069 
(0.023 


ViuUUUUand & uw wo 


Sur s oer ee roo 


0.046 


* Present article—Appendix. 

> E. F. Bennett, Ph.D. thesis, Princeton University, 1958 (unpublished 

¢ J. B. Reynolds and K. G. Standing, Phys. Rev. 101, 158 (1956) 

+B. L. Cohen, J. B. Mead, R. E. Price, K. S. Quisenberry, and C. Martz, Phys . 118, 499 (1960 
). F. Vogelsang and J. N. McGruer, Phys. Rev. 109, 1663 (1958) 

E. W. Hamburger and A. G. Blair, Phys. Rev. (to be published) 

S. H. Levine, R. S. Bender, and J. N. MeGruer, Phys. Rev. 97, 1249 (1955) 

D. R. Maxon and E. F. Bennett, Phys. Rev. 116, 131 (1959) 

See reference 13 

S. Mayo and A. I. Hamburger, Phys. Rev. 117, 832 (1960) 

t H. D. Holmgren, J. M. Blair, B. E. Simmons, T. F. Stratton, and R. V. Stuart, Phys. Rev. 95, 1544 (1954) 

1 J. N. McGruer, E. K. Warburton, and R. S. Bender, Phys. Rev. 100, 255 (1955 

= Value obtained taking # —0.033 for C%(p,4)C™ g.s. at 17 Mev. See reference j 

® W. E. Moore, J. N. McGruer, and A. I. Hamburger, Phys. Rev. Letters 1, 29 (1958) 

© Value based on a rough fit of two points measured 

° E. K. Warburton, Ph.D. thesis, University of Pittsburgh, 1956 (unpublished) 

aK. G. Standing, Phys. Rev. 101 152 (1956) 


quantity B’#. The values of ® were taken from the two values are chosen from the cases where the (d,f) 
corresponding (d,p) experiments. The values of B* thus and (d,p) reactions were done in the same experimental 
determined from the cases studied are listed in Table I. conditions. The uncertainty in the determination of B? 
For /=0 there are two cases studied, fluorine and tin. in these cases is estimated to be of the order of +20%, 
The two (p,d) experiments on fluorine, at 18.5 Mev, coming both from experimental errors and from un- 
disagree on the value of the absolute cross section, and _ certainty in the fit with theory. For the other cases the 
thus yield different values of B*, 0.4 and 0.7 fermi. uncertainty depends on the errors on the determination 
The tin case, a much heavier element than the others of the absolute cross sections. It is in general of the 
studied, gives B?=0.25 (fermi~). These results appear order of +40%. 
snconclusive. A few cases of comparison between (d,He*) and. (d,n) 
For /=1 and /=2 the variations of the values of B*? reactions are presented in Table II. The value of B? for 
do not seem to depend in any systematic way upon the He’ in the lithium case agrees very well with the one 
nucleus considered or upon the state considered. found for the triton.” In the boron cases only ratios are 
Therefore, an average value B=0.95 fermi is taken @ E. W. Hamburger, Ph.D thesis, University of Pittsburgh 
for /=1, and B*=0.73 fermi is taken for /=2. These 1959 (unpublished) 
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TABLE II. Values of the normalization constant B? for some (d,He*) reactions. E;= energy of the ir 
system ; 0=( of the reaction; ro is the cutoff radius; B* is the normalization factor of the triton (He’) 


less reduced width of the transition 
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ident particle in the laboratory 
wave function; & is the dimension 


l=1 


Level Ey Q 
(Mev) (Mev) (Mev) 
Li®(d,He* )He® g.38. 14.8 


Li®(n,d)He*® g.8 14 
B" (He',d)C™ 5 


Reaction 


0.840 
— 2.427 
10.463 
B" (dn )C® 9 13.731 
B" (He?,d)C® 5 
B" (d,m)C 43 9 


* See reference 13 
» G. M. Frye, Jr., Phys. Re 
*H. D. Holmgren, E. A. W 
4E. E. Maslin, J. M. Cal 


93, 1086 (1954). 
licki, and R. I 
ert, and A. A 


compared and they indicate the same B* for the excited 
and ground states. 


IV. THE d+d — p+t REACTIONS 


The description of the (d+d) reactions as a direct 
interaction was suggested by Butler and Symonds,“ 
and has been applied with success to several experi- 
ments,'*~"? 

The main purpose of the present analysis is to obtain 
information about the triton transform J(&) which was 
used in the preceding section. Only a few of the experi- 
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Fic. 4. Comparison between corresponding (p,d) [or (d,p)] and 
(d.t) reactions for orbital angular momentum transfer /=2, as in 
Fig. 2 

“4S. T. Butler and J. L. Symonds, Phys. Rev. 83, 858 (1951). 

16 W. M. Fairbairn, Proc. Phys. Soc. (London) A67, 990 (1954). 

16 W. W. Daehnick and J. M. Fowler, Phys. Rev. 111, 1309 
(1959 

17M. D. Goldberg and J. M. Leblanc, Bull. Am. Phys. Soc. 4, 
358 (1959). 


fo Be 
(fermis) (fermis)~ 


0.081 
0.080 
Ratio 
(4.43) 


Ratio 
Bw? (4.43 
BW igs 

== ().232 


Rp g.s 
= (). 228 


Johnston, Phys. Rev. 114, 1281 (1959). 
Jaffe, Proc. Phys. Soc. (London) A69, 754 (1956) 


ments available are studied, 
more complete data, at 
of 10 Mev. 

The 


Brolley, 


which prese¢ nted the 
energies of the order 


data of the 
Putnam, 


Di(d,p)T re 


and 


ctions measured by 
incident 
energies from 6 to 14 Mev was analysed as a stripping 
process. Also the reaction D(d,n)He® at 84 Mev, 
studied by Daehnick and was reanalysed, 
without subtracting 
a subtraction is not 


Rosen,'* with five 


Fowler" 
an isotropic background, as such 
clearly justified 

Because the target and incident particles are identical 
the angular distributions are trical about 90° 
and the theoretical cross section is given by the sum 
of three terms'® 


symme¢ 


da(86)/dQ<« f*(@)+ f 6)+2 (0) f(x—8), (6) 


where /?(@) is the cross section when the observed 
particle comes from the incident beam, f*(7—@) when 
it comes from the target deuterons, and the cross term 
describes the interference amplitude. 

Each term in Eq. (6) was expressed in terms of Eq. 
(1) for an A(d,p)A+1 However in this 
analysis, only the first term of Eq. (6) actually was 


considered for the description of the forward peak, 


reaction 


since for angles smaller than 30° the contributions from 
the other two terms were found to be very small. 

The deuteron-proton integral in Eq. (1) is performed 
in the usual way, with the, Hulthén wave function for 
the deuteron. The other integral, i. 


fo E,r)da( Ee "dédr, (7) 


is the same integral which was called J(k 
where k was defined as k=k,—?k, 
corresponds to q in the present reactions. It was thought 
that it might be possible to bypass 
siderations of the 


in Sec. II, 
a definition which 


theoretical con- 
integra determining it 
8 J. E. Brolley, Jr., T. M. Putnam, and L 
107, 820 (1957 
% G. E. Owen and L 


Rosen, Phys. Rev 


Madansky, Phys. Rev. 105, 1766 (1957 





ANALYSIS OF (d,t) 
empirically, by fitting the d+d— p+ angular dis- 
tributions. The integral thus determined could be then 
used in the (d,t) experiments with heavier nuclei. 

In Fig. 1, the curve denoted by D-8 is /(k) obtained 
from the D(d,n)He’ experiment with 8.4-Mev deuterons 
and the curve D-14 is I(k) from the D(d,p)T experi- 
ment with 13.8-Mev deuterons. These curves cover the 
range of k corresponding to the forward angles. It is to 
be noted that they are parallel. Curves obtained at 
other energies also are parallel to the ones plotted, 
although their magnitudes vary. This variation may 
be seen from the table of reduced widths (Table III). 

The disagreement between the curves for /(k) given 
directly by the d+d— p+t reactions and the curves 
which fit the (d,f) experiments with heavier nuclei 
seems to show that the simple theoretical treatment 
used does not permit a direct correlation between these 
two kinds of reactions. 

On the other hand, it is interesting that the D(d,p)T 
experiments do give good agreement with an expression 
analogous to that used for (d,p) reactions in heavier 
nuclei. In other words, the curves D (Fig. 1) are de- 
scribed by the integral of Eq. (7) if a cutoff radius is 
taken. Therefore, form 7 written as a product of a 
reduced width, a form factor, and a Wronskian (calcu- 
lated at ro>=6 fermis) was found to give good fits to all 
the d+d reactions analysed here. The significance of 
a cutoff radius for deuterons is not apparent. However 
reduced widths for the triton have been extracted for 
each case and are listed in Table III. They are found to 
increase with increasing incident energy. The (d,/) and 
(d,He*) experiments at similar incident energies give 
the same value for the reduced width of triton and He’. 


V. CONCLUSIONS 


The comparison between (p,d) and (d,t) experiments 
involving the same transitions, and studied in the same 
range of momentum transfer g and incident energy, 
shows that in the region corresponding to the first peak 
of the angular distribution the differential cross sections 
of these two kinds of reactions have the same variation 
with q. This result is in agreement with the simple Born 
approximation treatment of the reactions. The com- 
parison also shows that there seems to exist certain 
regularities in the differences between the curves in the 
region not well described by the crude theory. It should 


Taste III. Reduced widths for triton and He’ at various energies. 


Reaction 


D(d,p)T 


Ey fo 
(Mev)  (fermis) PF 


Q 
(Mev) 


4.01 6.1 3. 0.024 
8.1 : 0.035 

10.3 0.044 

12.15 0.058 

13.8 0.071 


D(dn)He 0.037 
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be expected that these differences would be explained 
by a more elaborate treatment. 

The simple relation found between (p,d) and (d,/) 
experiments suggests that there does exist a coefficient 
B* which is the same for all experiments. This seems to 
be true within the range of experimental uncertainty, 
at least for light nuclei in the range of energy studied. 
A suitable average value would seem to be B°~0.8 
fermi. This value for B* may be used to extract 
reduced widths in (d,/) or (d,He*) reactions, a practical 
formula for the reduced width then being 


A+3\71 1 1 
F =0.625 XK 10 ( ) 
A t (CP r*(fermis)* 


da /dQ(mb/sr) 
x 
Ota X FP 


Here ou» is the factor tabulated for (d,p) and (d,n) 
reactions by Lubitz™; t= (A+ 1)k,/Aka; F?=[1+0.008 
< (x2+-y*) P, where x= gro and y= Kro. (This factor F*? 
is introduced because the table is computed with the 
Hulthén wave function for the deuteron rather than a 
simple asymptotic form.) The other symbols are defined 
in Sec. II. Reduced widths obtained with this formula 
should have the same values as in the corresponding 
(p,d) or (n,d) reactions. 

The attempt to use in the formula for (d,/) reactions 


‘the triton transform /(k) as determined by the d+d— 


p+t reactions was not successful. This may indicate 
that there is a difference between the detailed processes 
by which a deuteron picks up a neutron in a d+d 
reaction and in a (d,/) reaction in a heavier nucleus. 


APPENDIX 


The Reaction F'’(d,f)F"* g. s. with 
14.8-Mev Deuterons 


The reaction F(dJ)F"* g.s. was studied previously 
by El Bedewi and Hussein®* with 9-Mev deuterons. 
However the angular distribution obtained in that 
experiment was incomplete. For an /=0 curve the 
slope of the first peak is very steep, and the cross 
section is only large at very small angles (<12°). 
Therefore, several points in that region are required in 
order to have a fit which would give a reliable value for 
the reduced width. For this reason the experiment was 
repeated using 14.8-Mev deuterons. 

A Teflon (CF,) target, 2.8 mg/cm? thick, was bom- 
barded with the deuteron beam of the cyclotron of the 
University of Pittsburgh. An angular distribution of 
the reaction F"(d,/)F"* g.s. was taken at the forward 
angles, from 6;,.,»=5° to 45°. The tritons, magnetically 


»C. R. Lubitz, University of Michigan, 1957 (unpublished). 
=F. A. Ej Bedewi and I. Hussein, Proc. Phys. Soc. (London) 
A70, 233 (1957) 
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Fic. 5. Angular distribution of the reaction F"(d,t)F" g.s 
with 14.8-Mev deuterons 
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analysed, were detected in Kodak NTB, 50x thick, 
nuclear emulsions. The 
to 1°. 

The experimental angular 


angular acceptance was limited 
distribution is shown in 
Fig. 5 together with an /=0 Butler curve using ro>=7 
fermis. The absolute cross section was calculated by 
comparison with measurements of the C"(d,p)C™ gs. 
reaction using the same Teflon target. The cross section 
of that reaction has been previously measured to + 20% 
at this laboratory." The 


terms of the reduced widt! 


result of the experiment in 
Table I, and 


p,d reaction is 


5 presented in 
| 


ponding 


its comparison with the corr 
discussed in Sec. III 
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The high resolution of the 
detailed study of K, L, M, N-+O conversion lines and the K 
and L-Auger spectra of Au™ with the following results (here w 
and a are the fluorescence and Auger yields and /;; is the Coster 
Kronig transfer probability K-Auger lines, wx =0.952+0.003, 
KLL:KLX: KXY =1.00:0.496+0.015:0.094+0.003, and KL,L:: 
K Lyle: K Lyla: K Lola: KL oly: K Lylg= 1.00: 1.3240.1:0.8540.06 
0.40+0.03; 1.28+0.08:0.76+0.05; L-Auger lines, LMM:LMX: 
LX Y = 1.00:0.30+0.03:0.015+0.004, and a, =0.590+0.04, 
wr, =0.41040.04, a(L;)=0.1640.02, a(L.)=0.4640.04, w(L,) 
=().324+0.03, and Coster-Kronig yields, {(121,X)=0.22+0.04, 
f(LyLaX)+f(L,L,X) =0.744+0.04. In considerable de- 
tail was obtained on the ALNX and L-Auger fine structure. The 
results of all of the known L-Auger yield work since 1952 have 
been tabulated in this paper 


spectrometer made possible the 


addition 


The conversion line results are compared and combined with 


I. INTRODUCTION 


LTHOUGH the electron spectrum of the radio- 

nuclide Au’ has been studied with various types 
of spectrometers, discrepancies exist in the conversion 
line results and the K- and L-Auger lines have never 
been studied with high resolution. Therefore, when the 
Vanderbilt iron-free V2 spectrometer 
became ope rational, a thorough study of the electron 
from 5 kev to 210 kev 


University, 


line spectrum of Au’ was 
t Supported by a grant from the National Science Foundation 
* Now at Argonne National Laboratory, Lemont, Illinois 

t Now at Michigan State University, East Lansing, Michigan. 


those of two other groups to give an optimun of relative 
intensities 

From these are obtained for the 51-kev transition, a(L;):a(L, 
a(L,):a(M):a(N):a(C) = 1.00: 0.087 +'0.010: 0.012 + 0.007: 0.212 
+0.04:0.068+0.005:0.016+0.001- 156-kev transition al K 
a(L,):a( Le): a(L,4):a(M):a(N +0 1.00: 0.144 + 0.015 : 0.830 
+-(0).028 :0.586+0.018:0.418+0.017 :0.107+0.005 : 209-kev transi 
tion, a(K :a(L, all vl r(M ri NV +O) = 1,00: 0.155 
+ 0.005 : 0.029 + 0.003 : 0.0085 + 0.0003 : 0.050 + 0.006 : 0.0130 
+0.004, where a is the internal conversion « 
} 


efficient 
y use of Rose’s Tal the 51-kev transition was 
209-kev 


158-kev transition 


In addition, 
determined to be 
0.113+0.01 £2, a 
was 


3.341«10°* F2. and the transition 
d the F2 signment of the 


confirmed to better thar in os 
209 kev 


ative gamma-ray 


intensities are kev = 1.000:0.045+0.002: 


4.59+0.23 


undertaken. The continuous be spectrum 


studied only sufficiently to establish a baseline for the 


ta-ray was 
various line spectra 

The well established dex 
in Fig. 1.! 
have recently been measured 
and 158.27+0.35 kev.‘ The cl 


iy scheme of Au™ is shown 
rhe energies of the upper two gamma rays 

209.17+-0.12 kev 
iracter of the 158-kev 


1 P. Sherk and R. Hill, Phys. Rev. 83, 1097 (1951 

? P. J. Cressman and R.G. Wilkinson, Phys. Rev. 109, 872 (1958 

*G. Backstrém, O. Bergman, and J. Burde, Nuclear Phys. 7, 
263 (1958 

*M. P. Avotina ar 


i {kad. Nauk. S.S.S.R 
Ser. Fiz. 22, 879 (1958 
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transition has been shown to be nearly pure £2 while 
the 5i- and 209-kev transitions are M1 with small 
mixtures of £2. The chief purpose of the conversion 
line study was to check certain discrepancies between 
Cressman and Wilkinson? and Bickstrém ef al.’ for 
the relative subshell conversion intensities, to re- 
evaluate the mixing ratios of the 51- and 209-kev 
transitions, and to check the accuracy of recent recal- 
culations of Internal Conversion coefficients, taking 
account of the effect of finite nuclear size.*~’ These 
results are given and discussed in Sec. IVA. 

Of the several K-Auger spectra around Z= 80 which 
have been studied with high resolution, all have been 
observed with photographic spectrometers.* Moreover, 
the low value of the K-Auger yield for large Z has made 
all intensity measurements somewhat inaccurate. In 
view of the high intensity of the continuous beta-ray 
spectrum in the X-Auger region, Au™ is not ideal for 
such measurements, but it was felt that because of the 
fairly high resolution available, increased accuracy 
could be obtained both in global K-Auger yield and in 
knowledge of the K-Auger fine siructure by a careful 
study of this region of the spectrum. The results of this 
study are given in Sec. IVB. 

The study of L-Auger spectra is more difficult than 
K-Auger spectra for several reasons. (1) Their energy 
is much lower which necessitates use of very thin 

wo 


ican 























Fic. 1. The decay scheme of Au™. 

* L. A. Sliv and M. A. Listengarten, Zhur. Eksp. i Teoret. Fiz 
22, 29 (1952). 

*L. A. Sliv and I. M. Band, [translation: Leningrad Physico 
Technical Institute Report, 1956 Report 57ICCKI, Physics De 
partment, University of Illinois, Urbana, Illinois (unpublished) } 

7M. E. Rose, internai Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958) 

* I. Bergstrém, in Beta- and Gamma-Ray Spectroscopy, edited 
by Kai Siegbahn (North-Holland Publishing Company, Amster 
dam 1955), p. 631. 
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sources and detectors with 100% or known response at 
low energies. (2) Many more lines are present than in 
K-Auger spectra, therefore, line separation is difficult 
and maximum resolution is necessary. (3) Subshell 
L-Auger and L-fluorescence yields are strongly affected 
by the Coster-Kronig effect which transfers holes from 
one L subshell to another. 

As a result of the Coster-Kronig effect, one has the 
following equations for the three L subshells instead 
of the simple equation w+a=1 which holds for the 


K-shell yields: 
witait firt fis=1, 
Wet det fu= 1, 


(1) 
(2) 
(3) 


w,; and a, are the fluorescence yield and Auger yield, 
respectively, of the ith subshell and f,, is the Coster- 
Kronig probability of transfer of a hole from the ith 
subshell to the jth subshell. The chief purpose of 
L-Auger spectroscopy is the determination of the 9 
quantities given in Eqs. (1) to (3). Work done prior 
to 1952 has been tabulated by Burhop.’ It is evident 
that the general agreement was poor. 

Ross ef al., were the first to determine the total 
yields and the nine subshell and Coster-Kronig yields 
for an element. Actually four total yields were given, 
the wz, and a, for fluorescent excitation and the two 
for internal conversion excitation. They chose Bi 
because a large amount of work of various kinds had 
been done using RaD which decays by beta emission 
to Bi. In particular, L-Auger spectra had been 
obtained by Kobayashi"! and Bashilov ed al." Also 
several investigators had used ThB which has Bi?” 
as one of its products. Ross ef al. have compiled and 
interpreted these data to determine the Bi yields 
(Table VI). Recent work, with RaD as a source, has 
been carried out by Tousset and Moussa.” These 
investigators used an iron-free, double-focusing spec- 
trometer and have obtained values for the total and 
some subshell and Coster-Kronig yields of Bi?”. Their 
results are also given in Table V. 

Additional determinations of the relative Auger-line 
intensities of Bi have been furnished by investigators 
who have used ThB in equilibrium with its decay 
products. The L-Auger spectra of T* and Bi?” were 
studied by Moussa and Bellicard and Bellicard” by 
means of an iron-free, double-focusing instrument. 
Burde and Cohen'* have employed a thin magnetic-lens 


w3t a;>= a 


°E. H. S. Burhop, The Auger Effect and Other Radiationless 
Translations (Cambridge University Press, New York, 1952). 

”M. A. S. Ross, A. J. Cochran, J. Hughes, and N. Feather, 
Proc. Phys. Soc. (London) A68, 612 (1955) 

" Y. Kobayashi, J. Phys. Soc. Japan 8, 440 (1953). 

2A. A. Bashilov, B. S. Dzhelepev, and L. S. Chervinskaya, 
Izvest Akad. Nauk. S. S. S. R. 17, 428 (1953). 

8 J. Tousset and A. Moussa, J. phys. radium 19, 39 (1958). 

“ A. Moussa and J. B. Bellicard, Compt. rend. 242, 1156 (1956) 

‘6 J. B. Bellicard, Ann. Phys. 2, 419 (1957), 

* J. Burde and S. G. Cohen, Phys. Rev. 104, 1085 (1956). 
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spectrometer and coincidence techniques to determine 
4, G2, a3, fiz, and fi;. They have made the approxima- 
tions that the yields are the same for Tl] and Bi and that 
the Coster-Kronig yield fe; may be assumed zero. 

Other L-Auger measurements with poorer resolution 
have been made for Hg’ by Haynes and Achor"’ and 
for Ba’ by Burford and Haynes.'* Rubenstein and 
Snyder” have calculated theoretical relative intensities 
of L-Auger lines of argon, krypton, and silver. 

The above yields and all others which are known to 
have been published since Burhop’s table are given in 
Table V. Again the agreement of subshell yields is not 
satisfactory, especially in the cases of ad and we. 

Whereas the transition probability for x-rays and 
roughly full-energy Auger electrons varies fairly 
smoothly from one element to another, the Coster- 
Kronig transitions, for example L,L3M¢., are energetic- 
ally forbidden for certain elements and highly probable 
for neighboring elements. Thus it is difficult to predict 
from its neighbors what the subshell yields of an 
element will be and direct measurements are desirable. 
Therefore in view of the poor resolution of the work of 
Haynes and Achor and the lack of other work on Hg, 
a study of the high resolution spectrum of Hg was 
undertaken with Au'™ used as the primary source. 

The purpose of the L-Auger study was to: (1) 
determine the relative intensities of the L-Auger lines 
and line groups for Hg™; determine the total 
L-Auger and L-fluorescence yields for Hg; (3) obtain 
additional evidence for the values of subshell yields 
for high Z elements. The results of the L-Auger study 
are given in Sec. IVC. 


(2) 


Il. APPARATUS 


In order to achieve high resolution and good reliability 
at energies, a Moussa-Bellicard type 
double-focusing spectrometer” built at 
Vanderbilt University.”’ This instrument utilizes a B/r! 
field which is produced by the use of four pairs of 
suitably oriented coils, without using any ferromagnetic 
materials for field shaping. Thus, there is no residual 


low-electron 


has been 


magnetism to cause poor reliability at low energies. 
The coil arrangement used is similar to that of Moussa 
and Bellicard bui the spectrometer proper has been 
completely re-engineered and has a 30-cm mean radius. 
Three pairs of Helmholtz are used for 
compensating the earth’s field. The instrument uses a 
continuous flow Geiger counter with very thin organic- 


type coils 


film windows for particle detec tion. 
Upon initial assembly and without adjustment the 


17S. K. Haynes and W. T. Achor, J. phys. radium 16, 635 
(1955) 
‘SA. O. Burford 
Ser. II, 3, 208 (1958 
# R, A. Rubenstein and J. N. Snyder (private communication) 
from J. N. Snyder, 1957 
® A. Moussa and J. B. Bellicard, J. phys. radium 15, 85 (1954). 
"Q. Baird, J. C. Nall, and S. K. Haynes, Bull. Am. Phys. Soc. 


Ser. II. 3, 306 (1958 


Haynes, Bull. Am. Phys. Soc 


and S. K 
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' 


instrument was capable of a resolution of about 0.15% 
The transmission could be increased at the expense of 
resolution. 

The 
obtained 
from the de« ay ol Us 

The field control circuit 
the magnetic rigidity (Br) to be varied from less than 
70 gauss cm to 5665 gauss cm, corresponding an 
0.5 kev to 1.26 Mev. The upper 
1.97 Mev with a 


general outline of the field 


energy Ci instrument was 


with the \ lectrons resulting 


of the spectrometer allows 
to 
energy range of less tl 
range of energy be increased t 
minor modification. The 
control system is described be 
are given. 

The current for the focusi 
is supplied by a 74 kw, 125 
generator Che 
attenuated by incorporating the generator and focusing 
a negative-feedback amplifier 


may 
w and limi , dat: 
ww and preliminary data 
ng coils of the spectrometer 


motor- 
been 


v General Electric 


tor noise has 


system commuta 
coils in the output of 
system. The noise is thus attenuated by a factor equal 
Noise 


components of frequencies higher than those which can 


to the loop transfer function of the system 


be passed by the generator itself are bypassed to the 


entire 
system Nyquist criterion. 
The generator noise output is attenuated to better than 
1 part in 10°. The negative-feedback system is similar 
to that which has been employed by Sommers ef al.” 


follows r The 


is designed to satisfy the 


The focusing field of the spectrometer is controlled 
by a double rotating coil system 
field of the spectrometer ind the othe 
thermo-stated permanent 
field. The 
about 14 feet long, so as to get 
which is shi lded, and drive 

spectrometer field. The system is rotated at 21.5 cycles 


rotates in the 
the fie ld of a 
is a standard 


One coil 
r in 
magnet used 


two coils are mounted on a common shaft 
the permanent magnet, 


motor well outside the 


per sec. The output of the coil rotating is the permanent 
field is divided by 
tro-measurements, 
Ll produced by 


magnet (standard a precision 
Dekavider, 


Inc., then added out of phase to the 
/ 


manufactured by Ele« 
Sign 

Che error signal 
ized, and then fed 
generator circuit to complete 
The of ce 


the coil rotating in the s] 

is amplified, phase detected, stabi 

into the noise reduction 

the field feedback loop 

better than 1 part in 10‘ 
At present the control circuit is 

steps are being taken tow ymp 


ntrol is 


not automatic but 


lete automation. 


Ill. EXPERIMENTAL PROCEDURE 


The 3.15 day beta emitter Au™, obtained from Oak 
Ridge National Laboratory, was 
study the electron f Hg'™. 
Au™ (Fig. 1 und « 
One branch results in decay dir 
of Hg™ while the 


ised as the source to 
Tr} beta decay of 


mtains three 


tra ¢ 


ST 
r 
1S comple x branche 5. 
tly to the ground state 
other tw » leave the Hg ” in excited 
2H.S W 
Instr. 22 


“-) 


P. R. Weiss, ar Halpern, Rev. Sci. 
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Fic. 2. Conversion 
lines of the 209-kev 
transition in Hg 
Note. L;+LZn and 
lin are the same 
notations as 1,+l, 
and L, in the text. 
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states. The de-excitation gamma rays, both cascade 
and cross over, are internally converted to form the 
primary vacancies for the Auger process. The Au'™ 
was delivered in the form of chlorides in soiution with 
dilute HCl. Since the half-life is so short, it was felt 
that thinner sources would be acquired if a re-extraction 
was carried out immediately before the source was 
evaporated. This would not only eliminate the Hg 
which was present from Au already decayed, but would 
remove other impurities. The activity was dried on a 
platinum filament and then standard source evaporation 
techniques were used to deposit a narrow, thin source 
of Au on a 10 ywg/cm? Formvar film which had been 
made conducting by evaporating about 10 ug/cm? of 
Al onto it. Best results were obtained by pre-heating 
the filament. Then from this temperature the filament 
was “flashed” several times at about 1500°C for less 
than a second. This prevented damage to the thin 
source backing. 

The techniques used produced sources which showed 
no thickness effects in the K Auger and conversion line 
region. However, in the L-Auger region there were 
thickness effects which decreased the effective resolution 
of the instrument. 

For the detection of very low-energy electrons, very 
thin counter windows are necessary in order to obtain 
accurate intensity measurements. The windows for 
the work reported here were all made from collodion 
films supported on Lektromesh screens of various sizes. 
The data for the energy range 30 kev to 470 kev were 
taken with a 50 yg/cm? counter window and data 
below 30 kev were obtained with windows of 10 ug/cm’. 

The short haif-life of the isotope used necessitated 
the use of several sources in order to obtain sufficient 
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data. The data taken with the sources were collected 
during continuous operation of the spectrometer. 
Points were taken at intervals of 0.05% in momentum 
over the major peaks and other peaks of interest. 

To obtain satisfactory statistics, at least 6000 raw 
counts per point were taken over most of the K-Auger 
region and many more than this on some of the high 
intensity conversion lines. About 3000 raw counts 
were collected at each point on the main L-Auger 
peaks. The spectrometer was operated with a momen- 
tum resolution of 0.30%, although source thickness 
considerably lowered the effective resolution in the 
L-Auger region. With this resolution the transmission 
was about 0.5%. A Magnatest Precision Field Meter 
was used periodically to insure that the compensating 
field was properly adjusted. 


IV. RESULTS 
A. Conversion Spectrum 


The conversion spectrum consists of twelve groups 
and lines superimposed on the beta-ray continuum. 
Figures 2, 3, and 4 show these groups after subtraction 
of the continuum by Fermi-plot analysis. The relative 
intensity data, normalized to the 209-kev K line, are 
shown, together with those of other observers’? in 
Table I. The intensities were determined by area 
measurements and the lines and groups were separated 
by graphical techniques. The 209-kev K line was used 
as an ideal line shape since it was well isolated in the 
spectrum. 

In our spectrum the 159 L, and the 209 L, could be 
separated by line shape techniques but the uncertainties 
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Fic. 3. Conversion 
lines of the 159-kev 
transition in Hg™. 
Note Li+Lu and 
Lin are the same 
notations as 1,+l, 
and JL; in the text. 
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in intensities were so great that they are not listed 
separately in Table I 

For the 209-kev lines the agreement is excellent but 
serious discre pane ies exist for both the 51- and 158-kev 
lines. With respect to the 51-kev line the agreement 
between NBH and CW is excellent except for the M 
shell, while BBB show a much lower L, intensity. We 
believe that this may have arisen from absorption by 
their counter window which had about a 6-kev cutoff 
and so might conceivably have appreciable absorption 


at 36 kev. We, therefore, adopt the NBH and CW 


rasie I. Experimental intensities of the conversion lines 
for mercury-199 


Relative intensity 


NBH* Ccwr BBB Most probable 
0.428 
0.037 


0.267 
0.033 
0.005 
0.077 


0.429 
0.038 

OoOs 4 

120 
0.029 
0.00 
1.932 
1.000 


+O.011 
+-0.002 
0.0003 
+0010 
+0.002 
+0.0004 
+0.060 


0.429 +0.01 
0.037 +0.002 
0.005 +0.0003 
0.091 +0.02 
0.029 +0.002 
0.007 +0.0004 
1.961 +0.04 
1.000 

0.282 +0.03 
1.63 +0.05 
1.15+0.03 
0.82 +0.03 
0.214001 
0.155 +0.005 
0.029 +0.003 
0.0085 +0.0003 
0.650 +0.006 
0.0130 +0.004 


0.077 


1.458 
1.000 
0.243 
1.417 
1.033 
0.700 
0.200 
0.155 
0.028 
0.008 


1.990 
1.000 
+0.054 1.761 
76 
1.250 
0.801 
0.205 
0.156 
0.031 
0.0089 
0.0574 
0.0115 


+0.034 
+0.03 
+0.009 


0 OOS 
+-0.0003 


+0.008 
+C.005 


*NBH 
’>CW 
¢ BBB 


nson, see reference 2 


and Burde, 


Nall, Bair und Haynes 
Cressman and Wilk 
Backstrom, Bergn 


an, see reference 
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43 


~ 


all 2.50 


values for the L; and Lz shells and the average of all 
three as being more correct for the M shell. 

In the case of the 159-kev transition the disagreement 
is even more complex. The between NBH 
and CW in K, total L, total M and N+0 is very good. 
The only lisagreement 
observers 


agreement 


these 
the 
separation and more certain 
beta-ray of NBH should make their 
results more dependable. We find it difficult to under- 
stand the large discrepancies in K, total L, and total 
M between these two observers and BBB. In addition 
to the mention by the latter of possible geiger counter 
instabilities, another | might be the fact 
that BBB did not m a complete Fermi-Kurie 
analysis as did NBH CW. Nevertheless the 
L-subshell ratios of BBB appear to be quite accurate 
including particularly the L, 
alone measure. We 
intensity ratios for t! transition are obtained 
by using the average of NBH and CW for the K, total 
L, M, N+O coefficients, by using the average ratio 
(L,+-L:)/L; from NBH and BBB and the ratio L,/L, 
from BBB. These values are listed in the last column 
of Table I 

Since our results differ somewhat from CW and BBB, 
are available for the transi- 


substantial « between 


the J 


line 


in subshell intensities where 


is 
somewhat better 


background 


vossibility 
ike 


and 


intensity which they alone 


believe that the most accurate 


re 158-kev 


since new values of energy 


tions,* and since Rose ’s Tables’ have been published 
complete recalcul 


since their work, a ation of many of 


their final results seems in order 
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First, the pertinent conversion coefficients a; and 8, 
were obtained by interpolation for each line from 
Rose’s Tables and tabulated in the first two columns 
of Table II. The actual conversion coefficient for each 
line a; (i=k, 1, 2, 3, M, N, 0) is related to ag; and A), 
by the equation 


@,= raa;+ (1—r)Bx,, 
where r is the fraction of the transitions which are £2. 


The a, are related to the experimental intensities given 
in the last column of Table I (V,) by 
a,=N,/N,, (5) 


where N, is the gamma-ray intensity involved. 


(4). 





1.33 1.35 
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T 
1.31 


For the 51-kev transition the three L-subshell 
intensities give six equations and five unknowns. Thus 
two independent values of r are obtained (2.2X10~ 
and 4.4X10~*) which, when averaged give the value 
(3.341)K10~. From Eq. (4) for L; a value of a; is 
obtained which is essentially independent of r. From 
this value of a; and Eq. (5) the most accurate value of 
N, is obtained. Subsequently the remaining values of 
a are obtained by repeated use of Eq. (5). The large 
discrepancy in the values of r and the value a,=0.592 
which is lower than either theoretical value (a: or 6) 
indicates a discrepancy between relative peak intensities 
and Rose’s relative values for 8;. The real problem is 
L, which is not completely resolved by NBH and CW 


TABLE II. Average values of r and N, 


Conversion 
line (kev) B; 


Ly 686 ) 
Le 0.668 
L 0.0694 | 
M 
N 


0.310 
0.154 
0.037 
0.258 
0.180 


0.0200 
0.0750 
0.0462 


0.117 
0.0111 | 
0.00104) 


(3.341)X10™ 


0.113+0.01 


a, N, 
6.86 (6.2540.2) xk 10 
0.592+0.006 
0.0804-0.006 
1.46+0.3 
0.468+0.04 
0.1140.01 

6.3340.1 


7.62+0.7 
6.3240.2 
6.39402 


0.72340.05 


0.1294-0.05 
0.03340.02 
0.11240.005 
0.0214-0.003 
0.0061 + 0.0004 J 
0.036+-0.004 
0.009 +0.003 


1.383+0.07 
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Klala, Kila, KIply, and 
K L,L, in the text 
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and probably suffers some window absorption in BBB. 
It is probabk that the measured value of this line is 
at least 10 to 15% too low. 

The 158-kev transition is treated as a pure £2 
transition (r=1) and N, is calculated for each line. 
With the exception of the L, line which is only partially 
resolved by BBB the agreement is excellent. This 
substantiates both the £2 assignment and the relative 
values of Rose’s K, Le, and Ls; conversion coefficients 
for an £2 transition of this energy. By use of the average 
value of NV, (6.35+0.1) and Eq. (5) the remaining a, 
were calculated. 

The 209-kev transition was handled similarly to the 
51-kev transition except that equations for K, L,, and 
Ls; (Lz being too inaccurate) were used to determine 
r and N,. The agreement between the two values is 
satisfactory for both. The averages are given in Table 
Il. The values of a; are calculated from the average 
value of N, and Ea. (5). 

The satisfactory internal consistency of the calcula- 
tions on the 209-kev transition (K, 1;, and Ls levels) 
indicates satisfac tory agreement between Rose’s coeffi- 
cients (a, and §;) and the relative line intensities of 
Table I. A further and more absolute check of the 
accuracy of the theoretical conversion coefficients is 
obtained by the agreement between V,'** N™ 
calculated above by use of Rose’s coefficients, 4.59 
+0.23, and the directly measured value of Cressman 
and Wilkinson® 4.53+0.23 

Finally, the total intensities of the three transitions 
are 0.51 kev, 0.646+0.03, 158 kev, 12.40+0.1, and 
209 kev, 2.639+0.14. From these intensities, the ratio 
of the 251-kev beta group to the 302-kev group is 
0.280+0.015. If 


as 


found to be the 460-kev branching 


ratio of 6.4% is taken from Haynes and Achor" the 


are 
2 1 \07 


branching ratios of the lower 
(251 kev) (20.4+1)% and 3.24+1)%. 
As indicated by Bickstrém ef al., are 
probably more accurate than those directly measured 


from the beta-ray spectrum 24.39%, and 69.3% 


energy transitions 
7 


302 kev 


values 


Lhes¢ 


B. K-Auger Spectrum 


trum is shown in Figs. 5 and 6. 
K-Auger yield it is 
area under the 
area of the two 


The K-Auger spe 
To calculate the total or global 
only necessary to measure the total 
Auger lines and compare it with the 
K-conversion lines. The measured yield for Hg™ is 
ax=0.048+0.003. This value is in agreement with a 
value obtained previously by Broyles et al.,¥ and yields 
yield that the 
semiempirical curve of wx versus Z that has been worked 
out by Burhop.** It should be pointed out that the 


; 


a value for the fluorescence falls on 


Taste III. Comparison of experimental and theoretical 


L,L, intensities for mercury.* 


1.000 
1.323+0.1 
0.853+0.06 
0.401+0.03 
1.279+0.08 
0.760+0.05 


tI “Bergstr sn 
¢ Present work 
3C D Br ry les, D 
89, 715 (1953 
* E. H. S. Burhop, J. ph 
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present value is a factor of three more precise than 
the previous value. The ratios of the KLL lines to 
the KLX and KXY are also quantities of interest 
in comparing experiment to theory. These are meas- 
ured as KLL:KLX:KXY::1.000:0.49640.015:0.094 
+0.003. These values are in sharp disagreement with 
those previously obtained by Broyles et al., but follow 
the general empirical Z dependence trend demonstrated 
by Bergstrém® who used previous data covering a 
spread in Z from 29 to 81. It is possible to separate the 
individual KL,L, lines by use of an ideal line shape, and 
to account for all of the area of the KL,L, spectrum. 
The energies, assignments and relative intensities are 
shown in Table III. Previously determined values are 
shown in the same table, as well as theoretical values. 
The present experimental findings have relatively 
good overall agreement with the previous measurements 


TABLE IV. Relative intensities of KLX Auger groups for mercury 


Relative 
intensity 


Energy 
(kev) 


64.6 
64.9 
65.3 
65.9 
66.4 
67.1 
67.6 
68.0 


Assignments 

KLM; 
KLM, 
KLM, KLM; KLM; 
KLM, KLM, KLM; 
KLM, KLAM; 
KLM, 
KLsM2, KLiNi23, KLN«s 
KLM; KLANi,23, KLiNe: 

KLO, KL.\P 
68.4 KIAN«s, KLM, 
68.8 


70.5 ' 
71.1 KL, KL:P 
- KXY 


* 1. Bergstrém in Bela- and Gamma-Ray Spectroscopy, edited 
by K. Siegbahn, (North-Holland Publishing Company, Amster- 
dam, 1955), Chap. XX, p. 633. 
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1.60 1.64 


and agree quite closely with some of the theoretical 
calculations made by Hill.” 

Separations of some parts of the structure of the 
KLX-Auger group are possible but only three con- 
stituent lines can be completely separated from adjacent 
lines. The intensities of these components and the group 
assignments are shown in Table IV 


C. L-Auger Spectrum 


The data in the L-Auger region are plotted in Fig. 7. 
The beta background is positioned by use of points on 
the continuum on each side of the L region. The Fermi 
plot was not utilized because in the region below 45 kev 
there was an upward deviation of the plot of the lowest 
energy beta-ray group. In view of the straightness of 
the Fermi plot of Haynes and Achor"’ to Jess than 20 
kev, this upward deviation is undoubtedly due to 
source thickness. 

Separating the various lines in the L-Auger spectrum 
is a major problem. In the short range of less than 10 
kev, there are 45 lines from the LMM group, 105 from 
the LMN, and 84 from the LNN, with the many 
additional weak ones from the LXY. Because of source 
thickness and possibly back scattering, a fair amount 
of low-energy “‘tailing” in the LZ region is observed. 
Thus the standard line shape of the upper energy range 
cannot be used here for line separation. Also the 
“tailing” noticeably increases in going from the high 
to the low-energy end of the L-Auger spectrum. 
Therefore, even if a standard line is available it must 
be varied in shape with change in energy. The 14M.M, 
line (peak 3) is selected as a first approximation to the 
standard line at the low-energy end and the 1,M.M, 
line (peak 7) is used for the middle region. Peak 3 is 
well removed from neighboring lines but source thick- 


*R. D. Hill, Phys. Rev. 91 770 (1953). 
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Fic. 7. The L-Auger spectrum of Hg™. 


ness causes the effective line width to be about 1.3% 
in this region. Peak 7 shows no structure, so it is assumed 
that the neighboring line 1;M,M, makes no contribu- 
tion. The adjacent L3M,N, is assumed to be 
insignificant in strength. The line width of peak 7 is 
about 1.0%. Since no isolated line is available in the 
higher energy end of the spectrum, an approximation 
was made by extrapolating the shapes of the two lower 
ones. The effective line width in the upper region is 
about 0.5% or better. By use of these line shapes, the 
spectrum is graphically divided into its component 
lines and line groups. The peaks are designated on the 


line 


basis of energy calculations. 
Additional peak separation is obtained by assuming 
internal consistency. For example, the configuration 


L2MsNas (peak 13d) is very strong relative to most 


other Ly peaks. It seems reasonable that LyMysN4s 


should also be strong since Le and L, differ only in 
spin-orbit orientation and the remainder of the electrons 
involved in these composite lines have all possible 
combinations of spin-orbit orientation. As a result, a 
large fraction of the intensity of line 10c is assigned to 
L3M «3M 4s. Consequently, 12M 5M; is far weaker than 
L2oM.M,, whereas L;M;Ms is far stronger than L3M4M,, 
a contrast 


which also seems reasonable. Use is also 


made of the theoretical results of Rubenstein and 
Snyder’ for silver where no other guidelines exist. 
Finally our assignments within each of the three 
bands (Z,/2L;) have been compared in intensity with 
those of Sujkowski and Slatis*’ and Geoffrain and 
Nadeau** (GN) for a composite (from ThB) 
of Tl’ and Bi*”. The resolution of SS was far superior 


to ours so that the identification of their observed lines 


(SS 


source 


is reasonably certain. They observed some lines which 
we do not because of higher resolution, but missed some 
faint ones due to photographic insensitivity which we 
observed. Our agreement with the semiquantitative 
intensity scale of SS is on the excellent and in 
particular seems to justify most oi our line splitups 
Our agreement with 


agreement between SS and 


whole 
based on internal consistency. 
GN is far poorer as is the 
GN. Although the resolution of GN is supe rior to ours, 
it does not seem to have been suffici ntly so to overcome 
the difficulty of the ri’ and 
Bir”. 

The relative pres¢ nted in Table V. 
The main columns of intensities are fairly accurate but 
the further subdivisions 
approximations and may be in error. Since in most cases 


overlapping spectra of 
intensities are 


indicated in parentheses are 


7 Z. Sujkowski and H. Slatis, Arkiv Fysik 14, 191 (1958). 
% C. Geoffrion and G. Nadeau, Can. J. Phys. 35, 1284 (1957). 
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they do not involve major lines these approximations 
do not affect greatly the conclusions given below. 

As a side line to the intensity determinations, the 
ratios of LMM:LMX:LXY (where X and Y are N 
and above) are measured and found to be 1.00:0.30 
+0.03:0.016+0.004. These ratios are the counterparts 
of KLL:KLX:KXY which are often measured in 
K-Auger work except that in the L-Auger case the 
ratios are also functions of the mode of excitation. 

The next step in the analysis of the data from the 
L-Auger region is that leading to the determination of 
the total and subshell yields for Hg™. initial L vacancies 
for Hg™ must first be known. These result from: (1) 
L conversion; (2) KLL-Auger ejection (produces two 
vacancies per Auger event); (3) KLX-Auger ejection; 
(4) KL x rays. The L conversion and KLL-KLX-Auger 
vacancies, both total and subshell, are taken directly 
from the high-energy part of the present work. The 


TABLE V. Relative intensities of L subshell lines.* 


Rel. int. 


percent) 


Designa- 
tion 


Rel. int 


percent) 


Designa 
tion 


Peak 


L:M\M; 10a 


12MM, (4.4) 
L:M.M,2 1.5) 


LM uN; 6.1 
LMM, (0.2) 
LMM, 7.2 
LMM, 

LiMyuNw 6.3 
LiMiM as 


L,5M\M, 105 


L:M.M, 10¢ 


L,M,M, 

L4sMiM, 

LiM Ne 
LMWNe 
LiM\M, 
LLM.M, 
LiM.N2 
LLM.M, 


L,M.M, 
L,M,M, 
LMM, 
LMM, 


LMM, 

LiMiN; 
L:M.M; 
L:M.M; L.MNuw 
LM iNew 
LaM;N; 
LiM,N;2 
LAM,N, 


1.M.M;, 
L,M.N; 


L:M.N; 
L:M\M; 


L.M,M; 


L:.M.M, 136 LaMasNie 
LiNiN; 
L.M.M, 


, (2.4 
LiM Nis 13¢ 
LsM3N2 13d 


LAM uN; 

LM uN 
LiNwN as 
L,M,N, (I 

L,M\M, 13e = LaMusNer 
LANuNe 
L.M.M, 

L,M\M, 

L:MiM;, 

LiM iN 

LaM N12 
LMM, 


13f LiNeNs 
14a ls 


14 
14 


* Values 
Sec. IVC). 


in parentheses result from the u 


and Coster-Kronig yields determined since publication of table by Burhop (see reference 9).* 
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0.24" 


0.590+0.04« 


0.410+0.04« 


0.22+0.04« 


4+0.04 


‘ 


0.5 0 


0.24 0 


0.46+0 044 


0.32+0.03« 0.393 0.16+0.02« 


| 
) 0.10" 


Hg (80) 


52! 


0.54 


ER SPECTR. 


0.59+0.05« 


0.46+0.09: 


)i 


7+0.0 


0.0 


(0.44—0.61)4 


0.39—0.56)" 


—0.62)4 


(0.5 


(0.38—0.49)4 


0+0.05)" 
0.63* 
0.62" 

51 

32! 


‘ 


7@ 
0.38" 


0.49% 
0.68! 


(0.30+0.05)" (0 
0.3 





T. Achor (see reference 17). 


1A. Moussa and J. B. Bellicard (ThB) (sce reference 14). 


Can. J. Research A26, 421 (1948). 


K. Haynes and W. 


' B. B. Kinsey, 


* Present work 


* See footnote reference 31 


1958 (unpublished) 


= B. L. Robinson and R. W. Fink, Revs. Modern Phys. 27, 424 (1955) 
Lee, thesis, Vanderbilt University, 


® (RaD) N. 


rs. 


K. Haynes (see reference 18). 


‘J. Burde and 8S. G. Cohen (see reference 16) 


i K. Risch, Z. Physik. 150, 96 (1958). 


* A. O. Burford and S. 


A. S. Ross ef af. (see reference 10) 
* (RaD) J. Towsset and A. Moussa (see reference 13) 


* Calculated from Burde and Cohen. 


#(RaD) 


> Values assumed from other work 
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contribution of KL x rays, both total and subshell, 
are calculated from the data of Beckman” and the 
total K-fluorescence yield from the present work. The 
relative number of L-Auger electrons emitted 
measured by a planimeter in the standard manner. The 
total L-Auger yield for Hg is found to be 0.590+0.04, 
thus the total fluorescence yield is 0.410+0.04. This is 
in good agreement with the value of Auger yield 
(0.629+0.035) reported by Haynes and Achor."’ 

To subshell yields, Eqs. (1) (2), and 
(3) must be supplemented by three additional equa- 
tions which incorporate quantities measured by the 


1S 


calculate 


spectrometer. 


a;=A\/my, (6) 


@2.=. (mot fiom), (7) 


a3= As/( mst fistit foa(met fiom) |, (8) 


where: 
(non-Coster-Kronig) 
is the number of initial (non-Coster-Kronig) vacancies 
in the L, subshell per K-conversion event. 

Of the 15 quantities in Eqs. (1) to (3) and (6) to 
(8), (A,’s and n,’s) are known from spectrometer 
measurements. Three of the other nine must be taken 
from other sources. As may be seen from the table of 
Tousset and Moussa,” there is good agreement among 
recent investigators (Ross et al.,"° Burde and Cohen,"* 
and Tousset and Moussa'*) for the value of w, for Bi. 


A, is the total number of L,-Auger electrons 
per K-conversion event, and n, 


Substantiating evidence for the value of w; comes from 
the value given by Kinsey.” The values of we and a2 
reported by Burde and Cohen are in violent disagree- 
ment with those reported by Ross ef al., and Tousset 
and Moussa. The values for w; given by Burde and 
Cohen, and Ross ef al., are in reasonably good agree- 
ment. The disagreements among the three groups of 
investigators do not seem too large in the case of the 
Coster-Kronig yields. The terms accepted from previous 
work, or arbitrarily, were w;, w3, and fi; for Bi (Z7=83). 

The value of w; was estimated for Hg by extrapolation 
from Kinsey’s® value of w, for Bi (w;=0.10). Burhop’s 
formula”® was used to extrapolate the value of W3 for 


*® (©. Beckman, Phys. Rev. 109, 1950 (1958) 
” B. B. Kinsey, Can. J. Research 26, 404 (1948) 
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Bi to that for Hg (w3=0.393). While the 
fie and fi, by other investigators i 
(Table VI}, the influence of 
(7) and (8) is not very great beca 
of ny(0.27 
shows that if fo, 


agreement on 
only fairly good 
hese parameters on Eqs. 
ise of the small value 
of Eq. (8) 
value of f;; must 
this is, if not 
impossible, at least in violent disagreement with the 
results of other investigators given in Table VI, it follows 


Furthermore, examination 


is assumed small, the 


be of the order of unity or greater. Since 


that our data and interpretation are 
with fos=0. 

Because of the insensitivity of Eqs. (7) 
the values of fi. and f; 
values of fi2 and fis should give fairly accurate values 


learly inconsistent 


and (8 
, any reasonable choice of the 


to 


for de, we, and fo. In view of this fact it is assumed that 
fis has a value of 0.5 


By using only the data from t! 


le present spectrometer 
measurements it is found from Eq. (6) that a,=0.16 
+0.02. With the and fi; determined 
from previous work, it follows from use of Ees. (3), 
(1), (7), (8 e order given that: d2=0.46 
+004: / See Table VI). 

Since Ii selected for 


values of w), w 


, and (2) in tl 
0.22+0.04:4 0.32+0.03 


sensitive to the value 


is very 
lue of fie is quoted. However a 


und directl 


fig therefore no va 
fairly accurate value for from 


Eq. (1) to be 
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III: The recent theoretical 


** Three references relatir g Tab! 
had not appeared or were n 
results of W. N. Asaad, Proc. Roy. Soc. (London) 249, 555 (1959 
should be added to Table III. His relativistic calculations (j-~/ 
coupling) give KL,1;=1.00, KL,l,.=1.44, KL,l,=0.82, Klil, 
=0.09, KL.l,;= 1.46, and KL,l,=0.66 

Table V1: Additional results for wz are given in R. W 
Phys. Rev. 106, 271 (1957), and B. L. Robinson and R. W 
Revs. Modern Phys. 32, 127 (1960 
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Decay of Ruthenium-105 
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The decay of Ru has been studied employing two scintillation spectrometers in coincidence. It is found 
that Ru" decays to the excited levels of Rh with the emission of six 8 growps, with end-point energies 
of ~ 125, 525, 915, 1080, 1150, and ~1800 kev, the branching ratios being approximately ~0.002, 0.068, 
0.11, 0.30, 0.51, and ~0.01, respectively. The subsequent y rays have the energies of 130, 265, 320, 400, 
475, 485, 665, 725, 875, 960, 1350, and 1750 kev. From y-y and §-y coincidence measurements, a level 
scheme of Rh" has been worked out, showing the excited states at 130, 395, (or 530), 475, 725, 795, 960, 


1350, and 1750 kev. 


INTRODUCTION 


HE decay of 4.5-hr ruthenium-105 has been in- 
vestigated by a number of workers'~* mainly by 
8-ray spectrometers and Geiger-Miiller counters. They 
have shown that it emits one 8 group having the end- 
point energy of 1150 kev followed by a 725-kev y ray. 
This y ray was supposed to terminate at the 45-second 
isomeric level in Rh" which is 130 kev above its ground 
state. Only recently Heath and Vegors‘ have observed 
the y-ray spectrum of this activity with a scintillation 
spectrometer. They report the emission of y rays of 
energies 265, 315, 400, 480, 670, 720, 870, and 960 kev. 
Independently of the above unpublished work, we have 
studied the decay of Ru™® by scintillation spectrometers 
and have established various y-y and §-y sequences. 
Natural ruthenium contains seven isotopes. On irra- 
diation with thermal neutrons, four activities of Ru’, 
Ru™, Ru™, and Rh™, having half-lives of 2.8 days, 
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Fic. 1. Pulse-height distribution in Nal (TI) crystal of the 
softer 7 rays of the 4.5-hr activity of Ru™. 


1 V. S. Shpinel and G. A. Kuznetsova, J. Exptl. Theoret. Phys 
U. S. S. R. 30, 231 (1956) [translation: Soviet Phys.—JETP 3, 
216 (1956) ]. 


*C. L. Scoville, S. C. Fultz, and M. L. Pool, Phys. Rev. 85, 


1046 (1952). 
*R. B. Duffield and L. M. Langer, Phys. Rev. 81, 203 (1951). 
*R. L. Heath and S. H. Vegors (unpublished), as reported in 
Revs. Modern Phys. 30, 675 (1958). 


42 days, 4.5 hours, and 36 hours, respectively, are 
produced. In order to suppress the relative strength of 
Ru®’, Ru’, and Rh", we irradiated our samples of 
natural ruthenium for periods of 4 to 8 hours in the 
Apsara reactor. The irradiated samples were further 
purified by the distillation of RuO,. 

MEASUREMENTS 

Two scintillation spectrometers were used in coin- 
cidence with a standard fast-slow coincidence technique. 
The negative pulse output from the collector of a RCA- 
6810A high-gain photomultiplier tube was inverted and 
equalized to feed the diode coincidence circuit. The same 
pulse from the collector was linearly inverted with 
almost a gain of 1 for pulse-height analysis. The in- 
verter was capable of giving linear positive output up to 
80 volts. The resolving time of the coincidence circuit 
was kept about 0.1 ysec. 

The y-ray spectrum of Ru’ up to 800 kev, observed 
with a 1.5-in. diameter and 2-in. thick NaI(T1) crystal, 
is shown in Fig. 1. The spectrum was recorded two hours 
after the removal of the source from the reactor. The 
source was placed at a distance of 3 cm from the crystal 
surface with the intervening absorber of about one g/cm? 
of aluminum and aluminum oxide. The full energy peaks 
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Fic. 2. Pulse-height distribution in NaI(T1) of the 
harder + rays of Ru™. 
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Taste I. Beta spectra and gamma rays of Ru™. 
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energy of 
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at 130, 265, 320, 400, 480, and 725 kev were found to be 
associated with 4.5-hr decay of Ru". The 220-kev peak 
appearing in the spectrum, is the most prominent y ray 
associated® with 2.8-day Ru’. On observing the spec- 
trum after the decay of Ru, the 495-kev y ray—which 
is the strongest in the decay of* Ru'—was found to be 
quite weak. The composite nature of the peak at 725 kev 
is apparent. On analysis it was found that the peak con- 
sisted of two y rays of energies 665 and 725 kev. By 
coincidence measurements, to be described later, the 
peak at 480 kev was also found to be composite in 
nature, the difference in energy of the two components 
being less than ~ 10 kev. These components will hence- 
forth be referred to‘as 475- and 485-kev y rays. The 
y-ray peak at 320 kev is also complex. A large fraction 
of this peak is due to 36-hr activity of Rh", which has 
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Fic. 3. Part A shows the spectrum in the region of 320 kev, in 
coincidence with the fixed channel at 475-485 kev. Part B shows 
a y-ray peak at 475 kev in coincidence with the fixed channel 
at 320 kev 


M. Cork, M. K. Brice, L. C 
Phys. Rev. 100, 188 (1955) 
* Babulal Saraf, Phys. Rev. 97, 715 (1955) 
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a prominent y ray of this energy 
cated that about 20% of thi 
Ru activity. The higher energy part of the y-ray 
pulse-height spectrum is shown in Fig. 2. The spectrum 
appears to be complex; the peaks at 875, 966, 1350, and 
1750 kev can be These y-ray peaks were 
found to decay with the half-life of Ru’. After a period 
of about 30 hours, the residual spectrum of the y rays 
consisted of the well-known lines®:* of Ru’, Ru, and 
Rh", The intensities of various 7 rays as obtained from 


A careful study indi- 
y ray intensity is due to 


identified 


Figs. 1 and 2 and also the coincidence measurements 
are shown along with other information in Table I. 


GAMMA-GAMMA COINCIDENCES 


In order to establish a level scheme of Rh", a sys- 
tematic study of y-y coincidences was undertaken. Two 
detectors were kept in end-on position on either side 
of the source. Each detector wa 
through a hollow Pb cone 


looking at the source 


of half apex angle of ~ 70°. 
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Fic. 4. Part A shows the ncidences in the region of 265-kev 
ray with the fixed cha it 400 kev. Part B shows the spectrum 
in the region of 400 kev, ir lence with the fixed channel 
at 265 kev 
This geometry was very helpful in achieving large co- 
incidence efficiency without involving any unwanted 
coincidences due to backscattering of high-energy pho- 
tons. For studying the coincidences between a y ray and 
any part of the spectrum, the y-ray full energy peak was 
of the spectrometers and its 
| of the other spectrom- 
the desired region of the 
pulse-height spectrum and the coincidence rate 
recorded. 

Figure 3(A) shows the coincidence counting rate be- 
tween the 475-485 kev y-ray peak and the spectrum in 
the region of 320 kev. Figure 3(B) shows the spectrum 
in the region of 475-485 kev in coincidence with 320-kev 
y-Tay peak It is observed that the coincidence peak is 
slightly shifted to the lower energy side with respect to 
the peak in the singles counting rate and hence it is 
concluded that the 475-kev y ray 
the 320-kev y ray. 4(A) sl 


selected in a channel of one 


position was fixed. The inne 


eter was then moved across 


was 


7 s in coincidence with 
Fi ows the spectrum in 


igure 





DECAY 


the vicinity of 265 kev, in coincidence with 400-kev 
y-ray peak. Figure 4(B) shows the spectrum in the 
region of 400 kev in coincidence with 265-kev peak. The 
small coincidence peak below the 480-kev singles peak is 
due to the detection of 320-kev y-ray pulses in the 
channel fixed at the 265-kev peak. Figure 5(A) shows 
the 475-kev y ray in coincidence with the 875-kev peak 
accepted in the fixed channel. Figure 5(B) shows that 
the 480-kev peak is complex and the two componer.ts 
are in coincidence with each cther. It also shows the 
coincidence peak at 875 kev when the fixed channel was 
at 475-485 kev. 
LEVEL SCHEME 

It is known that Rh” has a 45-sec isomeric state of 
130-kev excitation energy.'~* Coincidence measurements 
showed that the 320- and 475-kev y rays are emitted 
in cascade. The sum of energies of these cascade y rays, 
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Fic. 5. A y-ray peak at 475 kev is shown in coincidence with 
the fixed channel at 875 kev, in part A. Part B shows the pulse- 
height distribution above 400 kev, in coincidence with a fixed 
channel at 475-485 kev peak. 


and that of 665 kev—which is not in coincidence with 
any other y ray—and 130-kev y rays are equal, indi- 
cating thereby an excited state of Rh’ at 795 kev. The 
sum energy of 265- and 400-kev y rays, which are shown 
to be in coincidence in Fig. 4, is the same as that of the 
665-kev y ray, suggesting the latter transition to be a 
crossover to the 265-400 kev cascade. The level at 795 
kev thus decays by the emission of a 320-475 kev cas- 
cade to the ground state, and by the emission of a 
265-400 kev y-ray cascade with a 665-kev crossover 
transition, to the isomeric state. Since the intensity of 
the 320-kev y ray is much lower than that of the 475-kev 
radiation and also because the 475-kev y rays is in co- 
incidence with the 485- and 875-kev y rays which are 
noncoincident with the 320-kev y ray, the 475-kev 
transition follows the 320-kev y ray. Therefore there 
should be a level in Rh at 475 kev. From the measure- 
ments it is not possible to decide the order of emission 
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Fic. 7. Pulse-height 
distribution in anthra 
cene of 8 particles in co 
incidence with 875-kev 
y ray detected in the 
fixed channel. 


COUNTS PER SECOND 


+ her 
Sia 


“ts 
PULSE HEIGHT VOLTS 











rn 
to 


of the 265-400 kev y rays. Depending upon this order 
there would be an excited state at 395 or 530 kev. The 
intensity of the 725-kev 7 ray is much larger than that 
of any other y ray including the 130-kev transition after 
taking into consideration its internal conversion.’ There- 
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Fic. 8. The 8-ray pulse-height spectrum in anthracene, in co- 
incidence with the y-ray channel fixed at 960 kev. The expected 
end-point energies of the 8 groups are also shown. 


7P. Axel and R. B. Duffield (unpublished), as reported in 
Revs. Modern Phys. 30, 678 (1958). 





SARAF, HARIHAR, 





hin 
PTT, 


COUNTS PER SECOND 











20 30 
PULSE HEIGHT-VOLTS 


Fic. 9. Pulse-height spectrum of 8 particles in 
coincidence with the 725-kev 7 ray 


fore it is evident that this y ray leads to the ground state 
directly rather than the isomeric state as reported 
earlier.’ Further, the 725-kev y ray is found to be 
noncoincident with any other y ray, suggesting that the 
725-kev excited level is fed by a single 8 transition. The 
960-kev y ray is not in coincidence with any other 
y ray, while the sum energy of the 475-485 kev coin- 
cident y-ray pair is also 960 kev which decays by the 
emission of a 960-kev y ray to the ground state or by a 
485-kev transition to the level at 475 kev. The 875-kev 
ray is in coincidence with the 475-kev y ray, suggesting 
a level at 1350 kev. The 1350-kev y-ray transition thus 
appears to be the crossover of the 875-475 kev cascade. 
The 1750-kev 7 ray should represent a transition from 
the 1750-kev level to the ground state. For if it were to 
lead to the isomeric level, there would hardly be any 
energy left over for the 8 transition to feed the required 
excited state at 1880 kev. The decay scheme of Ru'® 
as obtained from the above observations is shown in 
Fig. 6. The end-point energies and the intensities of the 
various 8 groups, feeding the levels of Rh'®’, have been 
worked out from the intensity measurements of the 
y rays and the level scheme as established above. These 
are shown in column 1 and 2 of Table I. 


BETA-GAMMA COINCIDENCES 


The decay scheme discussed above is further con- 
firmed by the various 8-y coincidence studies. For these 
measurements the 8 particles were detected in an an- 
thracene crystal 1.5 in. in diameter and 0.5 in. thick. 
Figure 7 shows the 8 spectrum in coincidence with the 
875-kev y-ray peak in the NalI(TI) scintillation spec- 
trometer. The expected end-point energy of this spec- 
trum is 525 kev. Figure 7 does show an end-point energy 
close to this value. The tailing off of the coincidences 
beyond 525 kev is due to the detection of 960-kev y-ray 
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pulses—which is in coincidence with a 8 group of end- 
point energy 915 kev—in the 875-kev y ray detection 
channel. This point is evident in Fig. 8 where it is shown 
that the 8 spectrum in coincidence with the 960-kev 
y-Tay peak extends to 915 kev. The sharp rise in coin- 
cidence rate below 525 kev is due to the partial ad- 
mission of 860-kev y-ray pulses into the 960-kev y-ray 
detection channel. This is unavoidable due to the 
proximity of the energies of the two y-rays. Figure 9 
shows the 8 spectrum with an end-point energy of 1150 
kev, in coincidence with the 725-kev y ray. The §-ray 
pulse-height distribution in coincidence with the 475 

485 kev y-ray peak shown in Fig. 10, is rather complex 
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Fic. 10. The continuous curve shows the distribution in anthra 
cene of pulse-height of 8 rays from Ru™. The broken curve shows 
the 8-ray pulse-height spectrum in coincidence with the y-ray 
channel fixed at 475-485 kev peak. The expected end point 
energies of various 8 groups are also indicated. 


but not inconsistent with the decay scheme of Fig. 6. 
The complex nature of the coincidence spectrum arises 
from the fact that the 475-kev level in Rh™ is excited 
by three 8 groups of end-point energies 525, 915, and 
1080 kev, through various y transitions; and also the 
725-kev y ray is detected in the fixed channel at the 
475-485 kev peak, through Compton scattering absorp- 
tion. Thus one expects discontinuite 
spectrum corresponding to the end-point energies of 
four 8 groups, at 525, 915, 1080, and 1150 kev. The 
singles counting rate in §-ray counter is also shown in 
Fig. 10. Due to the low inte nsity, the determination of 
the end-point energy of the highest energy 8 group is 
uncertain, making it impossible to determine if it leads 
to the isomeric level or to the ground state of Rh 


sin the coincidence 
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The AF’ (a,3p)Mg™ and Mg**(a,2p)Mg™ reactions produced by the bombardment of aluminum and 
magnesium targets with 42-Mev He ions have been studied. The excitation functions for these reactions 
are presented. At 40-Mev He-ion bombarding energy, the cross section for the (a,3) is about 80 microbarns 
and the peak yield of the (a,2p) reaction observed at 34 Mev is 1.65 mb. Excitation functions are also given 
for the production of Na® from the bombardment of aluminum with 30-42 Mev He ions, which proceeds 
chiefly through the reaction AFP"(a,2an)Na™, and of Na™ from the bombardment of natural magnesium, 


primarily through the Mg**(a,ap) Na™ reaction. 


I. INTRODUCTION 


XTENSIVE study of proton-induced reactions up 

to cosmic-ray energies in a number of elements 
has been carried out over the past decade. Disintegra- 
tion of aluminum by protons, deuterons and He ions 
to form products such as Na™, Na™, F'*, N¥, C#, 
lithium and beryllium isotopes,'~® and interactions of 
aluminum and other nuclei with protons and He ions 
to form radiochemically detectable Be’,'*:*” have re- 
ceived attention and produced interesting results with 
rewarding glimpses of higher levels of understanding 
about the extent of fragmentation, evaporation, and 
direct mechanisms occurring in nuclear reactions. 
Gugelot, in his survey of scattering and reaction ex- 
periments,® has discussed the extent of understanding 
about the features of the reaction mechanisms. There 
is far less data available on reactions induced by He 
ions than by nucleons, and it seems advisable to extend 
the investigation of the strong interaction of He ions 
with nuclei. 

In the present study, the results of some nu- 
clear reactions produced in aluminum and magnesium 
by bombardment with He ions up to 42 Mev are 
presented. Excitation functions for the Al’ (a,3p)Mg”* 
and Mg**(a,2p)Mg** reactions and for the production 
of Na” and Na™ from aluminum and natural mag- 
nesium, respectively, have been measured. Absolute 
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values of the cross sections are based on a direct mea- 
surement of the He-ion current to the targets or from 
a comparison with other He-ion induced reactions set 
to monitor the beam intensity. 


Il. EXPERIMENTAL 


Thin foils of natural aluminum and magnesium were 
bombarded for periods of several hours in the external 
beam of the University of Washington 60-inch cyclo- 
tron. Sufficient activities were produced with irradia- 
tions of from 20 to about 60 microampere hours. In a 
number of bombardinents, the beam current impinging 
on the target was measured with a Faraday cup 
arrangement. 


A. The Al*’(a,3p)Mg** Reaction 


A target stack consisting of 0.001-inch 99.99%, pure 
aluminum foils was exposed to a total beam of 39.3 
microampere-hours. Radiochemical processing of the 
foils eliminated the interfering Na™ activity as follows: 
The targets were dissolved in 6M HC] with H,O;, in the 
presence of Mg** carrier. Four Mg(OH), precipitations 
served to remove the radioactive sodium isotopes. 
Magnesium hydroxyquinolate was then precipitated by 
the method of Miller and McLennan® and weighed as 
the dihydrate after heating at 105-110°C. The pre- 
cipitates were mounted in the form of circular disks 
with an estimated 2-3% geometry error. The gamma- 
ray spectrum of the Mg**-Al** source, allowed to reach 
equilibrium, was analyzed by means of a 128-channel 
Nal crystal scintillation spectrometer. No contami- 
nants were detectable, and the complete differential 
pulse-height spectrum of one of the samples is shown 
in Fig. 1. The gamma-ray peak at 1.78 Mev, following 
the beta decay to the excited level of Si, is in 100% 
abundance.” The gamma rays at 1.35 Mev and 0.95 
Mev follow the beta decay of Mg** to excited states of 


*C. C. Miller and I. C. McLennan, J. Chem. Soc. 1949, 656. 


1). Strominger, J. M. Hollander, and G..T. Seaborg, Revs. 
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Fic. 1. Spectro-analysis of a radiochemically separated Mg™ 
yield from the AF" (a,3p)Mg™ reaction 


Al’. The aluminum activity, counted on the 1.78-Mev 
photopeak, was followed over a period of several days. 
A standard Na” source was used for calibration pur- 
poses. The efficiency for counting on the photopeak 
was taken from the published efficiency curves for Nal "™ 


B. The Mg**(a,2p)Mg** Reaction 


Natural magnesium rolled to about 3 mg/cm? and a 
number of 0.0035-inch foils were irradiated for 3 hour 
periods with He-ion beams having average currents 
ranging up to 10 microamperes. After bombardment 
the foils were dissolved in 6M HCl and three precipita- 
tions of Mg(OH). were performed by addition of con- 
centrated NaOH and supplementary amounts of NaCl 
carrier. The final step was a double precipitation of 
MgNH,PO, without sodium hold-back. The precipitate 
was transferred to a filter tube and collected on a 
weighed filter membrane. Following washings with 
alcohol and ether, the precipitates were air-dried and 
weighed to constant weight as MgNH,PO,-6H.O. The 
AF* activity was counted on the 1.78-Mev photopeak. 


C. Production of Na” from Aluminum 


The target consisted of a number of 0.001-inch alu- 
minum foils with an arrangement of 0.0005-inch copper 
foils in the stack for the purpose of monitoring the 
He-ion beam by means of the 245-day Zn® activity 
produced in the copper foils by the (a,pm) reaction on 
Cu® and by decay of the 5-minute Ga® from the 
Cu®(a@,2n)Ga® reaction. The Zn®™ yields were normal- 
ized to the Cu®(a,2n)Ga®+Cu®(a,pn)Zn®™ excitation 
functions of Porile and Morrison." The monitor foils 

“N. H. Lazar, R. C 


No. 4, 52 (1956 
2N. T. Porile and D. L 


Davis, and P. R. Bell, Nucleonics 14, 


Morrison, Phys. Rev. 116, 1193 (1959). 
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were located at stack positions corre sponding to ener- 
gies in the 28-32 Mev region, where the Zn® yield is 
nearly constant, in order to minimize errors due to 
uncertainties in energy. 

Zinc-65 decays” by electron capture and 
positron emission (1.5%) 44%, of the disintegra- 
tions proceeding to the 1.114-Mev excited state of Cu® 
and 56% to the ground state. The 1.28-Mev gamma ray 
of the 2.6-year Na” activity was counted on the photo- 
peak with a single-channel Nal scintillation spectrom- 
eter. Absolute values were obtained by comparison of 
this activity with the 1.114-Mev photopeak count in 
the monitor foils. Correction for differences in the 
photopeak efficiency of the two gamma rays was taken 
from the published efficiency curves. No radiochemical 


(98.5%) 


1 
wit? 
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separations were required for this target, since the 
interfering 15-hour Na”, 21.3-hour Mg**, and daughter 
AF* activities were allowed to decay out for about two 
weeks before counting. The interfering activities in the 
copper foils vanished in a few weeks leaving the pure 
Zn®™ spectrum. All samples were counted under the 
same geometrical condition 


D. Production of Na” and Na™ from 
Natural Magnesium 


A stack of 0.0035-inch 
copper foils irradiated for approximately 
microampere-hours. The copper foil 
target for a maximum yield from 
+(Cu®(a,2n)Ga® reactions, again 
beam. The target was set in 
which the beam centerline 


magnesium and 0.0005-inch 


was 26.5 


s, positioned in the 
the Cu®(a,pn)Zn™ 
monitored the He-ion 
a bell jar apparatus in 
passed through 0.002-inch 


of stainless foil, 1.375 inches of air at 5 psi above 


atmospheric pressure and 1.50 inches of helium at 5 


psi below atmospheric pressure, to allow high beam 


thout melting it. 
section for the produc- 


current through the target w 
Absolute values for the 
tion of at three energies by the 
method described above and are given in Table I. In 
the production of Na*™, the decay of the 2.75-Mev 
photopeak was followed over a period of several days. 
No interfering activities 
The photope ak efficient y was 
tion of the published curves 


cross 
Na™ were measured 


were pres¢ nt at this energy. 
estimated by € xtrapola- 
Ene rgy losses in all foils 


were computed from the range-energy curves and 


range-energy equations for alpha particles 
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III. RESULTS AND DISCUSSION 


The results are shown in Figs. 2-4 and Table I. Cross 
sections for the Mg**(a,2p)Mg*™ and the Al?’(a,3p)Mg” 
reactions were corrected for chemical yield. All cross 
sections were corrected for radioactive decay during 
and after bombardment, counting yield of the scintilla- 
tion arrangement, and the relative intensities of the 
gamma rays. Uncertainties in the chemical yields are 
2%, and random errors of 1% in counting alignment 
and 1-2% in counting statistics are inherent in all 
absolute determinations. The cross sections are esti- 
mated to be accurate to within 20% with less than 5% 
point to point variation. 

We have neglected the straggling corrections to the 
energy spectrum of the beam and also any loss by 
recoil of the radioactive products such as Na®™, Na™, 
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Fic. 2. Excitation function for the reaction AF’ (a,3p)Mg™. 


Mg”*, etc., out of the target foil. Catcher foils inserted 
behind the target foils in a number of the bombard- 


ments indicated that losses due to recoil from the 
thinner targets which were used (7 mg/cm? Al, 3 
mg/cm? Mg) were <5% and negligible in the thicker 
targets (14 mg/cm? Mg and 11 mg/cm* Cu). The 
3 mg/cm? Mg foils were used only below 28 Mev, and 
it was assumed that the recoil effect was tending to 
cancel out. 

The center of mass Q values for the various reactions 
are listed in Table II. The Q values were obtained from 
the available mass and decay data. Approximate barriers 
for Li® and heavier fragments were computed from the 
usual relationship, V = Z,Z2e*/ro(A1'+-A;'), where A;,Z, 
and A>»Z>+ are mass and atomic numbers of residual 
nucleus and emitted particle, respectively, and ro, the 
nuclear radius parameter, was taken as 1.4 fermis. 
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Fic. 3. Excitation function for the reaction Mg" (a,2p)Mg™ 


The (a,3p) reaction rises from about 3 microbarns 
at 31 Mev to about 80 microbarns at 40 Mev. The 
(a,2p) cross section rises from about 0.3 mb at 20 Mev 
to a maximum of about 1.65 mb at 34 Mev. Hudis"* 
found a value of about 0.2 mb for the (a,3p) cross 
section at 41 Mev, as compared to our value of about 
0.1 mb. 
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Fic. 4. Curve A: Cross sections for the production of Na™ in 
He-ion bombardment of natural magnesium. Curve B: Cross 
sections for the production of Na™ in the He-ion bombardment 
of aluminum 


“ J. Hudis, J. Inorg. Nuclear Chem. 4, 237 (1957). 
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There is relatively little information available about 
(a,2p) and (a,3p) reactions. Excitation functions for 
the former in various nuclides at energies to about 40 
Mev have been calculated on the basis of statistical 
models by Porile'® and by Sharma,'* while experimental 
measurements have been carried out by Sharma,'*® by 
Amiel,” and by Porile and Morrison.” The calculated 
functions are in general agreement with the measured 
ones, and there is nothing to indicate that the reac- 
tions do not proceed primarily by a compound nucleus 
mechanism. 

The Mg**(a,2p)Mg** reaction is not favored ener- 
getically over the competing (a,pm) and (a,2m) reac- 
tions, the Q values for these three reactions being 

13.3, —12.3, and —8.4 Mev, respectively. The de- 
pressing effect of the Coulomb barrier, the relatively 
high Q value, and the effect of nuclear type in the 
competition with the (a,pm) reaction should account 
for the observed small cross sections. The shape of 
the function is in qualitative agreement with what one 
expects; in particular it is similar to that of the 
AF" (a,2p)Al™ reaction,'*® both having peak yields at an 
energy of about 34 Mev. 

There have been no previous measurements of excita- 


tion functions for (a,3p) reactions, and only one calcu- 
lation, that for the reaction in Zn®™.'5 The similarity in 
shape of this function and our measured one suggests 
that a compound-nucleus mechanism is predominant 
in Al’. Evaporation theory has previously been shown 


to be approximately valid even in light elements for 
explaining the proton (p,2p) and nitrogen (N",2) in- 
duced reactions through the same compound-nucleus 
(APS) 18.19 

No calculated excitation functions are presented for 
the reactions reported here because the detailed shape 
of the functions is too sensitive to choice of parameters 
to make comparisons very meaningful. It is hoped that 
more detailed treatment will be possible when further 
excitation function measurements of He-ion induced 
light element reactions are completed. 

The cross section for the production of Na® from 
aluminum rises sharply to a value of about 7 mb 
at 40 Mev. A 
previously at this bombarding energy. Small correc- 
tions were applied for counting on the 1.28-Mev photo- 
peak in the presence of the coincidence spectrum of 
the 1.28-Mev and 0.511-Mev annihilation gamma rays. 
The possible producing Na® from the 
He-ion bombardment of aluminum are AF’ (a,2an)Na™, 
AP’ (a,Be'n) Na®, AF’ (a,Be®)Na™. The first reac- 
tion suggests that the incoming He ion may interact 


value of 5.2 mb has been observed’ 


reactions 


and 


18 N. T. Porile, Phys. Rev. 115, 939 (1959) 

‘6H. Sharma, University of California Radiation Laboratory 
Report UCRL-1265 (unpublished 

17S, Amiel, Phys. Rev. 116, 415 (1959 

18 B. L. Cohen, H. L. Reynolds, and A. Zucker, Phys. Rev. 96, 
1617 (1954) 

” R. Nakasima, Y. Tanaka, and K. Kikuchi, Prog 
Phys. (Kyoto) 15, 574 (1956). 
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Q+ barrier 
Reaction Mev) 
a,2an Na® 5 33 5 
AF" (a, Be*n )Na™ 32.0 
Al" (a, Be*)Na™ 30.0 
Mg* a,apn)Na® 33.6 
Mg™ (a,ad )Na™ 31.0 
Mg" (a,Li*)Na* 7.8 


AF’ 


Mg"*(a,ap2n)Na™ 3 39 
Me™ (a,adn )Na™ } 38 
Mg” (a,a7 Na®™ 31 
Mg™(a,Li’)Na™ 28 
Mg" (a,Li’n)Na™ ] 39 
Mg" (a,Li*)Na®™ 36.5 
Mg" (a, pHe®)Na™ 
Mg” (aap )Na™ 
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Meg* aad \Na™ 
Mg** a,Li*)Na™ 
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AF" (a,3p)Mg™ 
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directly with an alpha-particle aggregate in the nucleus 
with both and leaving the residual Na™ 
nucleus with enough energy for a neutron 
to be given off. The two alpha particles may emerge 
from the nucleus as a highly excited Be*® fragment with 
enough excitation e1 the residual 
nucleus for it to lose a is unstable with 
respect to alpha decay unless formed with an odd- 
number spin. The third energetically possible reaction, 
if occurring, will produce the stable Be® fragment. 
Natural magnesium is an isotopic mixture of 78.8% 
Mg", 10.1% Mg*, and 11.1% Mg?*®. The production of 
Na” in the energy range 20 


emerging 


ergy imparted to 


neutron. Be* 


38 Mev may proc eed from 
many reactions. In view of thre 
Table II) the chief tributions will 
Mg*(a,apn) Na”, Mg**(a,ad)Na™ and 

reactions. The cross section for th 
Na™“ from magnesium may be the 
Mg**(a,ap)Na™ reaction below 30 Mev, with other re- 
actions listed in Table II beginning 
unknown extent above this energy 

tion from the Mg” 
in the corrections 


old considerations (see 
come from the 
Mg"**(a,Li*®)Na” 

formation of 
attributed to 


to compete to an 
A small contribu- 
n,p)Na ‘ reaction has been ne glec ted 
Foils in the rear of the target stack, 
where the neutron 
where the He-ion energy has 
thresholds of all reactions 
small yield. 

In contrast to the 
nature of the 


flux is reputed to be a maximum and 
reduced below 
producing Na™, showed a 


been 


a,2p und 
and aap 


one to predict a considerable 


a,3p) reactions, the 


a,an reactions would lead 
ontribution from a direet 
interaction process at the nuclear surface. It is known™-4 
that from direct 
mechanisms often show an initial ris¢ 
very broad or flat peak because 
to the emerging 
nucleus is left in 


interaction 
followed by a 


the excitation functi 


the energy transferred 
particies 1S ich that the residula 
e and in general less 


The direct 


a low-lying stat 


susceptible to further particle emission 
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Energy Spectra and Angular Distribution of Photoneutrons from Carbon 
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Energy spectra and angular distribution of photoneutrons from carbon are studied by irradiation with 
a 30-Mev bremsstrahlung beam. The spectra exhibit a fine structure from which the following levels in C® 
may be distinguished : 21.4, 22.2, 22.9, 23.6, (24.3), 24.8, and 25.6 Mev. Many of these coincide with levels 
found in the C®(y,p) and C"(y,3a) reactions 

Photoneutron emission occurs predominantly by transition to the ground state of C™ 

The angular distribution is of the form 1+1.5 sin® for all neutrons having energy Z,>3 Mev. This 
distribution agrees with that expected according to Wilkinson's independent-particle model for ejection 
from the }=1 orbit. 


1. INTRODUCTION As shown in Table I it may be observed that for the 
N previous work'? it has been shown that while the Photoneutrons from C”: (i) the energy spectra have 
photoneutron emission from heavy nuclei occurs ot yet been studied; (ii) the angular distributions are 
mainly by evaporation, in a nucleus as light as oxygen given only for angles # between 60° and 160°" and for 
the direct process prevails in photoneutron emission. Fy max™=23 Mev. 
The aim of present work is te study in some detail 
the energy spectrum and the angular distribution of 2. EXPERIMENTAL PROCEDURE 
photoneutrons from carbon. These data are needed in 
order to study the prediction of direct interaction 
theories and the levels in C”. This work has been 
suggested to us also by the analysis of the known data 
on the photodisintegration of C®.*** 


A cylindrical target of C of ~40 g was irradiated 
with a 31-Mev collimated y-ray beam of the B.B. 
betatron of Turin. The photoneutrons were detected 
by means of the proton recoil tracks in Ilford LA plates 
400 w thick, placed, respectively, at angles 0= 30°, 60°, 
1C, Milone, Phys. Rev. Letters 3, 43 (1959). 90°, 120°, and 150° with the y-ray beam. The experi- 
?C. Milone and A. Rubbino, Nuovo cimento 13, 1035 (1959 mental arrangement was the same as that used in a 


* B. M. Spicer and A. S. Penfold, Phys. Rev. 100, 1375 (1959). tone Gk? The ‘thod if . he 

‘j. Goldemberg and L. Katz, Phys. Rev. 95, 471 (1954) Previous Wor 4a 1 methods usec or scanning the 

*L. Katz, R. N. H. Haslam, R. J. Horsley, A. G. W. Cameron, plates with the (slow) and the (fast) method and for 
and R. Montalbetti, Phys. Rev. 95, 464 (1954) anatweine ' wel ack . crihed i 

‘G. C. Baldwin and G. 8. Klaiber, Phys. Rev. 73, 1156 (1948 analy zing the peoten recoil tracks are Gentes in 

7R. Montalbetti, L. Katz, and J. Goldemberg, Phys. Rev. 91, Previous work.?** The measured background” was 
659 (1953). quite negligible. 

*R. Nathans and J. Halpern, Phys. Rev. 93, 437 (1954) 

*R. N. H. Haslam, H. E. Johns, and R. J. Horsley, Phys. Rev. 
82, 270 (1951). *W.C. Barber, W. R. Dodge, and J. Vanhuyse, Compt. rend 

congrés intern. phys. Nucléaire, Juillet, 1958—Dunod, p. 630, 
Paris 1959. 
*S. Penner and J. E. Leiss, Phys. Rev. 114, 1101 (1959). 

98, 73 (1955). =S. A. E. Johansson, Phys. Rev. 97, 434 (1955). 

2 J. L. Lawson and M. L. Perlman, Phys. Rev. 74, 1190 (1948) ™1). Walker, Phys. Rev. $4, 149 (1951). 

uL. L. Newkirk, Phys. Rev. 86, 249 (1952). “1. V. Chuvilo and V. G. Shevchenko, J. Exptl. Theoret. Phys. 

™R. Sagane, Phys. Rev. 84, 587 (1951) (U.S.S.R.) 32, 1335 (1957) (translation: Soviet Phys —JETP 5, 

% L. W. Jones and K. M. Terwilliger, Phys. Rev. 91, 699 (1953 1091 (1957)] 

B. P. Fabricand, B. Hallison, and J. Halpern, Phys. Rev % J. W. Rosengren and J. M..Dudley, Phys. Rev. 89,603 (1953). 
103, 1755 (1956). *L. Cohen, A. K. Mann, B. J. Patton, K. Reibel, W. E. 

‘7 J. Halpern and A. K. Mann, Phys. Rev. 83, 370 (1951). Stephens, and E. J. Winhold, Phys. Rev. 104, 108 (1956). 

‘8 J. Halpern, A. K. Mann, and M. Rothmann, Phys. Rev. 87, “V. Emma, C. Milone, A. Rubbino, and R. Malvano, Nuovo 
164 (1952). ' cimento (to be published). 

”%C, Milone, R. Ricamo, and A. Rubbino, Nuovo cimento 5, % G. Cortini, C. Milone, A. Rubbino, and F. Ferrero, Nuovo 
528 (1957). cimento 9, 85 (1958) 
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Fic. 1. Energy spectra of photoneutrons from carbon at various angles 6 between the 7 beam and the ejected neutrons. 


Some data on the present experiment are summarized expectations” and that the photoneutrons leave the 
in Table IT. C" residual nucleus predominantly in the ground state. 


3. EXPERIMENTAL RESULTS AND DISCUSSION TABLE I. Experimental work on the photodisintegration of C™. 
3.1. Energy Spectra and Levels in C” 


C"(y,n) process C"(y,p) process 

In Fig. 1 the energy spectra obtained at angles @ of a ra — —— oe — 
30°, 60°, 90°, 120°, and 150° are reported in AE, steps ———_— : a en dle. = 
of 0.5 Mev. The ordinates are proportional to the Neutron — a 

wr _ 7 yield curves 23 
observed neutron flux Fo(£,)/0.5 Mev. The spectra at ~ 100 
various angles show the same fine structure, with peaks 
evident around £,=2.2 and 3.8 Mev. Other possible °‘7”’ 
peaks are also seen for E,>4 Mev. We have found a 
similar situation in the photoneutron spectra from 
oxygen.'? 

In order to obtain more detailed information from 
the photoneutron spectra, we have added the experi- 
mental results obtained at all of the various angles 6 
for the same scanned volumes and in AE, steps of 
0.2 Mev. This procedure is possible because the number a a 
of peaks and the position of the peaks in the energy 
spectra are the same at all angles in our data. The 
experimental spectrum so obtained, shown in Fig. 2 in 
AE, steps of 0.2 Mev, shows well-defined and narrow 
peaks. 

The mean behavior of the experimental spectrum _ photoneutron Photoproton 
agrees with the spectrum o(y,n)J(E,,30) calculated energy energy 
from the experimental o(y,m) cross section taking ‘P®*™ pec 
account of the 30-Mev bremsstrahlung spectrum 
I(E,,30).°™ This gives evidence that the direct emis- 
sion process is occurring according to theoretical 


Aw & wh 


»A Agodi, Nuovo cimento 8, 516 (1958 
* C. Milone, S. Milone Tamburino, R. Rinzivillo, A. Rubbino, 1G. E. Brown and J. S. Levinger, Proc. Phys. Soc 


London) 
and C. Tribuno, Nuovo cimento 7, 729 (1958). 71, 733 (1958 
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We will now compare the structure of the photo- 
neutron spectrum with that of the photoproton spec- 
trum obtained by Cohen et al.2* This comparison is 
made by referring to the same value of £,*=18.7 
+ (12/11)E,=15.9+(12/11)E,, 18.7 Mev and 15.9 
Mev being the threshold energies for the C"(y,") and 
C"(y,p) processes, respectively. Obviously this com- 
parison is possible only if the emitted particles leave 
the residual mirror nuclei C" and B" in their ground 
states. 

There appears to be good agreement between the 
positions of the peaks a, b, c, d and a’, b’, c’, d’, in Fig. 2. 
A comparison in the higher energy region is not possible 
because the photoproton spectrum” is obtained with 
25-Mev bremsstrahlung. The peaks 6 and d correspond 
well—within the experimental errors—to the known 
levels at 21.3 and 22.8 Mev in C®®; the peak c at 
22.1-Mev confirms the suggested peak found from the 
B"(p,y) and B"(p,n) reactions.” Therefore it may be 
concluded that the peaks 5, d, and possibly c are due to 
¥ resonance absorption in C®, 

Now, taking into account that the first energy levels 
of the residual nucleus C" are, respectively, 1.99 and 
4.26 Mev above the ground state,” and observing the 
behavior of the o(y,n)/(E,,30) function (Fig. 2), it 
appears very unlikely that the peaks e, g, # found in 
the experimental spectrum can be due to neutrons 
leaving C™ in excited states. Therefore, we also attribute 
these peaks to y resonance absorption around 23.6, 
24.8, and 25.6 Mev. Levels at 24.3 and 25.4 Mev have 
been found previously” and are given with some 
uncertainty; the first of these two levels is confirmed 
by the peak f, while the second is very near to the 
peak h. 

For a detailed comparison, in Fig. 2 are also reported : 


TaBLe II. Data on the present C(y,#) experiment. 


DISTRIBUTION OF 


Element 

Weight (g) 

(ym) threshold (Mev) 

(y,2n) threshold (Mev) 

(y,mp) threshold (Mev) 

I 7 max (Mev) 

Energy of the cross-section 
peak (Mev) 

Integrated cross section to 
31 Mev 

Dose (roentgens) 

Angle 6 

Scanned volume (mm*) 

Slow scanning, 
number of experimental 
accepted tracks E,<5 Mev 

Slow and fast scanning, 
number of experimental 
accepted tracks E,>5 Mev 


* See reference 32 


Cc 

40 
18.72"> 
32.0° 
27.4 
# 


22.5¢ 22.94 


42+7 Mev mb* 
~5000 
30° 60 90 120° 150° 
185 185 185 191 192 


122 188 198 183 128 


49 73 76 4 51 


+ G. R. Bishop and R. Wilson, Handbuch der Physik, edited by S. Fligge 


Springer-Verlag, Berlin, 1957), Vol 


¢ See reference 11 
¢ See reference 10. 


42, p. 309. 


=F. A. Ajzenberg and T. Lauritsen, Nuclear Phys. 11, 1 (1959). 


PHOTONEUTRONS FROM C 





E ymax * 25 Mev 
Refer. (26) 


NCE.) 





E,(mMev) 





C¥y0) 


Emax 20 Mev 


Pres. work 














(NCE, 2/0.2 Mev}Arbitrary units 











E,(mMev) 


7 ee Fi 


eyiMew) 30 








eo 8 
nN 
CJ 
Aan) 


























Breaks found in Coyen 
yield curves Refer.c4,5) 


_LIitttt tt 


Fic. 2. Energy spectra of photoprotons and 
photoneutrons from carbon. 





(a) the E,* energies previously introduced corre- 
sponding to the excitation energies of the C” nucleus; 

(b) the energy levels of C" represented by full lines 
if well known, by dashed lines if uncertain, and by 
cross hatching if found or confirmed in the present 
experiment ; 

(c) the breaks found in the activation’ curves and 
in the neutron yield‘ curves from the (y,#) reaction in 
C® up to ©, muax=23 Mev. The separation between 
the peaks d and a is just ~2 Mev; then, taking also 
into account the behavior of the o(y,n)I(E,,30) func- 
tion, it appears possible that the peak a may be partly 
due to photon absorption in the E,~23-Mev region 
with transition to the first excited state of the residual 
nucleus C™, 
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Fic. 3. Experimental angular 
distribution of photoneutrons 
from carbon 
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In Table III, the levels that may be distinguished in 
the photoproton spectrum from the C"(y,p) reaction,” 
in the C®(y,3a) reaction,® and in the photoneutron 
spectrum from the C"(y,) reaction (present work) 
are compared with the known levels” of C™. It is 
interesting that many coincident levels are seen in the 
three processes. 


3.2. Angular Distribution 


In Fig. 3, the angular distributions are reported for 


the following neutron groups: (1.5<£,<3) Mev, 
(3<£,<5) Mev, (5<E,<7) Mev, and separately for 
each neutron peak found in the energy spectrum. 
All the experimental angular distributions may be 
SE. J. Jones, Proceedings of the 1954 Glasgow Conference on 


Nuclear and Meson Physics (Pergamon Press, London, 1955), 


p. 147. 


30° 60° 90° 


fitted by curves of the form 1+1.5 sin’ with the 
exception of the neutron energy region between 1.5 and 
3 Mev. 

The angular distributions show back and front 
symmetry within the limits of the statistical errors. 
Hence, in order to improve the statistic of the single 
peaks (Fig. 3), we have added the experimental figures 
obtained at angles symmetrical with respect to 6=90°. 
n»>7 Mev, the angular dis- 

the experimental data are 


For neutrons with energy / 
tribution is not given be: 
poor. 

The marked anisotropy found in the angular distri- 
bution together with the results found in the energy 


aus 


spectra strongly suggests a direct process in the photo- 
neutron emission from C"™, because the angular distri- 
bution following compound nucleus formation should 
be almost isotropic in this case. 





ANGULAR DISTRIBUTION 


Taste ITI. Levels in C® above 21 Mev.* 


Cohen 
et al.» 


Present 
work 


Ajzenberg and 
Lauritsen* Jones* 
21.340.2 21.34 
21.80 
(22.1) 
22.55+0.1 
(22.8) 


21.4+0.1 


22.2+0.2 22.2+0.2 


23.0+0.1 22.7+0.2 22.9+-0.2 
23.6+0.2 
(24.340.1) 
24.8+-0.2 


25.6+0.2 


24.340.2 
25.0+0.2 


(24.3) 
(25.4) 


* Levels in parenthesis are given with uncertainty. 
+ See reference 26 
© See reference 32. 
4 See reference 33. 


The form (1+1.5 sin) of the experimenta! angular 
distribution agrees with the predictions of the inde- 
pendent-particle model of Wilkinson.*-** According to 
this model, the angular distribution of the direct 
photonucleons for ejection from the orbit / is given by 


W (0) =1+4(1+2/D) sin. 


The fact that the experimental angular distribution 
(Fig. 3) for neutrons with energy E,>3 Mev is of the 
form (1+1.5sin*#) suggests that the neutrons are 
ejected from the /=1 orbit in good agreement with the 
shell-model expectation that in the case of the C" 
nucleus the predominant photon absorption is due to 
py — d, transitions. 

Our results agree within the experimental errors 
with the distribution 1+ (1.35+0.88) sin’? found by 
Fabricand et al.'® with 23-Mev bremsstrahlung for 
neutrons having energy E,<4 Mev. 

For (1.5<E,<3) Mev, the angular distribution 
exhibits a lower anisotropy which may be due to a 
contribution from levels in the compound nucleus 
which are not of the single-particle type. However, it 
is difficult to make any conclusion about the possible 
existence of levels other than the peaks shown by our 


“TD. H. Wilkinson, see reference 33, p. 161. 

* 1D. H. Wilkinson, Phil. Mag. I, 137 (1956). 

* TD. H. Wilkinson, Proceedings of the Amsterdam Conference, 
1956 (Nederlande Natuurkundige Vereniging, Amsterdam, 1956); 
Physica 22, 1039 (1956). 


OF 


PHOTONEUTRONS FROM C 1301 
data. Certainly high-resolution data on the B"(p,y7) 
reaction would be very interesting. 

All the narrow peaks, found in the energy spectrum, 
show an angular distribution of the form (1+1.5 sin*#) 
(Fig. 3). This behavior indicates a large component of 
single-particle states in agreement with the physical 
interpretation of the giant resonance given by Wilkin- 
son. Also the behavior of the C"(y,p)B" reaction at 
about 22-Mev excitation” suggests the same conclusion. 


4. CONCLUSIONS 


(1) The energy spectrum exhibits a fine structure 
from which levels in C® may be distinguished at 21.4, 
22.9, 23.6, (24.3), 24.8, and 25.6 Mev. 

(2) Most of the photoneutron emission occurs pre- 
dominantly by transition to the ground state of C", 
suggesting a direct emission process. 

(3) The angular distribution is of the form 141.5 sin’? 
for neutrons having energy (3< £,<7) Mev. The same 
distribution is valid also for each peak found in the 
neutron energy spectrum and agrees with the contribu- 
tion expected according to Wilkinson’s independent- 
particle model for ejection of a neutron from the 1/=1 
orbit. 

(4) Besides, the between the peaks 
obtained in the (y,n) and (y,p) processes for the same 
excitation energy of C™”, together with the same con- 
clusions of an independent-particle description of the 
giant resonance derived from C"(y,p)" and C"(y,n) 
processes, suggests that the charge independence of 
nuclear forces,” up to 30-Mev excitation energy in the 
C” nucleus, is a good approximation. 


coincidence 
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Photoneutron thresholds for 73 isotopes have been measured by radioactivity and 
methods using a 25-Mev betatron. The neutron separation energies inferred from th 
are in general agreement with the values predicted from mass data and reaction ener 


neutron detection 
observed thresholds 


ries. Several dis 


crepancies are observed between threshold and neutron binding energies where 


require a spin change 2 7/2 
leaving the residual nucleus in an excited state. 


INTRODUCTION 


N addition to mass spectroscopic measurements, 

and beta and alpha disintegration energies, nuclear 
reaction energies furnish valuable information regarding 
nuclear masses and binding energies. In particular, 
from the measured Q value for reactions where the 
initial and residual nuclei differ by one neutron, one 
can evaluate the binding energy and mass difference 
between neighboring isotopes. The neutron pairing 
energy, which is related to the strength of the two 
particle interaction, can be obtained from the difference 
in neutron binding energies between neighboring 
isotopes of even and odd NV. 

The binding energy of the last neutron in a nucleus 
may be obtained from reactions which measure (1) the 
energy released upon the addition of a neutron to a 
stable nucleus, or (2) the separation energy necessary 
to remove a neutron from a stable nucleus. Accordingly, 
reactions of group (1) measure the binding energy of 
the (A+1) residual nucleus, whereas group (2) of the 
1 initial nucleus. If the transition observed is not to 
the ground state of the final nucleus, the neutron 
binding energy inferred from reaction Q values of 
group (1) represent a lower limit to the true value 
while the reaction V value of group (2) represent an 
upper limit. 

Although neutron binding energies may be ascer- 
tained by several types of reactions belonging to either 
of the above two groups, they are quite readily and 
accurately obtained from neutron separation energies 
measured with high-energy x radiation from a betatron. 
The reaction yield in this case is given by the integrated 
product of the (y,7) cross section and the incident 
photon spectrum. The neutron separation energy is 
defined as the threshold for the (y,2) 
determine the (yn) threshold, one measures the 
neutron yield as a function of peak bremsstrahlung 
energy and then extrapolates to zero yield. The experi- 
mental uncertainty in the threshold determination 
will depend on the accuracy with which the betatron 


reaction. To 
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and the U. S. Atomic Energy Commission 

t Fulbright Fellow; permanent address 
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For these nuclei, the threshold energies are consistent 


energy is known, and the sensitivity available for 


detecting the neutron yield. The detection sensitivity, 


which depends on instrumental factors as well as the 
shape of the (y,m) Cross set 
the energy definition wit 
curve can sensibly be mea 
the accuracy with the threshold extra- 
polation. Whereas the early experimental results of 
Baldwin and Koch! quoted errors of about 4% for the 
observed threshold energi 
make it possible to measure thresholds to 
than 0.5972 

A significant 


tion at thre hold, determines 
which the neutron yield 
sured. This in turn limits 


associated 


improved techniques now 
better 
improvement in betatron operation 
has been the ability to control the peak bremsstrahlung 
energy to a high degree of accuracy; energy stability 
of +5 kev over periods of several hours, and +20 kev 
over periods of several days have been achieved. 
Unfortunately, however, although ene rgy stability to 
this degree of rather large un- 
certainties in the assignment of a precise value for 


accuracy is possible ; 
the betatron energy still persist. Most betatron energy 
scales are established empirically by comparing meas- 
ured photoneutron thresholds with Q values predicted 
from mass data and reaction energies. This procedure 
requires that the expt rim lly observed threshold 
correspond to the true threshold and the Q value be 
accurately known. There has beet 
whether both of these re 


some doubt as to 


quirements have been satisfied, 
t nuclei. Thus, betatron 
, N4, O'*8 and F" as calibra- 


to re-examination. This point 


especially in the region of lig! 
energy scales referred to C 
tion standards are subject 
is discussed to some extent in reference 5. 
The reaction defined as the 
which the yield is 


threshold. energy at 


reaction zero, 


must 
inferred by extrapolation of the measured yield data. 


always be 


} 


Early experimental results indicated that the relative 
neutron yield in the region of shold could be 


represented by Y¥(/y)a(/ , where Ey and Ey 


1G. C. Baldwin and H 67, 1 (1945 
?R. A. Tobin, J. McElhinn« und hen, Phys. Rev. 110, 
1388 (1958 
7W. L 
111, 1297 
‘B. G 
407 (1958 
+A. S. Pent 


Bendel, J 
1958 
Chidley, L. Kat 


McElhir 


1959 
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are the x ray and threshold energies, respectively, and 
the exponent m a constant.“ This approach was 
predominantly on yield data considerably 
removed from threshold and taken in energy increments 
of about 200 kev. Under these conditions, the simple 
energy dependence experimentally observed was as- 
sumed valid in the immediate vicinity of threshold. 
Log-log and square root plots of the yield data proved 
quite successful in determining a unique value of the 
threshold, but there was little theoretical justification 
that the values predicted were the true values for the 
neutron separation energies. Axel and Fox’ in discussing 
this problem conclude that the form (Z£,—E,)™ is 
only valid over a limited region of the yield curve. 
More recently, it has been demonstrated by Chidley 
et al.‘ that threshold energies obtained by a simple 
power law extrapolation are from 20 to 60 kev lower 
than what one obtains from visual inspection of yield 


based 


data taken in the immediate vicinity of threshold. ' 


This conclusion is also borne out by the present results. 

In view of these findings concerning calibration 
uncertainties and threshold interpretation, it seemed 
desirable to reexamine the threshold measurements 
with reference to an energy scale which did not include 
any light elements as standards. To improve the 
accuracy in defining the threshold, yield data in the 
vicinity of threshold were measured in energy incre- 
ments of 27 kev or better for most cases. A total of 73 
photoneutron thresholds were measured throughout 
the periodic table with an average accuracy of 50 kev. 
With the exception of carbon, nitrogen, oxygen, and 
fluorine (to be published), all results are presented in 
the present paper and summarized in Table I. Several 
new threshold energies are reported in the region of 
the rare earth nuclides. 


EXPERIMENTAL PROCEDURES 


Neutron yield data in the region of the (y,m) threshold 
were for the most part obtained by direct neutron 
detection using BF; counters embedded in paraffin.* 
The experimental arrangement is shown in Fig. 1. The 
x rays produced at the betatron target passed through 
the doughnut wall and impinged upon a thin walled 
aluminum ionization chamber used to monitor the 
integrated x ray exposure. The x ray beam was defined 
by a tapered lead collimator 8 in. long which limited 
the beam-spot size at the sample position to } in. A 
steel clearance collimator (13-in.X15-in. with 1-in. 
hole) placed directly in front of the lead collimator 
shielded material in the direction of the beam from 
x-ray bombardment. This in effect reduced the photo- 


*J. McElhinney et al., Phys. Rev. 75, 542 (1949); A. O. 


Hanson et al., Phys. Rev. 76, 578 (1949); P. Parsons and C. 
Collie, Proc. Phys. Soc London) A63, 839 (1950); R. Sher, 
J. Halpern, and A. K. Mann, Phys. Rev. 84, 387 (1951); M 
Birnbaum, Phys. Rev. 93, 146 (1954) 

7 P. Axel and J. Fox, Phys. Rev. 102, 400 (1956). 

* J. Halpern, A. K. Mann, and R. Nathans, Rev. Sci. Instr. 
23, 678 (1952) 


NEUTRON SEPARATION 


ENERGIES 


Concrete 





Fis. 1. Experimental! arrangement for direct 
detection of neutrons. 


induced neutron background, particularly from the 
lead shielding walls, for betatron energies below 10 
Mev. At energies greater than 10 Mev, the neutron 
background increased markedly with betatron energy 
due to photoneutron production in the copper magnet 
The neutron was shielded from the 
hetatron area by a 2 foot thick concrete wall, and 
located approximately 11 feet from the betatron target. 

The photoneutrons emitted by the irradiated sample 
were moderated in the paraffin medium and detected 
by 3 B’F; counters (96% enriched in B™) surrounding 
the target placed in a 1}-in. opening passing through 
the entire length of the paraffin block. For 1 cm of 
paraffin between the sample and counters, the neutron 
population at the counter region decayed exponentially 
in time following the x-ray burst with a mean lifetime 
of about 80 microseconds. Only those pulses cor- 
responding to neutrons reaching the counters during 
the interval from 12 to 800 ysec following the 0.5 psec 
x-ray burst were recorded.* The detection efficiency 
for neutrons with energies less than 0.5 Mev was 
roughly 13%. 

Samples of high purity and natural isotopic 
abundance were contained in aluminum cylinders, 
1} in. in diameter and sealed with aluminum caps 5 
mil thick. The amount of sample varied depending on 
availability, but for most measurements exceeded 50 
grams. Where small quantities of sample were used, 
as in the rare earths, the entire sample was placed in 
the x-ray beam. 

Neutron yields from phosphorus, potassium, praseo- 
dymium and tantalum, were measured by induced 
radioactivity. The samples were irradiated for a fixed 
integrator charge Q at a distance of 25 cm from the 
betatron target. An electronic integrator with time- 
constant set equal to the residual half-life monitored 
the integrated x-ray dose. The measured activity 
yields per unit monitor response were thus independent 
of fluctuations in the beam intensity. The irradiation 
time was adjusted for at least one half-life, except in 
the case of tantalum, by adjusting the input sensitivity 
of the recorder used to register the integrator charge. 
Two NalI(Tl) crystals, 1}-in.X1-in., detected the 
annihilation radiation resulting from the positron 


coils. detector 
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TABLE I. Summary and « 


from mass data and reaction energies 


Reaction 


LD? (yn 
( 12 


Ht 
y,y)C® 
AF’ (y,")AP* 


P" (+ n)P™ 


CF (y,2)C 


K*( ynjK* 
(to 7.7-min state 


V"(yn")V@ 


Cr®(+,0)Cr™ 
Cr™(y,n)Cr® 


Mn"*(y,")Mn™ 


Br™ (y.")Br™ 


Rb**(y,n)Rb™ 


*J. Mattauch, I 

>’ R. W. Kavanagh and ( \ 
A. H. Wapstra, Physik a 21, 
'T. T. Scolman, K. S. Quise 

*P. M. Van Patter 

' See reference 4 

eC. F and J 

bP. M. Endt et al., 
'M. Mazari, W. W 

1K. S. Quisenberry, 

t See reference 2 

' See reference 3 

™ Henry E. Duckwort! 

®*L. J. Lidofsky, Revs 

°R. W. King, Revs. M 

» W. H. Johnson, Jr 

@W.H. Johnson, Jr., and \ 

' J. L. Benson, R. A. Damerow, 

*]. R. Huizenga, Physica 21, 

* M. T. McEllistrem et al., Phys 


Giese 


Rev 


» and 


Waldmann, R 

Barnes, 

567 
erry 


id W ttl Revs 


enson, PI 
105, 
r, and A. Sperduto, Phys 
yiman, 


GELLE HALPERN 


No. runs Present results 


10 2.226+-0.001 (calib) 
1 15.115+0.006(calib) 
2 13.26 +0.07 (13.03) 


12.391+0.026 


10.307 +0.037 
13.125+-0.038 
11.04 +0.06 


£12.18 +0.14 
7.92 +0.06 


10.192+0.020 


10.441+0.026 


10.833+-0.017 (calib) 
9.896+-0.028 
9.24 +0.06 


10.259+0.031 


10.130+0.035 


10.65 +0.08 


+0.07 


11.59 +0.08 


8.78+0.06 


Bieri, and F 
Phys. Re 
1955) 

»and A, O 


Annual Revieu 
1958) 


Everling, 
112, 503 


Nier, Phys. Rev. 102, 1076 
Modern Phys. 26, 402 (1954); 29, 


ys. Re 


1002 


110, 712 
1957) 


(1958) 


Rev 
Nier, Phys 


112, 1691 
Rev. 104, 461 


1958) 


and A. O 1956 


Cambridge | ersit 
73 (1957 
1954) 
P Rev 
t, Phys. Re 


y Pres 


New Y 


105, 1014 
107, 6 
Rev 


1957). 
1957) 


113, 1105 (1959) 


Rev. 111, 1636 (1958) 


AND 


Other 


2.226 
15.116 
13.06 
13.057 


™ : 


).322 


1 
1 
1 
1 
1 
| 
1 
10 


10 
13.089 
13.087 


11.16 

12.053 
7.946 
7.943 

10.209 


M | 


results 


+-0).001 


0.006 
0.06 
0.011 


0.015 
0.08 
0.08 


ay 


0.017 
0.009 
0.05 


+-0.023 


316 


0.004 
0.033 


0.011 
11.0404 


0.004 
0.05 


+0.004 
+-0.007 
+0.004 


> 


0.007 


10.14+0.05 
11.159+0.028 


11.34 
7.6334 
7.636 
7.85 

10.490 

10.44 

10.826 
9.913 
9.89 
9.22 


10 


10 


‘ _ 
\ uceear 


1956) 
756 


1957 


+ 


> 


: 
z 
= 
+ 
+ 


0.10 
0.007 
0.010 
0.13 
0.010 
0.05 
0.018 
0.006 
0.11 


+0.16 


+-0.16 


0.13 


+-(0).08 
0.13 


0.13 


AD 


ymparison of neutron separation energies inferred from present threshold measuremer 
All energies are expressed in the center-of-mass syste 


reaction ¢ 


ass di 


then 


LSA 


threshol 


ass dat 


s with values predicted 


Mev 


Reference 


ra d.t (';s 


mass Gat 
mass dati 
threshold 


dat: 


nass 


threshold 


mass d 
" 


thresh 
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Taste I. (Continued) 


Reaction Present results Other Method Reference 


Rh™(+,n)Rh™ 9.307 +0.032 9.40 mass data 


Ag”? {ym) Agi 


Ag (+>,n)Ag* 


In'!5(-y,)In™ 


Sb™ (+,2)Sb™ 


Sb™ (y,")Sb™ 


Te8(+,n)Te™ 


Te! (+2 )Te'8(?) 
Te! 109.) 4) T elt? 19 (2?) 


[#27 (ym ) 1 


Cs (>,")Cs™ 


Ba"? (+,")Ba™* 


La™ (+, )La™* 


9.3534+0.034 


9.196+0.026 


9.216+0.029(9.025) 


9.31 +0.06 


8.98 +0.05 


+0.06 


+0.12 
+0.12 


9.135+0.022 


8.988 +-0.033 


6.949+0.038 
8.7752-0.025 


9.46 


9.46 
9.38 


9.43 
9.12 


9.1 
9.3 


9.03 
9.27 


8.95 
8.98 
6.52 
6.48 


8.99 
8.53 


V(s") 
mass data 
vis") 
threshold 
mass data 
Vis") 
threshold 
mass data 
va) 
threshold 
mass data 
V(s"); Cys") 
threshold 
mass data 
O(p") 
mass data 
0(s*) 
mass data 
O(8") 
mass data 
T e's (d,p ) Te™* 
mass data 
mass data 
O18") 
mass data 
vis) 
mass data 
Vis") 
mass data 
Vs") 
threshold 
mass data 
threshold 
mass data 
mass data 


threshold 
mass data 
threshold 
mass data 
mass data 
mass data 


~~ 


Pr! (+) Pri 9.361+-0.023 
Ce (y,n)\Ce™ 
Nd'5(+,2)Nd™ 
Sm! (+, )Sm"** 
Eu!" (>,")Eu!™ 
Eu! (+,”)Eu' 
Gd"" (y,")Gd!** 
Tb'*(>,")Tb'™ 
Dy'*(y,")Dy'®@ 
Ho! (-+,")Ho™ 
Er'® (+8 )Er'™ 
Tm!'*(+,.2)Tm'™ 
Yb'"(+,")Yb'™ 
Lu!" (+,”)Lu'™ 


Hf""" (-y,9 )Hf'"* 


7.24 +0.07 

6.38 +0.16 

6.45 +0.16(5.89) 
8.04 +0.11 

8.65 +0.13 

6.39 +0.11 
8.141+0.039 
6.32 +0.11 

8.16 +0.08 

6.64 +0.08 (6.56 
8.11 +0.05 

6.50 +0.08 

738 +008 
6.692 +-0.034(6.006) 


mass data 
mass data 
threshold 
mass data 
threshold 
mass data 
threshold 
mass data 


Se ee e- .- a ee ef? 


mass data 
threshold 
mass data 
threshold 
mass data 
threshold 


Hf (y,.)Hi™ 


6.31 +0.07 (6.21) 


Hf! (y,..)Hf” 

Ta'™ (y,n)Ta'™ 

Ta'™ (y,")Ta™ 
(to 8.1-hr state) 

W'*(+,2)Ww'™ 6.29 +0.05 

W284 (+ 95 W288 28 +0.06 

Re!" (>, )Re'™ 18 +0.08 

Ir (+>, )Ir'™ 7.79 +0.05 

Pt (>,9)Pt™ 6.205+0.044 6.09 +0.06 

607 +0.04 

Pt (+) Pt 8.29 +0.14 7.91 +0.06 

7.920+0.012 

7.96 +0.07 

6.680 +0.011 

6.68 +0.06 

6.234+0011 

6.27 +0.06 


85 +0.11(7.48) 
640+0.025 
852+0.026 


rue 


mass data 


mass data 
Pu (n,- pi 
mass data 
Pt!* (9, )Pt 
threshold 
mass data 
mass data 
mass data 
mass data 


Au"? (y,n)Au™ d 8.057 40.022 
Hg'®(y,n)Hg™ 6.59 +0.09 


Hg™ (7, )Hg™ 6.21 +0.07 





1306 HALPERN, AND MUIRHEAD 


TABie I. (Continued) 


Reaction runs Present results Other results Metho 


Reference 


Hg" (y,n)Hge™ 7.00 +0.13 
TI”*(y,n)TI™ 
Pb™*(>,n)Pb™* 


7.515+0.029 
8.09 +0.07 


Pb” (y,n)Pb™ 6.790+0.023 


Pb”*(y,n)Pb®? 7.404+0.028 


Bi™ (>, )Bi™* 


active residuals P”(2.55 min), K**(7.7 min) and 
Pr'”(3.4 min). Each Nal(Tl) crystal was optically 
coupled to the face of Dumont 6292 phototubes with 
a thin layer of petroleum jelly. The two detectors were 
mounted axially in a vertical position with a separation 
between crystal faces of 1} in. The detection system 
was housed in a steel enclosure with 8-in. thick walls 
in addition to 4 in. of lead on top of the structure. All 
pulses corre sponding to photon absorption in the 
crystals greater than 60 kev were recorded. In the 
case of K**, th 
coincidence to reduce the background from the naturally 
occurring beta activity in K*. A single Nal detector 
was used to measure the 100-kev gamma rays emitted 
in the decay of the 8.1-hour isomer of Ta'™ 
states in Hf!” and W™, 


annihilation radiation was counted in 


to exe ited 


TREATMENT OF YIELD DATA 


In most cases, neutron yields were measured as a 
function of bremsstrahlung end-point energy in inter- 
vals of 14 or 27 kev 
was much poorer 


The energy definition, however, 
70 kev) relative 
neutron yield near threshold was small due to in- 
sufficient sample 
were measured at 


about where the 
\ significant number of yield points 
energies below threshold to define 
the average background. This is partic ularly important 
where the neutron background is energy dependent 
as in the case of aluminum and other light elements 
Since the determination of the 
concer©rn, 


(see Fig. 5 
threshold 


(y,n) 
correc tions 
applied to the yield data for x-ray and neutron absorp- 


was of sole were not 
tion in the target, variation with betatron energy of 
the monitor 


counting loss. 


response or detector sé Nnsitivity, and 

The neutron yield data were fitted with a reasonable 
smooth curve and the threshold defined by the zero- 
slope intercept with the background. The experimental 
uncertainty in the extrapolated value is given by the 
energy increment at which the net yield and its statis- 
tical error are equal. In some instances where isotopic 
abundances were favorable, it was possible to resolve 
threshold energie s for more than one isotope of a given 


7.432+0.010 calib) 


7.700+0.011 mass data 
+-0.06 mass data 
+0.17 LSA 
+£0.05 LSA 
0.1 Pb®* (d,t)Pb* 
4+0.008 Pb™* (n,7)Pb? 
+-(0.06 
6.736+0.020 
6.722+0.012 
36 +0.05 
80+-0.008 
+0.06 
7+0.012 
0+-0.050 


3 
rT 


‘ 
/ 
j 
/ 
‘. 


By 


3 
4. 


The 
threshold was limited by the rising neutron yield from 
(yn thresholds. The 
following empirical procedure was applied to determine 
threshold ements \ 
square root plot of the measured yield 
about 


utron 


element. accuracy a ia wi ie higher 


in other isotopes naving lower 
energies from multi-isotopic ¢ 
vas found to 


200 kev 
eld trom isotopes 


be linear for betatron energies above 
threshold. The ne 


lower 


the lowest 
having 


thresholds was extr 
quadratic ? 


ipolated with a 
energy dependence higher threshold 
was defined by the en rg) t which the data 
departed from a qu idrat This 


procedure is illustrated i I d which 18 a plot of 


vield 
dependence 
the yield data for lead, and uare-root of the 
yields. It is evident from Fig. 2 that the 
due to Pb 
plot to zero yield is yut cev less than 
obtained from the yie 
of threshold 


owest threshold 


’ predi ted by extrapolating the square-root 

what Is 

mmediate vicinity 

Isotopic assignment of t} ved thresholds is 

based on onsiderations as 

embodied in the semi 
To check the 


polation proce dure 


general 
5 formula.’ 
inherent in the extra- 
to defi 
calculation was perforn 
Y (Ey) =k(Ey— Evy? +6 
Ew are the betatron and t 


{ threshold, the following 
\ yield 


un ed. 


urve of the form 
where £; 
, respectively, 
6 the average background, a s constant factor. A 
ighted according 


} + 
is evaluated g, 15 


and 


table of random errors, 

to the normal error distribution w 
the standard deviation in the measurement of ¥ lo 
generate the yield curve, the same procedure as in the 
actual measurement was followed. One person selected 
an energy £, and noted its corresponding yield, ¥ (true 
Another person would read off from the table of 
random errors. The measured y lat & then 


given by 


was 


Fifty yield curves were gener subjected to the 


*A. G. W. Cameron, Atomi rg f Canada Li 
Report AECL 433, 1957 | i i 


mited 
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same smoothing procedure to define the threshold. 
Ihe resulting distribution for the threshold value 
obtained as a function of 6, the energy interval in 
which the yield curve was taken, is given in Fig. 3. 
The mean of the distribution deviates from the true 
value by 0.16. Thus, for a yield curve measured in 
intervals of 50 kev, we might expect a systematic 
error of the order of 5 kev. The standard deviation for 
a single observation is given by 

Os.4.* (é(7.-Ty (n—1) }'=0.726 


T ee cm 








Oekovider setting 


ee ea lin, ts oe eee "- 








Dekovicer setting 


Fic. 2. (a) Neutron yield data for lead from 6.7 Mev to 7.7 
Mev, and (b) square root plot of yield data. Linear extrapolation 
of (¥/M)* predicts an apparent threshold 60 kev lower than 
what is obtained from yield data in the immediate vicinity of 
threshold. 


NEUTRON 
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— on ‘| - 

3 + (Ey Erm, 10rd units B+ Ey” Conegun OS Cehovider units 
(a (b) 

Fic. 3. (a) Calculated and (b) measured distribution of 

threshold values assuming a quadratic energy dependence for 

the yield curve, and visual extrapolation to define the threshold. 


where F is the mean of m measurements 7,. The 
experimental estimate for the threshold uncertainty is 
1.845. This indicates that the experimental uncertainty 
assigned to the quoted threshold values is indeed 
conservative. A comparison of the calculated and 
measured distribution obtained from 42 bismuth 
measurements is given in Fig. 3. 


BETATRON ENERGY CALIBRATION 


The peak bremsstrahlung energy is determined by 
the “integrator method”! where orbit expansion is 
made to occur at a preselected magnetic flux density. 
Modifications in circuit design and choice of analogue 
voltage representing the instantaneous electron mo- 
mentum have led to improved energy stability and 
linearity of the betatron energy scale. Technical 
details of the energy control system and its performance 
will appear elsewhere." 

Calibration of the energy scale is based on the 
measurement of photoneutron thresholds for D?#(2.226 
+0.001 Mev),” Bi®(7.43+0.05 Mev),” Cu®(10.826 
+0.018 Mev), and the threshold for detection of 
gamma rays elastically scattered from the 15.116-+0.006 
Mev" level in C”. Assuming a linear energy scale of 
the form. 

v*=Ap+B 


the parameters A and B are evaluated by a weighted 
least squares fit of the threshold data where both 
variables, »* and , are subject to error. »* represents 

“ L. Katz et al., Can. J. Phys. A38, 113 (1950). 

"K. N. Geller and E. G. Muirhead, Rev. Sci. Instr. (to be 
published ). 

J. Mattauch, L. Waldmann, R. Bieri, and F. “> 
Annual Review of Nuclear Science (Annual Reviews, Inc., Palo 
Alto, 1956). Vol. 6 p 179 

4 J. R. Huizenga, Physica 21, 410 (1955). 

"K. S. Quisenberry, T. T. Scolman, and A. O. Nier, Phys. 
Rev. 104, 461 (1956 

RR. W. Kavanagh and C 


\. Barnes, Phys. Rev. 112, 503 
1958). 
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"stondord break” 
17.27 Mev 
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Fic. 4. Standard oxygen break at 17.27 Mev. 


etting (Dekavider) corrected for 


the potentiome ter 
finite time delay in the production of the x-ray pulse, 
and p the corresponding threshold energy corrected 


for center-of-mass motion and expressed in momentum 
units of The uncertainty in the slope of the 
calibration is 0.15% and in the intercept 11 kev. 

The least squares adjusted values for the bismuth 
and copper thresholds 7.432+0.010 Mev and 
10.8334+0.017 Mev, respectively. If we base the 
calibration on the thresholds for deuterium and the 
15.12-Mev isochromat, the threshold energies predicted 
for bismuth and copper are 7.438 and 10.846 Mev. 
These are consistent with the adjusted values and 


2m. 


are 


support a linear energy scale from 2 to 15 Mev. 

Small energy shifts during a given threshold deter- 
mination were measured by detecting the activity 
from the O'*(y,7)O" reaction at 17.35 Mev. The slope 
of the yield curve at this energy is 1.4% 3 kev. Total 
counts greater than 10‘ were easily obtainable so that 
energy shifts of 3 kev were detectable. Long term 
energy stability was determined by measuring the 
position of a very strong break in the oxygen yield 
curve at 17.27 Mev (see Fig. 4). The energy assignment 
for the standard break is in good agreement with the 
value of 17.25+0.04 Mev reported by Penfold and 
Garwin® and with the excited state in O"* at 17.29 Mev 
observed in the N'*(p,n)O" reaction.'® The position of 
the standard break during a given threshold run was 
determined from the slope and average value of the 
oxygen activity above the break. All thresholds were 
Weil, Phys. Rev. 112, 


16K. W. Jones, L. 
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J. Lidofsky, and J. L 
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referred to the standard break at a Dekavider setting 
of 64.70 or 17.27 Mev. Corrections for shifts in the 
position of the standard oxygen break from run to run 
were applied to the The un- 
certainty in this correction was of the order of +5 kev, 


energy stability Threshold measure- 


measured thresholds 
the short term 
ments of deuterium, 
repeated periodically to detect 
the energy scale. During the period of one year, five 
calibration shifts with deviations of less 
these shifts 


bismuth, and manganese were 


changes in the slope of 
than 1% were 
better 
The experimental uncertainty assigned 


encountered ; were measured to 
than 0.15%. 
to the threshold 
extrapolation, energy shift 
parameters. 


1] 


errors due to 


ind ( 


energies include 
libration 


correction 


RESULTS 
The threshold observed in the 
experiment are summarized in Table I, Column 3. The 
results are compared with other results for the reaction 
Q value in Column 4. The method used to obtain the 
O(g8*) and 
Q(8-) are the Q values for positron and beta decay, 
and Q(e) a lower limit to the mass difference from 
electron LSA denotes the squares 
adjusted value evaluated fr 
based on analysis of reaction energies and mass measure- 
ments. The question mark (?) appearing for tellurium 
indicates uncertainty in isotopic 
instances, where the transition is not to the 
state but to a 
nucleus, the neutron binding energy inferred from the 
present measurement is indicated in parenthesis below 


energies present 


reported Q value is listed in Column 5; 


capture least 


ym mass data tabulations 


issignment. In some 
ground 


known excited state of the residual 


observed threshold 
binding 


the quoted value. Otherwise, the 
represents an 
energy and is indicated by 


upper limit to the neutron 


DISCUSSION 


Systematic discrepancies occur between the observed 
threshold energies and Q values predicted by mass 
data the ground-state 
transitions is > 7/2. Under such circumstances, 
emission is suppressed at the hreshold, 
observed threshold re present 


where difference in spin for 
neutron 
and the 


s either decay to excited 


tru 


states in the residual nucleus, or excitation energy at 


which the emitted neutron may overcome the angular 
momentum barrier wit! 
Comparison of t 
data Q@ values for trar having a spin 
difference > 7/2 ar | Table I. The thresh- 
olds for Nd'“, Sm", Er'®’, Hf'”* and Hf'™, are consistent 
with transitions to known excited states 
nucleus. The 
value for Y® and 
conclusion to be 


} 
reasonabit 


observed threshold 


probability.” 7 
em rgies with 
mass sitions 
resented in 
in the residual 
large uncertainty in the mass data Q 
definite 


made. ( , the threshold ob- 


In 10 not allow any 


7 P. Axel, J. D. Fox, and R. H. Parker, Phys. Rev. 97, 975 
(1955). 
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TRON SEPARATION ENERGIES 


TasBie II. Comparison of measured threshold energies with neutron binding energies predicted by mass data 
for transitions with AJ >7/2. All energies in Mev. 


‘Observed threshold 


12.18+0.14 
11.59+0.08 
9.22+0.03 
7.24+0.07 
6.38+0.16 
6.45+0.16 
6.65+-0.08 
6.6940.03 
6.31+0.07 
7.85+0.11 


Lb 
~ 
. 


Reaction 
Cr®\y,0)Cr™ 
Y*(y,")Y™ 
In"5(-y,n)In™ 
Ce (y,#)Ce™ 
Nd™*(+,n)Nd™ 
Sm" (>, )Sm™* 
Er'*" (>, )Er'* 
Hf!” (y,»)Hf"* 
Hf” (+, )HE*"* 
Hf'™(+," Hf” 


~~ ~ 


NSNINNNNNN 


ee ee 


— 
~~ 
me 


. + Strominger, J]. M. Hollander, and G. T. Seaborg, Revs. Modern Phy 
F. Giese and J. L. Benson, Phys. Rev. 110, 712 (1958). 

° ot ha E 

'S. Dzelepew and L. K. Peker, Atomic Energy of Canada Limited Rejx 

* The discrepancy in the case of Ce predicts a ground-state spin for Ce 

!W. H. Johnson, Jr., and A. O. Nier, Phys. Rev. 105, 1014 (1957) 

«W. H. Johnson, Jr., and V. B. Bhanot, Phys. Rev. 107, 6 (1957) 


served for In™ is in excellent agreement with the 
value reported by Bendel et al.? for transitions to the 
isomeric state of In'*, 191 kev above its ground state. 
If the observed thresholds for Cr® and Ce’ do cor 
excited state transitions, the present 
results indicate states in Cr® and Ce™ at 130 and 270 
kev, respectively. The large discrepancy for Hf'” can- 
not be explained on the basis of excited state transitions. 

Several threshold results merit special treatment and 
are discussed below. 


respond to 


Al?’ 


The neutron yield data for Al*’(-y,2)Al** 
with about 250 grams of aluminum ingot is shown in 
Fig. 5. The average of two separate measurements 
gives 13.26+0.07 Mev for the threshold energy. The 
( value predicted from the reaction cycle 

Si? (d,a)Al?’ 5.994+0.011 Mev'* 

+ Si**(d,p)Si” 6.246+0.010 Mev"* 

(da) Al** 1.428+0.004 Mev" 
— D?(y,n)H! 2.226+0.001 Mev” 


obtained 


— Si? 


is 13.038+0.015 Mev. This result is consistent with 
the QO value of 13.06+0.01 Mev calculated from the 
(Al??,Mg**) mass difference,” and the Al**(3+)Mg** 
beta decay energy.”' The 224+76 kev discrepancy 
between the observed threshold energy and the pre- 
dicted Q value indicates that the reaction leaves Al** 
in its excited state 228 kev above its ground state. 
Since the ground-state spin of AP’ is 5/2*, neither 
decay to the residual ground state of 5* or to the 0* 
excited state is favored. One would therefore expect 
the observed threshold to correspond to the ground- 
state Q value. To explain this anomaly, one might 

‘*P. M. Van Patter and W. Whaling, Revs. Modern Phys. 26, 
402 (1954); 29, 756 (1957) 

C. P. Browne, Phys. Rev. 114, 807 (1959). 
®™T. T. Scolman, K. S. Quisenberry, and A. O. Nier, 


Rev. 102, 1076 (1956). 
" L. J. Lidofsky, Revs. Modern Phys. 29, 773 (1957). 


Phys 


Duckworth, Mass Spectroscopy (Cambridge University Press, 
rt Tr 
2 of 0, since 


Mass data Q value Eua—¢ 


0.1340.14 
0.06+0.41 
0.134-0.43 
0.27+0.10 
0.414+0.25 
0.58+-0.33 
0.202-0.10 
0.644-0.07 
0.14+0.09 
0.534-0.13 


Excited state energy 


12.053+0.004" 
11.53 +0.40° 
9.35 +40 4¥ 
6.97 +0.07' 
5.97 +0.19' 
5.87 +0.28' 
645 +0.06« 
6.28 +0.06« 
6.17 +0.06« 
7.32 40.06 


0.3874 

0.191" 
0.690" 
0.562" 
0.081* 
0.088" 
0.093" 
0.375" 


s. 30, 585 (1958) 


New York, 1958), p 
AECL-457 


177 
inpublished) 


the apin of Ce’ is known to 


appeal to an isotopic spin selection rule. If we assume 
the photon interacts directly with the odd ds proton 

1 AP’, then the compound state will be T=3/2 if the 
absorption is predominantly electric dipole. The single 
particle proton state of Al’’* will by either pay2 or fr,2 
Conservation of spin will suppress neutron 
decay to the 7=0 ground state of Al**; transitions to 
the T=1 state will be allowed if Al*’* is in 
a pay2 State. 


isotopic 


excited 


P?*! 


The activation curve for P"(y,2)P™ shown in Fig. 6 
obtained with approximately 60 grams of red 
amorphous phosphorus tightly packed in plastic 
cylinders 1}-in. diameterX 2} in. Activity counts were 
recorded for 300 seconds after a fixed delay of 40 
seconds following the irradiation. The average value 
for the threshold energy, based on five determinations, 


was 
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5. Neutron yield data for aluminum from 
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Fic. 6. Activation curve for phosphorus from 12.18 Mev to 
12.66 Mev. Change in slope at 12.55 Mev is attributed to a level 
in the (y,#) cross section at 12.59 Mev of width about 80 kev. 


is 12.39140.026 Mev. Because of the rather large 
discrepancies between the Q values predicted from mass 
data and reaction energies as indicated in Table I, it 
is difhcult to give a definite interpretation to the 
observed threshold. The shape of the activation curve 
near threshold indicates the presence of fine structure 
in the phosphorus (y,”) cross section. Thus, the ob- 
served thresheld might correspond to resonant photon 
absorption rather than the true threshold, the cross 
threshold small to 
Similarly :the relatively sharp change in slope of the 
activation curve at Mev indicates an excited 
state in P*®' at about 12.59 Mev. The total width for 
this level is estimated to be 80 kev from the transition 


section a being too observe. 


12.55 


region between the two linear sections of the yield 
curve. Levels corresponding to these energies have not 
been prev iously report d. 

The neutron binging energy for P* is therefore 
¢ 12.391 Mev. The value of 12.50+0.05 Mev reported 
by Chidley et al.‘ for the (y,) threshold of P* is in 
better agreement with the energy assignment for the 
first break 0.16 Mev above the threshold. 


K*? 


The samples were compressed cylinders of potassium 
carbonate, 2-in. diameter by 1} in. thick and pressed 
under a pressure of 10 tons per The 
activation curve obtained by counting the annihilation 
radiation in coincidence is shown in Fig. 7. Activity 
counts were recorded for 600 
50-second delay. The threshold energy for production 
of the 7.7 minute T=0, J=3* state of K** is 13.125 


square inch, 


seconds following a 
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+0.038 Mev. This result, although higher than the Q 
value of 13.087+0.011 Mev 
Benson,” is with it 
errors. 

The residual nucleus, K* 
nuclei having odd-odd NV =Z, and is 
it has more than one 7 among its low-lying 
excited states. However, the ordering of the T=0, 
J=3+ and T=1, J=0* states is still 
Stahelin,™ on the basis of the positron decay energy 
for the 0.94-second T=1 to the ground state of 
A*®*, and the 
minute 7T=0 
concluded that the 7=0 state 
above the 7=1 ground state. If this conclusion were 
correct, then the threshold energy 
detected by induced radioactivity from the 7.7-minute 
T=0 state would be 390 kev higher than the ground- 
state Q value. This, however, is not The 
suggest th ith a) the T=0, 


reported by Gir sc and 
consistent within experimental 
he ongs to the class of 
of interest since 


value 
uncertain. 


State 
positron energy for decay of the 7.7- 
2.15-Mev state of A*, 
was 0.39+0.30 Mev 


state to the 
obse rved y,7 


obse rved. 


present results 


hide a 


Ky, n ) «(7,7 min isomer 
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above the T7=1, 0.94- 


neutron 


7.7-minute state is 384 
second ground state, the observed 
separation energy does corre spond to the ground-state 
QO value and the 7=1 state is above the 7=0 ground 
state. 

This conclusion is consistent with the results of 
Green and Richardson” wt 
conversion line in the ay of K* 
present if the T=1, J=0"* 
state as supposed by Stihelin. Observing no such line 
in their measurements, they concluded that the T=1 
state must lie either above t! * state or not more 
than 80 kev below it. I 
positron decay energies for the 


State place the 7 1, state 


o looked for an internal 


which would be 
state were really the ground 


‘ 


usurements of the 
0.94-second state and 
the 7.7-minut« 0.22+0.11 
Phys. Rev. 110, 712 (1958). 


2(. F. Giese and J. L. Benson, 
Peaslee, Phys. Rev. 93, 455 


2S. A. Moskowski and D. ( 
(1954); P. Stahelin, Phys. Rev. 92, 1076 (1953 
* P. Stahelin, Helv. Phys. Acta. 26, 691 (1953 


% 1). Green and J. Richardson, Phys. Rev. 101, 776 (1956 
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Mev above the T=0 state** which is again contrary 
to the supposition of Stahelin. 


Ta'®™ 


The (y,n) threshold for tantalum was measured by 
direct neutron detection and induced radioactivity. 
The neutron yield data obtained with 100 grams of 
tantalum foil is shown in Fig. 8. The threshold energy 
for the (y,) reaction is 7.640+0.025 Mev; this is the 
average value for five measurements. 

Tantalum foils 1} in.X1 in.x5 mil thick were 
irradiated 25 cm from the betatron target for about 
20 minutes. The activation curve obtained for the 
production of the 8.1-hour isomeric state of Ta'™ is 
also shown in Fig. 9, The threshold energy for the 
reaction Ta!*!(y,2)Ta'™", based on two measurements, 
is 7.852+0.026 Mev. 

The present results indicate that the 8.1-hour state 
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Fic. 8. Photoneutron yield curves for Ta™ measured by direct 
neutron detection and induced radioactivity. The difference in 
the observed thresholds indicates the 8.1-hr isomer to be 212 kev 
above the naturally occurring Ta™ ground state. 


of Ta'™ is an excited state of the naturally occurring 
long-lived Ta'® 
for the isomeri 


ground state. The excitation energy 
state is 212+33 kev. Previous at- 
tempts to determine whether naturally occurring Ta'™ 
was the ground state or an isomer of the 8.1-hour 
Ta'® were made by detecting the radioactivity from 
natural Ta™. A lower limit for the half-life of (2.1 
+0.04)X10" years was reported for decay by K 
capture to the ground state of Hf, and (1.7+0.03 
x 10" years for beta decay to the first excited state in 
W'” 27 From the energy separation between the 8.1-hour 
isomer and the ground state of Ta’, 212 kev, and the 
beta energy for decay to the 2* state in W'™, 605 kev, 
the energy available for beta decay from Ta'™® ground 
state to the 2* state in W'™ is 393 kev. The available 
beta-decay energy and the lower limit to the half-life 
* P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 
wE. R 
(1958) 


Rev. 110, 953 
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}. 9. Neutron yield data for platinum from 
5.94 Mev to 9.96 Mev 


leads to a log ft value of about 21.2. This is associated 
with a fourth or fifth forbidden transition which 
places the spin of Ta'™ at 6 or 7. This is consistent 
with the ground-state configuration of 4y,;. for the odd 
proton and p 9 for the odd neutron. 


Pt'®; Pt'** 


The neutron yield curve for platinum obtained with 
a 20-gram sample of platinum foil is shown in Fig. 9. 
The lowest threshold observed, at 6.205+0.044 Mev, 
is attributed to Pt'. The threshold observed at 
8.29+0.14 Mev is attributed to Pt". These results 
disagree with the O values of 6.09+0.06 for Pt'® and 
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Neutron number W 


10. Shell model corrections to the semiempirical 
mass formula 
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TaBLe III. Comparison of (7,») thresholds with (n,7) Q values. All energies in Mev. Energies f 
in platinum are taken from the decay schemes of Dzelepov and Peker.* 


Q, if (y,#) assumed 4 ; 
Reaction to be excited state Measured UV to be excite 


Pt (+ .)PuUm 5.88+0.04 6.21+0.04 6.21+0.04 
Pt™ (ny) Pt” 6.07 +0.04 6.07 +0.04 6.20+0.04 
Pt'* (+2) Pt not unique 8.29+0.14 8.29+0.14 


Pt (n,y) Pu 7.92+0.01 7.92+0.01 8 27+0.01 


*S. Dzelpov " K. | r, At Energy 0 iad imited Rey Tr. AECL-457 


7.91+0.06 for Pt'*’ Mev obtained from mass measure- mass formula given by Fermi and tabulated by 


ments by Johnson and Bhanot.?* The discrepancy of Metropolis and Reitwiesner® in Fig. 10. The difference 
0.12 Mev for Pt’ and 0.38 for Pt, cannot be explained between the measured ane 


1 calculated values are 


in terms of excited state transitions. It is interesting plotted against neutron number JN. TI 


1e usual sharp 
to note that the Q values obtained from neutron capture discontinuities occur at the magic numbers N = 28, 50, 


data are also in disagreement with the present results 82, and 126. To exhibit shell closure at N=126, the 
to the same extent as the mass data. However, com- neutron separation energies for Bi*"®, Po?™, and Po?!® 
parison of the two sets of results, (y,z) and (n,y), have been evaluated from the mass 
indicates that the measured (n,y) Q values can be Huizenga. The shell corrections 


tables given by 
» the semiempirical 
ooth dependence on 


assumes that ground state transitions were not measured JN, increasing wit! tween sed shell nuclei in the 


brought into agreement with the (y,) results if one mass formula exhi 


in the neutron capture experiments. The reverse regions 28<\- 


However, in the 
cannot be satisfied. This is indicated in Table III region &82< \- 


are fairly 
! ularly n t region of 
deformed nuclei, 90 110. Thi nsistent with 


constant and small, parti 
CONCLUSIONS 


The neutron separation energies inferred from the the description of roughly uniformly spaced particle 
present (y,n) threshold measurements are compared levels for deformed i as given by Nilsson. 

, Accs At, . ae ra ; 
with the values predicted from the semiempirical ® N. Metropolis and G. Reitwe 
sion Report AECN P-1980. 1950 

* W. H. Johnson, Jr., and V. B. Bhanot, Phys. Rev. 107, 6 »S. G. Nilsson, Kgl. Da 
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Beta rays of 2.18 Mev and gamma rays of 0.377, 0.580, 0.620, 0.810, 1.380, an 
in the decay of the 22-minute isomer of Pd™. Beta rays of 2.02 Mev and 
Mev were found associated with the 5.5-hour isomer 
decay of the 22-minute state, the dissimilarity of the gamma-ray spectra implies some 


branching from the 5.5-hour state. 


I. INTRODUCTION 


HE beta- and gamma-ray spectra associated with 

the 22-minute and 5.5-hour isomers of Pd" have 
been studied by McGinnis,'* who found a 2.15-Mev 
beta ray and a 170-kev isomeric transition associated 
with the 5.5-hour isomer, and a 2.15-Mev beta ray 
followed by 60-kev conversion electrons associated with 
the 22-minute isomer. We report here the results of 
additional beta and gamma-ray measurements 
ploying scintillation spectrometer techniques previously 
described.* 


em- 
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Fic. 1. Beta-ray spectra 30 minutes (solid circles) 
and 68 minutes (open circles) after exposure 


t This work was supported in part by a grant from the Nationa! 
Science Foundation. 
» * Present address 
Texas Agricultural and 
Texas. 

1C, L. McGinnis, Phys. Rev. 87, 202(A) (1952) 


Mechanica] College, College Station, 


*C. L. McGinnis (private communication, 1957) quoted in 
Nuclear Data Sheets (National Academy of Sciences, National 
Research Council, 1958). 

* Robert G. Cochran and William W. Pratt, Phys. Rev. 109, 
878 (1958); 113, 852 (1959). 
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1 1.450 Mev were found 
gamma rays of 0.170 and 1.690 


Although the beta-ray groups may both represent the 


degree of beta-ray 


Il. PROCEDURE AND RESULTS 


Samples of Pd metal, enriched' to 91.4% in the 
isotope Pd", were exposed to thermal neutrons in the 
Pennsylvania State University research reactor. The 
Pd'™ activity thus produced was studied by means of 
plastic phosphor and Nal scintillation spectrometers. 

Figure 1 shows beta-ray spectra observed 30 minutes 
and 68 minutes after an exposure of 20 minutes. The 
energy range covered by the experimental points ex- 
tends from 0.97 Mev to 2.50 Mev. The decrease of 
counting rate with time is substantially the same for 
ill parts of the spectrum and is closely characteristic 
of the half-life with the Pd!" 
ground state. The end point of the spectrum obtained 
from a Fermi plot is 2.18+0.10 Mev. Figure 2 shows 


22-minute associated 


beta-ray spectra observed 10 hours and 32 hours after 
an exposure of 20 minutes. The energy range extends 


‘ 


ta-ray spectra 10 hours (solid circles) and 
ours (open circles) after « xposure. 


‘The separated isotope was obtained from the Oak Ridge 


National Laboratory. 
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(b) 


Fic. 3. Gamma-ray spectrum. Times indicated on the figures Fic. 4. Gamma-ray spectru erved 10 hours after exposure 
represent the starting time, measured from the end of exposure, 
of the one-minute interval during which the counting rate was 
observed 


peaks at 170 and 1690 kev ound to decay with a 
half-life close to 5.5 hours, and are attributed to the 
5.5-hour isomer of Pd". All unlabeled peaks in Figs. 3 


from 0.56 to 2.02 Mev. The low-energy part of the 
and 4 are assigned to contaminants in the source. 


spectrum (up to about 1 Mev) exhibits a long-lived 
component which is attributable to the 13.6-hour 
isomer of Pd". The high-energy part of the spectrum 
is attributed to the 5.5-hour isomer of Pd". The end , (Mev 


point of the spectrum obtained from a Fermi plot is ~ : 

NIL <a 22-minute isomer, ¢g= 2.18+0.10 Mev 

2.02+0.10 Mev. 0.377+0.005 5 
The gamma-ray spectrum observed from 10 to 18 0.580-+0.010 

minutes after a 20-minute exposure is shown in Fig. 3. aaa maae 

The peaks whose energies are indicated in the figure 1.380-+-0.020 

are all found to decay with a half-life close to 22 450+0.020 

minutes and are attributed to the Pd" isomer with this 704.0.016 

half-life. The gamma-ray spectrum observed 10 hours 690-+-0.030 


after a 110-minute exposure is shown in Fig. 4. The 


rasxe I. Beta and gam: 





B- AND 7y-RAY 

The beta- and gamma-ray energies and relative in- 
tensities are listed in Table I. 

Since it is known that an appreciable fraction of the 
decay of the 5.5-hour state goes by way of the 170-kev 
isomeric transition to the 22-minute state,’ it is likely 
that the beta rays we have observed from the 5.5-hour 
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state in reality represent the decay of the 22-minute 
state. The lack of similarity between the gamma-ray 
spectra assoc iated with the two isomers, however, im- 
plies some degree of beta-ray branching directly from 


the 5.5-hour state. 
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Beta Decay of Y"t 
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The decay of Y" was studied using Nal(T1) scintillation counters and 


a 4x beta-ray scintillation spec- 


trometer. A single gamma ray with a measured energy of 1.208+0.010 Mev was observed. The shape and 
end-point energy of the weak (~0.3%) beta group in coincidence with the 1.208-Mev gamma ray was 
measured. The end-point energy was determined to be 0.3194-0.010 Mev. The experimental shape factor is 
clearly in disagreement with that predicted for a once-forbidden unique transition, AJ =2 (yes). The 0.319- 
Mev beta spectrum yields a shape factor which may, within experimental accuracy, be interpreted es a 
statistical shape. These measurements yield a Y"-Zr" mass difference of 1.52740.014 Mev 


INTRODUCTION 

HE decay schemes for Y", 4;~60 days, as pro- 

posed in recent compilations of nuclear data' are 
in good agreement in so far as the major features are 
concerned. In Fig. 1, for reference purposes only, is given 
the decay scheme and “accepted” data as proposed by 
Way et al.* The ground-state beta group has been 
identified as a once-forbidden unique transition, AJ = 2 
(yes),? and the ground-state spin of Zr” has been 
measured to be $.4 Taken together, this information 
requires a spin of 4 for the ground state of Y" with 
parity opposite to that of the Zr®™ ground state. The 
assignments of even parity for the ground state of Zr” 
and odd parity for the ground state of Y" are consistent 
with shell model predictions. Further, the even parity 
assignment for the ground state of Zr is supported by 
the measured magnetic moment of 1.3 nuclear 
magnetons’ when compared wit,. ‘he Schmidt limits. 
The weak (~0.3%) beta transition (Ea«.~0.33 Mev) 
populating a 1.22-Mev excited state of Zr” as well as 
the 1.22-Mev gamma transition to the ground state was 
first reported by Bunker, Mize, and Starner® and later 
reported by Kahn and Lyon.’ 

t Work supported in part by the U. S. Atomic Energy Com 
mission. 

1D. Strominger, J. M. Hollander, and G. T. 
Modern Phys. 30, 585 (1958). 

2 Nuclear Level Schemes, A=40—A=92, compiled by K. Way, 
R. W. King, C. L. McGinnis, and R. van Lieshout, Atomic Energy 
Commission Report TID-5300 (U. S. Government Printing Office, 
Washington, D. C., 1955) 

2 L. M. Langer and H. C. Price, Jr., Phys. Rev. 76, 186 (1949 

‘0. H. Arroe and J. E. Mack, Phys. Rev. 76, 873 (1949) 

*S. Suwa, J. Phys. Soc. Japan 8, 734 (1955). 

*M. E. Bunker, J. P. Mize, and J. W. Starner, Phys. Rev. 94 
1694 (1954). 

’ B. Kahn and W. S. Lyon, Phys. Rev. 98, 58 (1955) 


Seaborg, Revs 


The proposed decay scheme of Bunker et al.* includes 
an assignment of $+ for the 1.22-Mev state of Zr". 
These investigators point out that the logft value is 
somewhat large for a once-forbidden transition of the 
type AJ=0, 1 (yes). They also call attention to the 
possible unusual character of this state since the 
reaction Zr™(d,p)Zr®™ seems to give no evidence for a 
level in Zr™ at 1.22 Mev.* This implies that the beta 
group populating the 1.22-Mev state would be a once- 
forbidden unique transition, AJ=2 (yes). However, 
Bunker et al., having measured this beta group, state 
that the poor resolution of the scintillation spectrometer 
used does not allow a conclusion as to whether the shape 
is statistical or of the once-forbidden unique type. On 
the other hand, the spin and parity assignment for this 
state proposed by Way et al.,? presumably based on the 
low values of the corrected comparative half-lives of the 
electron decay of Y" and the electron capture transition 
of Nb” to the 1.22-Mev state, is 4+ or §+. 





(4+, 4) 





0.33 Mev 
0.3%, 88 


L55 Mev 7 
99.7%, 8.5 





%,* 





aozr™ 


Fic. 1. The decay scheme of Y" as proposed by Way et al., see 


reference 2, based on compiled nuclear data. 


* F. B. Shull and C. E. McFarland, Phys. Rev. 87, 216 (1952). 
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Fic. 2. Schematic diagram of the 49 beta-ray 
scintillation spectrometer. 


The present experiment was undertaken in an effort 
to measure the 0.33-Mev beta group associated with the 
decay of Y* with high enough precision to determine 
whether or not the experimental shape factor is con- 
sistent with that theoretically predicted for a once- 
forbidden unique transition. 


EXPERIMENTAL APPARATUS 


A schematic diagram of the 49 beta-ray scintillation 
spectrometer used in this investigation is shown in 
Fig. 2, The spectrometer system is basically the same as 
the one developéd and described by Johnson et al.,® and 
extended in application by Robinson and Langer.” This 
is the same instrumental configuration used in the 
successful measurement of the weak 0.687- and 0.335- 
Mev beta groups associated with the Cd"®" decay." The 
source, mounted on a transparent, thin Zapon lacquer 
film is sandwiched between two cylindrical Pilot-B 
plastic phosphors each 0.875 inches in diameter and 
0.188 inches thick. The phosphors were optically coupled 
with Dow Corning 200 silicone fluid to DuMont 6292 
photomultiplier tubes. The beta pulses from the gain- 
of-ten preampliers go to a linear addition circuit, gain 
one, and then into the linear amplifier of a 256-channel 
differential pulse-height analyzer. The resolution ob- 
tained for the 0.624-Mev internal conversion line of 
Ba’ was between 10.5 and 11% for all experimental 
measurements. The linearity and stability of the beta 
system was checked periodically by measuring several 

*R. G. Johnson, O. E 
102, 1142 (1956) 

” R. L. Robinson 
(1958) 

"Q. E. Johnson and W. G. Smith, Phys. Rev. 116, 992 (1959). 
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Langer, Phys. Rev. 


and L. M Rev. 109, 1255 


Langer, Phys 
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internal conversion lines with energies between 61 and 
974 kev and by using a precision mercury relay pulser. 
The energy calibration of the beta svstem was main- 
tained constant to +1% and the individual gains of the 
beta detectors matched by adjusting the high voltage. 

Each of the two independent gamma-channels con- 
sisted of a 3X3-in. NalI(Tl) crystal mounted on a 
DuMont 6363 photomultiplier tube. The gamma de- 
tectors were placed adjacent to the beta phosphors with 
their axes perpendicular to that of the beta phosphors. 
The gamma pulses, after amplification, were analyzed 
in single channel differential discriminators. The dis- 
criminator windows were adjusted to accept a fixed 
fraction of the full-energy peak from the 1.22-Mev 
gamma ray associated with the decay of Y". The posi- 
tions of the analyzer windows were checked periodically 
using an Y*! gamma source and the window widths were 
checked with the precision pulser. The suitably delayed 
output pulses of the differential discriminators were 
shaped and fed into the delayed coincidence input of the 
256-channel pu!se-height analyzer. The resolving time 
of the coincidence system is ~1.5 usec. The use of the 
two independent gamma-channels served to double the 
rate at which data could be accumulated without 
introducing any additional complications. 

The performance of this spectrometer system had 
been established previously by measuring certain well 
known beta spectra. These tests and their results have 
been discussed in part elsewhere. 

The gamma-ray spectrum of Y" was measured using 
a 3 X3-in. NalI(Tl) crystal with a 0.25-in. Lucite 
absorber adjacent to the crystal. The source to crystal 
distance was 10 cm. The resolution of this system was 
8.4% for the 0.662-Mev gamma ray associated with the 
decay of Cs’, 


SOURCE PREPARATION 


The Y" used in this study was purchased from Oak 
Ridge National Laboratory. It had been chemically 
processed, carrier-free, from a fission products solution. 





\ typical gamma-ray spectrum of Y" measured 
using a 3X3 NalI(T1) crystal. 





68 DECAY 


In order to further assure the chemical purity of the 
source material, the following chemistry was performed. 
Approximately one milligram of Lat** was added to 
carry the yttrium activity. LaF; precipitations were 
made, with and without the presence of Zr**+** hold- 
back carrier. La(OH); was precipitated and then dis- 
solved in conc HCl; this solution was then passed 
through an anion exchange resin column. The La*** 
carrier and yttrium activity were separated by eluting 
with lactic acid from an ethylene irichloride, boiling 
point 87°C, heated cation exchange resin column. The 
source was prepared by evaporating an 8M HCl solution 
containing the carrier-free activity on the Zapon 
backing. 


EXPERIMENTAL RESULTS 


A typical gamma-ray spectrum measured as described 
above is shown in Fig. 3. An energy of 1.208+0.010 Mev 
was obtained for the gamma transition from the first 
excited state to the ground state. The energy calibration 
was made using gamma radiations from Na”, Mn™, 
Zn®, Sn", and Cs’. The over-all internal consistency 
of the gamma calibration was about 1%. However, at 
higher energies, ~1.5 Mev, the least squares fitted 
calibration reproduced the energy to ~0.5%. The 
assigned error is based on the internal consistency of the 
energy calibration and the uncertainty due to finite 
resolution associated with the location of the experi- 
mental full-energy peak. No evidence was found in the 
pulse-height distributions for any other gamma rays 
except the one discussed above. This confirms the 
results of Bunker et al.,° and serves as further experi- 
mental evidence for “source purity.” 

A conventional Fermi plot of the beta spectrum meas- 
ured in coincidence with the 1.208-Mev gamma ray is 
shown in Fig. 4. The spectrum was corrected using an 
experimentally determined chance coincidence spectrum 
from the same source as well as the coincidence spectrum 
due to general background. At the maximum in the beta 
spectrum the true to chance ratio was greater than 13. 
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Fic. 4. A conventional Fermi ~ of the beta spectrum measured 


in coincidence with the 1.208-Mev gamma ray. 
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Fic. 5. The experimental shape factor calculated from the beta 
spectrum measured in coincidence with the 1.208-Mev gamma ray 
and using W»=1.624. The solid lines represent the theoretical 
once-forbidden unique shape factors for two values of the end 
point energy. 


The error bars in Fig. 4 indicate counting statistics only. 
The straight line is least squares fitted to those experi- 
mental points corresponding to 1.164<W< 1.473. The 
finite resolution correction of Palmer and Laslett" was 
used to correct the three points corresponding to 
1.551<W<1.628. The body-correction was negligible. 
The experimental runs were programmed such that 
errors arising from an uncertainty in the half-life were 
of no significance. The linearity of the Fermi plot in 
Fig. 4 and the experimental shape factor in Fig. 5 makes 
the linear extrapolation of the least squares straight line 
to determine an end-point energy of 0.31920.010 Mev 
seem reasonable. The error assigned to the measured 
end-point energy is based on the internal consistency of 
the energy calibration and a statistical analysis of the 
least squares fitted line. 

In Fig. 5 is shown an experimental shape factor 
S.=N/[yW (Wo—W)*F] obtained using an end-point 
energy Wo= 1.624 and the experimental points. In addi- 
tion, the once-forbidden unique shape factors a;= 911» 
+91, for two end-point energies corresponding to 
maximum beta kinetic energies of 0.374 and 0.317 Mev 
are shown. These energies correspond to the extreme 
values of the maximum beta kinetic energy that can be 
obtained using various reported end points for the 
ground-state transition and the reported gamma transi- 
tion energy from the first excited state. The theoreticai 
curves are normalized to the experimental point at 
7=0.86. The three points with 1.1<9<1.3 have been 
end point corrected to be consistent with a linear Fermi 
plot since the end-point correction assumes the shape 
of the spectrum in the vicinity of the end point. This 
fact coupled with the very large statistical uncertainty 
in the last three points makes their comparison with the 
theoretical shape factors practically meaningless. How- 
ever, it can be clearly seen that the remaining 9 experi- 


J. P. Palmer and L. J. Laslett, Iowa State College Report 
ISC-174, December, 1950 (unpublished). 
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mental points are not in agreement with the shape 


factor predicted for a once-forbidden unique transition. 
It should be pointed out that small changes in the end- 
point energy used in the calculation of the experimental 
shape factor will not alter the above conclusion. 


i CONCLUSIONS 

The gamma-ray measurements of the present work 
are in essential agreement with that of other investi- 
gators.*? The single gamma-ray energy was measured 
to be 1.208+0.010 Mev and is to be compared with 
1.22+0.01 Mev® 1.190+0.005 Mev’; with no 
evidence for any other gamma transitions. 

The beta spectrum measured in coincidence with the 
1.208-Mev gamma is in agreement with that expected 
for a single beta-group having a maximum electron 
energy of 0.319+0.010 Mev. The maximum electron 
energy as determined by other experimenters is reported 


and 


PHYSICAL REVIEW VOLUME 


AND W G 


SMITH 


to be 0.33+0.01 Mev® and 0.36+0.02 Mev.’ The 
present measurement supports the conclusion that the 
0.319-Mev transition is a once-forbidden unique 
transition. Within the statistical accuracy of the experi- 
ment, the shape of this weak beta group corresponds to 
a statistical or allowed shape. This conclusion together 
with a comparative half-life of 8.8 suggests that the 
transition is a nonunique once-forbidden transition 
which would support the proposed alternative assign- 
ments of 4+ or $+ of Way et al.,’ for the first excited 
state of Y". These measurements yield a Y"-Zr®™ mass 
difference of 1.527+0.014 Mev in agreement with the 
measured beta-ray end point of 1.537+0.007 Mev by 
Langer and Price.’ 


not 
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The cross sections for electric dipole photodisintegration of H* and He’ at low energies are expressed in 


terms of the effective range parameters of the doublet n-d scattering matrix 


greement with the experi 
\ t with th 


mental results is possible for either set of n-d scattering lengths. 


I. INTRODUCTION 


IRECT elastic scattering experiments do not de- 

fine the neutron-deuteron doublet and quartet 

scattering lengths uniquely, but lead to the two alter- 
native sets! 

(A) *a=0.8+0.3, 


(B) *4=8.3+0.2, 


44=6.2+0.1, ‘a= 2.4+0.2 fermis, 


and theoretical arguments have been advanced for 
both sets (A)? and (B).>* It is therefore of interest 


* This work is supported in part by funds provided by the U. S. 
Atomic Energy Commission, the Office of Nava! Research, and 
the Air Force Office of Scientific Research 

t Now at the Laboratory for Nuclear Science, Massachusetts 
Institute of Technology, Cambridge, Massachusetts. 
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? R. S. Christian and J. L. Gammel, Phys. Rev. 91, 100 (1953 
L. Motz and J. Schwinger, Phys. Rev. 58, 26 (1940) 

A. S. Davidov and G. F. Filippov, J. Exp. Theoret. Phys 
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A. Troesche and M. Verde, Helv. Phys. Acta 24, 39 (1951). 
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to point out that the low-energy H*® and He’ photo- 
disintegration cross sections can be expressed in terms 
of the n-d doublet effective range. This in turn is deter- 
mined, if we neglect higher terms in the effective range 
expansion, by the doublet scatt 
binding energy of the last 
difference between the 


ering length and the 
neutron in H*®. Then the large 
doublet scattering lengths of 
sets (A) and (B) leads to very large differences in the 
predictions for the photodisintegration cross sections. 
These differences do not disappear on consideration of 
higher terms in the expansions, but do so if, as is not 
unlikely, & coté has a pole on the imaginary axis be- 
tween zero and the triton bound state. The existence 
of such a pole is necessary to give agreement between 
the observed d(p,y) He 
pointing to set (A) as the 
lengths. 


cross section and calculations 


correct set of scattering 


II. BOUND STATES AND THE EFFECTIVE 
RANGE EXPANSION 

ig matrix S referring to 

the representation is suitably 


be 


For any system the scatteris 
open channels only is, if 


chosen, unitary and symmetric; then S can 


diagonalized : 


S=T * exp 2:8) T, (1) 





LOW-ENERGY 
where T is a real orthogonal matrix and 6 is real and 
diagonal. The eigenstates V, of the scattering are then 
given asymptotically, in the author’s notation’ by 


V2" = jad, my hy Tay 
X [cotd F (katy) +G, (Rar) yb Uy, 


where j, is a normalizing constant and the 7,, give 
the relative amplitudes of the various channels at in- 
finity. F, and G, are the usual regular and irregular 
solutions of the Schrédinger equation in the external 
region of channel y, and ¢,, Y, are, respectively, the 
product of the intrinsic wave functions of the final 
nuclei, and the usual spin-angle function. 

We may continue Eqs. (1) and (2) analytically into 
regions for which some of the channel energies are 
negative; or we can include these explicitly from the 
start, in which case the unitary property of S is gen- 
eralized to” S(k)[S(k*) #7 =1. 


Further 


(2) 


— k)S(k)=1. (3) 


S is still symmetric and (1) is retained, with 6 and T 
still diagonal and orthogonal, respectively, but 
longer real; they are just the analytic continuations of 
the corresponding matrices in the positive energy region, 
regarded as functions of the channel wave numbers, 
into the complex plane. The continuation is determined 
by the boundary conditions to be that into the upper 
half plane." 

Now YW represents a bound state when in every chan- 
nel there exist only exponentially decaying waves; 
from (2) this is given by the condition 


no 


coté,=i, (4) 


together with the requirement that the channel energy 
be negative for all channels connected to a by non- 
zeTo Rens 

Thus we have a bound state of an arbitrary system 
whenever one of the characteristic phase shifts passed 
through i@ ; this is a straightforward generalization of 
the one channel case. Moreover, the the 
asymptotic amplitudes of the various channels in the 
bound system. 

If we now restrict ourselves to the case when a is an 
S-wave neutral channel, we can expand coté, about 
zero energy in that channel as follows’: 


k coté,= —s 1/ao+3rok?+ T+ vee, 
or about the bound-state energy using 
=i+4ro' k?+T'k'+- - 


where &’ is measured from a zero at the bound-state 
energy. Expansion (5b) is not valid for energies such 
that & is real; but (Sa) can be used for & imaginary. 


Tay give 


(5a) 


cotb. (5b) 


*L. M. Delves, Nuclear Phys. 8, 358 (1958). 

© A. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 286 
(1958) 
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Writing k”?=+7* and assuming the radius of con- 
vergence of (5a) is large enough, we can equate co- 


efficients of the two series to find 
i= i/(yao)+irey/2—i7'T+-::, 6) 
Ary! =i/ (2y*ao) — io/4y4+-3iyT/2. 


Moreover, we can evaluate ro’ explicitly in terms of the 

asymptotic form of the bound state. If this has the 

form in the external region 

W* = A((F.(ivr)—iG. (ivr) baVYo/Ta 
4 > BLF r| yr) —_ 


ita 


iG) (ivr) ox Ua/n}, 


where F,,G, are the S-state channel wave functions 
and A the S-state amplitude, we find by evaluating 
the relevant equation (21a) of reference 9: 


ro /2= —iT ad/yA’, (6a) 


where Tae is evaluated at (#y). Then (6) becomes 
(6b) 


(6c) 


¥=1/aot+-4roy’— Ty, 
A? = 2YyT aa?/ (yro—1—47°T). 


(6b) and (6c) are valid for the triton, 
with iy the wave number of the last neutron and 
ao, 1%, T the d(nn)d doublet S-wave characteristic 
phase-shift parameters. The corresponding relations for 
He*® are more complicated but we shall not need them; 
we shall refer the properties of He*® back to the n-d 
parameters rather than to the p-d parameters. 
ry can be eliminated from (6c) using (6b) to give 


(. 2yT oa’ ) 
A\=| (aey)—1 +27'T ; 


Ill. PHOTODISINTEGRATION OF H’ AND He’ 
At the 


In particular, 


considering (neutron or 
proton final energies of <4 Mev) the only non-negli- 
gible transitions are magnetic and electric dipole. 
Both H* and He’ are predominantly symmetric S state 
[Tea in (6c) ~1] and we shall neglect transitions from 
other than this state. For a totally space-symmetric 
S state H® or He*® nucleus the magnetic dipole matrix 
elements vanish; this seems to have been noticed first 
by Verde” and accounts for the almost complete can- 
cellation found by Massey and Burhop.” We shall 
therefore neglect magnetic dipole transitions; an effec- 
tive range expansion can be given for them, but the 
approximations we shall make are worse than for 
electric dipole transitions, chiefly because the inner 
regions contribute more. The small magnetic 
sections observed experimentally" are due to nonsym- 


are 
< 


energies we 


CTOSs 


2M. Verde, Helv. Phys 
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(London) A192, 156 (1947) 
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metric S states and states of higher angular momentum, 
and can be subtracted before comparison is made. 

We shall also neglect the very small spin-current 
contributions to the electric dipole transitions. The 
final states are the continuum doublet P states, and the 
photodisintegration cross section is then for unpolarized 
incident light : 


we’ (k?+-7") 
S|, (7) 
hck 
where k is the wave number of the emitted particle and 
y the wave number of the last bound particle in the 


ground state; the energy required to remove this 
particle is 24, where 


y= (4M /3h*) Ea, (8) 

with M the nucleon mass. The matrix element SM is 
on (H*) 
om (He’*) 


(d, Zp oy 'y 


$i |ZiptZ2p| dy), 


(9) 


where z, is the z component of r,, 
of the proton relative to the cm. We neglect recoil 
effects. @; is the continuum P state normalized to unit 
amplitude at infinity. We shall neglect the effects of 
the nuclear force in this state and approximate ¢y by 
the free-state P wave function. We consider first the 
triton matrix element. As in the two-body case, we 
argue that contributions to IN come predominantly 
from large distances, for which we can write rp= 47 
where r is the channel coordinate, and the only part of 
the H® wave function which contributes to 9M is ¢; 

(deuteron) X Ae~7"Yo/r where A is given by (6c). 
We also write ¢;=¢(deuteron) X[sinkr/r—coskr }Yi/r 
and obtain the cross section for disintegration of the 
triton as (we have put T4a?=1) 


the position vector 


Sarre" k*y 


7ain( H"*) (10) 


x 
Ohc(k’ +77)? = |1—yrot+4y'*T 
We can also evaluate IN(He*) approximately in terms 
of the same parameters ro and T. We have, to the 
same accuracy as for H®, the same matrix element with 
r/3 replaced by r, and the wave functions replaced by 
the equivalent Coulomb functions. Distinguishing quan- 
tities referring to He® by a prime, we have again a 
relation for the asymptotic amplitude A’ of the ground- 
state function in terms of the p-d nuclear doublet 
effective range expanded about the He® binding energy: 


‘(y's P¢@*(deuteron)}dr, (11) 


where 
Ce(k) 


(2e/kD)[exp(—2x/kD)—1}"; D=3i?/2Me. 


DELVES 


Contributions to this integral come only from the 
internal region; and in this region we expect the sepa- 
rate terms to be 
Moreover, we have very 


close to their neutral equivalents. 


close ly, in this region, 


@(H*) = ¢(He’); so we have A? =CP(ty’)A®. (12) 
Over the range of energy and radial distance in ques- 
tion, the final state wave function is given to within a 
few percent by 
k)kD 
F\(kr,1/kD F 
1+#D*) 


kr,0). (12a) 


Using this we obtain finally 


Sire’ k*y 
Caia( He’*) 


hi k?4 


The distinction between y and y’ is only about 7%. 


Capture Cross Sections 


The cross sections for proton or neutron capture by 
deuterium can be it once from (10) and 
(13). They are, for capture from an unpolarized beam: 


written down 


rehky 
14a) 


Ccap\") =- 
3m’ (Rk? 


Feap(P) 


(14b) 


IV. COMPARISON WITH EXPERIMENT 


An assumed scattering length and binding energy of 
the three-particle system define the disintegration cross 
negli ct 7. This is certainly 
valid in the corresponding two-particle problem, but 
the greater binding energies in- 
volved. T can be estimated in various ways. An exact 
calculation of the H® binding energy in the approxima- 
tion of reference 8, « ompare d with 
of a and ro given gave T7=+2 (fermis)*. The 
phase-shift plot of de Borde and Massey"® and the 
“experimental” phase-shift analysis of Christian and 
Gammel both give T close to zero, while the theoretical 
curve of reference 2 gives T None 
of these sets of phase shifts extrapolate back to a bind- 


sections uniquely if we 


less so here, due to 


the calculated value 
there, 


—5 in these units. 


ing energy near that of the last neutron in the triton 
i} 


(6.266 Mev), although the last three are well fitted 


4% A. H. de Borde and H. S. W 
(London) A68, 769 (1955 


Massey, Proc. Phys. Soc 
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by an expansion stopping at this point at energies up 
to more than 8 Mev in the c.m. system, and attempts 
to improve the fit by keeping a» and ro fixed and varying 
T lead in each case to a large positive value for 7. 
Figure 1 gives the values of the quantity |2/(avy) 
—1+27'T|, which determines the photo cross sections, 
for the sets (A) and (B) of scattering lengths and 
various values of T. 

There are no experimental! results using neutrons, but 
Griffiths“ has measured the total cross section and 
angular distribution of the d(p,y)He’ reaction from 
300-kev to 1-Mev laboratory proton energy. The angu- 
lar distributions indicate that even at 300 kev the 
magnetic dipole transitions are only about 12% of the 
total cross section. Subtracting this contribution, the 
electric dipole cross sections are given by Griffiths as 


o(300 kev) = (0.8+0.1)« 10™ cm?, 
o(1 Mev) = (3.40.3) K10-" cm’. 


(15) 
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Fic. 1. The variation of | 1—~yre+4y*7| with T for assumed 
n-d doublet scattering lengths; the binding energy of H’ is 
fitted. 


Substitution of the 306-kev cross section into (14b) 
gives 

| 2/(agy) —1+27°T | =0.9. (16) 
First neglecting 7, Fig. 2 gives a plot of the regions in 
the @e—ro plane which are consistent with the observed 
possible scattering lengths, binding energy of the triton, 
and this result. There is a region of near overlap for 
these around a9=10, but not near ago=1; we would 
thus conclude that only the set (B) of scattering lengths 
is consistent with these data; and this conclusion is 
even strengthened by considering 7. Equation (16) is 
satisfied by the following values of ao and 7, together 
with the ro which they imply. Of these solutions, only 
T = --2.4 is a physically plausible one. The large nega- 
tive values of JT and ro associated with a scattering 
length of 0.8 fermi are physically very implausible, and 
disagree with the experimental phase-shift analysis of 
reference 2, which assumed a9=0.8 and gave ro= +10. 
The solution ao=8.3, T=7.6 does not appear to be 
ruled out entirely; as observed above, accepting theo- 
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Fic. 2. The ao—ro plane for 7 =0. The shaded regions are 
allowed by scattering and proton capture experiments; the 
smooth curve corresponds to the observed H?* binc ing energy. 


retical predictions of a» and ro leads to values of T of 
this magnitude, but this is not a realistic procedure, and 
such large values of T (positive or negative) are 
implausible. 

These results would then appear to rule out a scatter- 
ing length near a9=0.8 f. This disagrees with some re- 
cent calculations by Spruch and Rosenberg,'* who have 
calculated the doublet and quartet scattering lengths 
assuming central forces and using a variational prin- 
ciple which gives an upper bound to the scattering 
‘ength. For both states they find a result close to the 
set (A). 

Gammel and Baker'’ however have pointed out that 
k coté may have a pole on the imaginary axis between 
0 and 7. In this case the expansion (5a) may be re- 
placed by 

—1/dot+ rok? +Th+--- 
k coté . 
117% 


(17) 


where the pole is at k=i/I’. The analysis then goes 
through as before, with the replacement of |2/(agy) 
—1+2y'T| by 


) 


2/(aey)—1+27'T-1*y*| 


a 


TABLE I. Possible sets of doublet scattering parameters. 


ao, fermis ro, fermis T, (fermis)* 


) —20.4 
) —w.3 
9 7.6 
3 —24 


0.8 ( 
Oo» f 


L. Spruch and L. Rosenberg (private communication) ; 
Nuclear Phys. (to be published). 
17 J. L. Gammel and G. A. Baker, Jr. (private communication). 
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The experiments do not then determine I well, but are 
consistent with solutions having d9=0.8, Iy*=3. These 
give an effective range =ro+2I?/ao of about +10 
fermis, which with the estimates of 
reference 2. 

The reasons for suspecting the existence of such a 
pole are the following: There is one in the two-body 
problem if the zero energy wave function has a node 
sufficiently close to the origin—for a square well poten- 
tial, at a radius less than the potential range. A similar 
criterion for the three-body problem is not known ; how- 
ever, to the extent that the resonating group formalism 
neglecting deuteron distortion is valid, we might expect 
a similar result to hold if there is a node in theneutron 
radial wave function. The calculation of Christian and 
Gammel,? which gave such a node rather close to the 
origin, would then imply the existence of a pole in 
k coté in the relevant region. Since the calculation also 
gave a small doublet scattering length, this argument is 
at least consistent, but it cannot be said to be conclu- 
sive. In particular, the “effective potential” defined by 
the resonating group formalism is energy dependent, so 
that even in this approximation the analogy with the 
two-body problem is not complete. Nevertheless, it 
would appear very likely, in view of the present result 
and the evidence'® that set (A) is the correct set of 
scattering lengths, that there is such a pole. It would be 
of great interest to find conditions on the two-body 
potentials for the occurrence of such poles in the general 
case ; this is a similar problem to that of finding criteria 
for the existence of many-body bound states, which is 
also not solved. 

The 1-Mev results give | 1—yro+47*T | =1.6. These 
are in reasonable agreement with the 300-kev results; 
the P phase shifts are already large at 1 Mev, so that 
our approximation is expected to be poor. 


would agree 


V. DISCUSSION 


The formulas we have derived are not expected to be 
very accurate. Consistent neglect of other than S states 
may lead to errors in the electric dipole cross section 


DELVES 


of a few percent, as may the neglect of terms higher 
than & in the expansion (5). Contributions from the 
internal region of the triton are overestimated by our 
approximation; these are in any case very small over 
the energy range we consider. Finally, the treatment of 
the Coulomb effects is somewhat crude, and may lead 
to uncertainties of up to 20%, due partly to equating 
the n-d and p-d effective ranges and partly to the treat- 
ment of the Coulomb barrier.'* Thus the final formulas 
are accurate to perhaps 10% for neutrons and 30% for 
protons, over the energy range where the nuclear force 
may be neglected in the P stat 


Within this accuracy 
the experimental data agree 


well with a scattering 
length of 8.3f, but are consistent also with ao=0.8 f, 
if, as is plausible in this case, & coté has a pole between 
zero energy and the 
assuming do=8.3 


triton bound Moreover, 
range of 2.3 


fermis, in excellent agreement with the calculations of 


State. 
leads to an effective 
reference 8, which gave a doublet effective range = 2.28 f 
and the same scattering length; while assuming «a 
=().8f gives ro~10f, which is in agreement with the 
estimates of reference 2. It is thus not possible to dis- 
tinguish between the two sets 
this way. 


of scattering lengths in 
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Recent applications of the nuclear optical model to the de 
scription of neutron scattering by spheroidal nuclei have shown 
that “shape effects” are very important for highly deformed 
nuclei. It has also been found that the “adiabatic approximation,” 
which assumes the nucleus to be rigidly fixed in orientation 
throughout the scattering, is remarkably accurate for very low 
energy (S-wave) neutrons. 

The first part of the present paper is devoted to a detailed in 
vestigation of this approximation, showing that the major factor 
determining its validity for the heavy nuclei to which it has been 
applied is the large size of the “effective rotating mass” of the 
nucleus in comparison to the neutron mass. This is analogous to 
the Born-Oppenheimer approximation in molecular physics, where 
the large ratio of nuclear to electronic mass enables one to calcu 
late electronic wave functions by considering the slower nuclear 
motion to be “frezen” completely. 

The second purpose of the paper is to investigate the effect 
of a “pear-shaped” deformation, or octupole moment, of the 


T seems clear by now that any approximation scheme 
used to describe the interaction between nuclei and 
low-energy nucleons must include, as a central feature, 
a description of the ‘smeared out” or optical-potential 
aspect of this interaction. Quite aside from recent 
efforts to explain the origin of this independent-par- 
ticle aspect of the interaction,' the impressive suc- 
cesses of the shell-model in describing the bound states, 
and of the optical model in describing low-energy con- 
tinuum states of the system of (A+1) nucleons, leave 
little doubt that this is a dominant characteristic of 
the interaction. 

The complex optical model* has consequently served 
as a very natural starting-place for subsequent attempts 
to provide a more detailed description of the scattering 
of low-energy neutrons, the process with which we shall 
be concerned here. A simple way of summarizing what 
aspects of the exact neutron-nucleus interaction are 
neglected by the spherical optical model in its original 
form,’ is to observe that such a potential-well inter- 
action does not couple the neutron to any internal 
degrees of freedom of the target nucleus. The optical 
model, consequently, cannot provide an explicit de- 
scription of direct interaction processes in which in- 
elastic neutron scattering occurs through the excitation 
of a particular mode of the target nucleus; inelastic 
processes are all lumped together under the heading of' 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission 

t Present address 
chusetts 

'E.g., see L. C. Gomes, J. D. Walecka and V. F. Weisskopf, 
Ann. Phys. 3, 241 (1958), which includes a bibliography of the 
previous work of K. A. Brueckner et al. 

*H. Feshbach, C. E. Porter, and V. F. Weiskopf, Phys. Rev 
96, 448 (1954). 


Brandeis University, Waltham, Massa 


nuclear optical potential on the S-wave neutron strength function. 
(A square-edged potential well is used, which is somewhat similar 
in its effect to a rounded-edge well with a smaller imaginary 
potential.) This is done for the very heavy nuclei, 225<A <240, 
where the possibility of octupole deformations has been suggested 
by other data. The effect of a small octupole moment for these 
particular nuclei is found to be largely masked by the nearly in- 
distinguishable effect of their large quadrupole moments, and, in 
‘view of the uncertainty in their quadrupole moments, neutron 
scattering at this time cannot be said to provide any positive 
evidence of octupole moments. On the contrary, if the quadrupole 
moments reported from Coulomb excitation measurements are 
employed, the measured neutron strength function puts an upper 
limit on the octupole moments of about one-third the quadrupole 
moment. More accurate data, both on the neutron strength func- 
tion (as well as R’) and on the quadrupole moments, would permit 
a more accurate estimate of the octupole moments. 


absorption from the coherent beam, and represented by 
the imaginary part of the optical potential. 

In response to accumulating experimental data on 
the details of low-energy inelastic processes,’ consider- 
able attention has recently been directed to generaliza- 
tions of the optical model, obtained by adding to it 
explicitly certain degrees of freedom of the target 
nucleus which seem most likely to be excited by neutron 
bombardment.‘ The possibility of individual-particle 
excitations has been considered in the “distorted wave” 
approximation by Lamarsh and Feshbach, and by 
Levinsen and Banerjee® while collective rotational mo- 
tion has been investigated for spheroidal nuclei by 
Brink, Hayakawa and Yoshida, and Chase, Wilets, 
and Edmonds.* 

The investigation of rotational effects is, of course, 
confined to target nuclei which are nonspherical. For 
such nuclei, as was emphasized particularly by Margolis 
and Troubetzkoy,’ the noncentral character of the in- 
teraction with the neutron introduces observable effects 
into the scattering which persist even at bombarding 
energies much too low to produce direct excitation of 


* See, e.g., the summary by R. Sherr in the Proceedings of the 
Pittsburgh Conference on Nuclear Structure, 1957, edited by S. 
Meshkov (University of Pittsburgh and Office of Ordnance Re- 
search, U. S. Army, 1957) 

* An interesting discussion and summary of recent work on 
direct interactions at higher energies is given by J. S. Blair and 
E. M. Henley, Phys. Rev. 112, 2029 (1958). 

*J. R. Lamarsh and H. Feshbach, Phys. Rev. 104, 1633 

1957); C. A. Levinson and M. K. Banerjee, Ann. Phys. 2, 471, 
499 (1957); 3, 67 (1958). 

*D. M. Brink, Proc. Phys. Soc. (London) A68, 994 (1955); 
S. Hayakawa and S. Yoshida, Proc. Phys. Soc. (London) A68, 
656 (1955); D. M. Chase, L. Wilets, psy 4 R. Edmonds, Phys. 
Rev. 110, 1080 (1958) 

7B. Margolis and E. S. Troubetzkoy, Phys. Kev. 106, 105 


(1957). 
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rotational levels. In other words, at such energies it is 
predominantly the shape of the nuclear surface rather 
than the rotational degree of freedom associated with 
this shape, which influences the scattering. This sug- 
gests the use of an “adiabatic approximation’ to de- 
scribe the scattering, in which the nonspherical nucleus 
is not allowed to rotate at all, but is held in a fixed 
orientation by giving it an infinite moment of inertia. 
(Such a nucleus can absorb angular momentum but 
not energy, just as the “static nucleon” of the Chew- 
Low model can absorb linear momentum but not 
energy.) The purpose of the present paper is to in- 
vestigate the applicability of this approximation to the 
case of S-wave neutron scattering, and, within the 
approximation, to consider the effect of an octupole 
(“pear shaped”) moment of the target nucleus on the 
low-energy scattering. 

We shall be most interested in the adiabatic approxi- 
mation in the k— 0 limit, i.e., as the energy of the 
bombarding neutrons tends to zero. In this long wave- 
length limit, it may at first seem surprising that any 
“shape effects” at all should appear in the cross section. 
Although it is true that the neutron’s external wave- 
length is much greater than the dimensions characteriz- 
ing the nuclear deformation, the well depth is so great 
(~40 Mev) that the neutron’s internal wavelength is 
short enough to “feel” the shape of the nucleus, even 
when the external wavelength is infinite. In other terms, 
even though only S waves are incident upon the nu- 
cleus, the noncentral force it exerts on the neutron, 
together with the neutron’s large internal kinetic 
energy, generates higher partial waves in the neutron’s 
wave function in the internal region of the nucleus. 
These higher waves will, of course, leak out, but even in 
the k=O limit all except the outgoing S wave (which 
leaves the nucleus in its rotational ground state) are 
attenuated faster than 1/r, so that in the asymptotic 
region again only S waves are detectable. The effects 
of the nonspherical shape then appear only in the 
dependence of the S-wave phase shift on the nuclear 
“radius,” which dependence is markedly different for 
the spherical and nonspherical cases. 


I. INTERNAL COORDINATES AND 
DIRECT INTERACTIONS’ 


The imaginary part of the optical potential is one 
means of representing the difference between the actual 
neutron-nucleus interaction and that described by the 
real optical potential, i.e., the “residual forces’ of the 
nuclear shell model. In low-energy scattering processes, 
these residual forces cause the formation of a compound 
nucleus as an intermediate state, as indicated, e.g., by 
the symmetry of the angular distributions of such proc- 
esses about 90°. However, direct processes, which do 


*D. M. Chase, Phys. Rev 

* For a more thorough dis« 
interactions and the 
5, 357 (1958 


106, 516 (1957) 
ussion of the relation between ‘direct 
optical model, see H. Feshbach, Ann Phys. 
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not proceed through an intermediate compound-nucleus 
state, may begin to appear as the bombarding energy 


is increased, and if we are to have a model which can 


1 


describe them, as wel 
of inelastic 


the compound-nucleus type 
include the effects of at 
least a portion of the residual forces by something more 
explicit than an 


proce 3s. we mus 


absorptive potential. That is, in mo- 
lecular physics terms, we must include specific internal 
coordinates of the target 
directly to the incident neutron 

If the 
ordinates £ in a target nucleus of 


and couple them 


nucieus, 
Hamiltonian describing these internal co- 
1 nu¢ le ons is 7 4(6), 
the total Hamiltonian for the problem is (taking #=1) 


H V?/2m+ V (r,£)+H4(&), 1) 


where ¢ is the position-vector of the neutron relative to 
the center of the nucleus and V 


potential between the 


r,£) is the interaction 


neutron and the nucleus. If Ha 


tk 
has a complete set of eigenstates in £ space, 


Haglé n )s (2) 

we can employ them to expand the wave function y(#,&), 

following the standard procedure employed, e.g., in the 
atomic scattering case,' 

¥(r,f)=> n(fa(r) on(€)). 


— 


(3) 


It is then clear that the asymptotic behavior of fo(r) 
determines ion for ¢ i 


coordinate 


the cross sect lastic scattering (i.e., 
no excitation of the , and in general f,(r) 
determines the scattering with excitation of the internal 
state ¢,(£). We shall still take V(r,£) complex, in order 
to account for all other types of inelastic processes. 


£ 
s 
r 


We note the following asymptotic properties of the 


solution. Using the Hamiltoni 1) for the S« hrédinger 
equation, we can insert the expansion (3) and use Eq. 


(2) as well as the to see that 


0) is 


orthogonality of the ¢,’s, 


the Schrédinger equation in tl lernal region (V 


(—V?+-2men) fn Rf, (8), (4) 


for each n. But, introducing t] ffective wave number 


Ra, 


this is just the w 
V 

Consequently if we expand /,(r) in spherical harmonics, 
we get for the asympiotic bel 
partial wave, R,:(r)— e**"/r 
E=k*/2m is high enough t 
and this is g spherical 
E<e,, however, k, is pure imagi 
able radial 
e-lBalr/¢, In 


ivior of each outgoing 
Provided the 


» excite the leve | Ca, 


energy 
k,, is real 
wave. If 
ary, and the accept- 
exponentially, R,i(r) 
are looking at a wave 
negative kine tic ene rgy, and it 


indeed an outgoil 


function decays 
other words, we 


function in a region of 


Massey {tomic Collisions 


949 See also reference 9 


i N. F. Mott and H.S. W 
(Clarendon Press, Oxfor 
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displays the characteristic asymptotic behavior of a 
bound state. 

Notice that precisely at threshold for the level ¢,, 
however, k,=0, and the wave equation becomes the 
Laplace equation, for which the asymptotic behavior is 


Rwi(r) or, (7) 


The kinetic energy is not negative in this case, but the 
angular momentum barrier attenuates all partial waves 
except the S wave more rapidly than r~ in the externa! 
region, making them unobservable at large distances 
from the scatterer. 

Let us now specialize to the case of a nonspherical 
nucleus, which is free to rotate, so that the ¢,’s repre- 
sent rotational states of the target nucleus. In the very 
low bombarding energy region, where direct excitation 
is impossible, the way in which the experimental pa- 
rameters such as I’,/D and R’ (see references 2 and 7 
for their exact definitions) depend upon the nuclear 
deformation is rather complicated, and seems worth a 
brief description. 

For E<e,, direct excitation is impossible, and in the 
asymptotic region we then need consider only the fo(r) 
part of the wave function. Whether the potential is 
spherical or not, we can define phase shifts for the 
problem by expanding fo(r) in spherical harmonics in 
the externai region, and if we assume the potential to 
have a finite range, say R, only those phase shifts for 
which 1<&R will contribute significantly to the cross 
sections. Since the “low-energy” parameters I’,,/D and 
R’ are measured by experiments done at energies low 
enough so that kR<1 (say 10 kev or less), only the 
S-wave phase shift will contribute significantly to the 
cross section. This is entirely due to the angular mo- 
mentum barrier, in the usual way, and is strictly true 
at k=ko=O0, where it agrees with the assertion of Eq. 
(7), that only the S wave is detectable in the asymp- 
totic region. 

The nonspherical potential well problem is distin- 
guished from the spherical well problem, however, by 
the fact that, even in this zero-energy limit, the neu- 
tron’s wave function contains more than S waves near 
and inside the well. The noncentral interaction gener- 
ates (even from an incoming S-wave) many higher 
partial waves in the internal region, which are damped 
out in the asymptotic region. The parameter governing 
this admixture of higher partial waves seems to be 
(KAR), where K is the internal neutron wave number 
and AR is a typical deformation length, such as the 
difference between major and minor axes for a spheroid. 
This parameter is by no means small in the larger de- 
formed nuclei, and in the “near zone” of such a nucieus 
the neutron’s wave function contains many higher par- 
tial waves. Although they are unimportant very far 
from the nucleus, and their phase shifts do not con- 
tribute directly to the cross sections, they interfere 
strongly with the S wave in the near zone, causing the 
S-wave phase shift to be different for a sphevoid, e.g., 


AND NEUTRON SCATTERING 1325 
from what it is for a sphere of the same volume. It is 
through this interference that the effect of the deforma- 
tion appears in the observable parameters at low bom- 
barding energy, and it is thus not surprising that the 
“extra” resonances in I’,/D, e.g., appear at the resonant 
energies which characterize the higher partial waves 


in scattering from a spherical well. 


Il. ROTATIONAL EXCITATIONS AND THE 
ADIABATIC APPROXIMATION" 


It is especially simple to apply this type of direct 
interaction formalism to a rigid, axially-symmetric 
rotator, constrained not to rotate about its symmetry 
axis, for then the internal Hamiltonian is just H, 
=]?/29 (g being the moment of inertia and L’ the 
usual angular momentum operator), and its eigenfunc- 
tions ¢,(£) are the spherical harmonics Y,,,(Q’), where 
0)’ = (0’,¢’) is the direction of the axis. 

That is, in this model the nonspherical nucleus is 
presumed to have a symmetry axis (the usual assump- 
tion of the collective model"), and only its rotational 
degree of freedom is to be considered in detail. Any 
other degrees of freedom are to be included in the 
complex-potential description. Further, only the ex- 
citation of rotational states of the K=0 band is con- 
sidered, which restricts the model to the description of 
even-even nuclei. The Hamiltonian is thus taken to be 


H V?/2m+- V (£,0'!)+-L*/2¢8, (8) 


and if (r,Q) are the spherical coordinates of r, the wave 
function w has the form (r,0,0’). We shall be interested 
oniy in very low-energy scattering, and so neglect 
spin-orbit coupling. 

The expansion of the wave function in the eigenstates 
V pm (2) of Ha4(”) is 


- -™ Eim’ (ry f2) V pm (2). 


i'm’ 


(9) 


If frm (7,2) is expanded in spherical harmonics of Q, 
we shall have a double sum, over (/,/’,m,m’), but in fact 
the form of the m and m’ sums is determined by the 
rotational conditions which y must satisfy. That is, in 
the noncentral field represented by V(r,0’), the neu- 
tron’s angular momentum F will, of course, not be a 
good quantum number, but J?= (1+ L)? will. The eigen- 
states of J* are just the Yw?™ (0,0) which result from 
the vector addition of Y,,(Q) and V rm (Q’). y¥ must be 
expandable in terms of these J? eigenfunctions, and so 
only those combinations of Vy.(Q) and Vy (Q’) can 
occur in (9) which do in fact possess these rotational 
properties. 

" Many of the conclusions of this section were implied in the 
comprehensive work of Chase et al., reference 6, whose primary 
concern was with numerical application of the formalism. Our 
aim in this section is to describe somewhat more explicitly than 
these authors did the relation between their work and that of 
Margolis and Troubetzkoy, reference 7, who used the adiabatic 
approximation. 


2A. Bohr and B. R. Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 27, No. 16 (1953). 
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Since we wish to consider only the very low-energy 
region, we can restrict our considerations to incoming 
S waves.” But since the (even-even) nucleus is initially 
in its ground state, /=0, only the eigenstates with J=0 
can occur in y. This restricts the /’ value to /’=1, and 
we thus have y expanded in the simple form, 


(10) 


Further, 


Yi (2,0) = >on C(L1,0; m, —m, 0) ¥ im (Q) ¥ ym (Q’) 
= (214-1) Son — 1)" ¥ pm (Q) V pi (2) 


(21+-1)*(42)" P;(cos8), 


(11) 


by the addition theorem, where @ is the angle between 
. £ 

the directions 2 and 2’. With a slight redefinition, then, 
we have for incident S waves the simple result, 


(12) 


y thus depends only on the angle between r and the 
nuclear symmetry axis, which we might have guessed 
from the beginning, for with both the incoming neutron 
and the target nucleus in S states, these are the only 
two physical directions in the problem. Note also from 
(10) that whenever the neutron acquires an angular 
momentum (/,m), the nucleus spins in the opposite 
direction at the sam: (1, —m) in order to maintain 
the rotational invariance ot ¢ 
Since 


I? P (cos) -=1(l-+1)P(cos8), (13) 


the substitution of the expansion (12) into the Schréd- 
inger equation with the Hamiltonian (8) can be written 


as 


2mV (7,8) | 3° Ri(r) Pi(cos8) 


ek? 1l(l+1) 


2m > ( 
t \2m 29 


The notation is simplified slightly if we let R be the 
mean radius of the nucleus and define M, an effective 
rotating mass of the nucleus, by 


9=M R’. 


Ri(r)Pi(cosé). (14) 


(15) 
Then if we further define an effective wave number &; by 


m l(l+-1) 
(16) 
M R 


14) as 


we can re-write 
[ — V?+-2mV (r,0) ] 5°, Ri(r) Pi(cos8) 
> kRFRi(r) P(cos8). (17) 


% We shall follow the 


calculations, and assume 


procedure customary in optical-model 
that the “effective neutron” being scat 

This presumably takes care of the fact 
that the model is to be applied only to averages of cross sections 
over many resonances with different spins 


tered is a spinless particle 
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The equation is particularly interesting in this form, 
for it is very similar to the Schrédinger equation de- 
scribing the scattering of 
potential with a fixed orientation 
differs from (17) only in the replacement of k? by , 
which is the same for all partial waves 

This is as it should be, for k? — # is just the M — « 
limit, which is the adiabatic limit® 
lem ; it is thus explicitly clear how the rotating-nucleus 
model of Chase et al.® goes over, in thi into the 
static-nucleus model of Margolis lroubetzkoy.’ 
The investigation of t} imit 
Born and Oppenheimer’s' invest 
limit in molecular wave functior 
discrepancy between the masses of the 


a particle by nonspherical 
Such an equation 


of the rotator prob- 
: limit, 
and 
very analogous to 
igation of a similar 
Because of the large 
electrons and 
mo.uor 


conservation) is very slow compared to the 


nuclei in a molecule, the nuclear by momentym 
elec tron 
motion, suggesting that electronic wave functions might 
be obtained with considerable accuracy by considering 
the nuclei to be rigidly fixed in their average positions. 
This idea is formal the Born- 
Oppenheimer treatment molecular 
m/M), the 


given expression in 
by expanding the 
wave function in powers of the 


ratio of the electronic to the nuc 


i root of 
lear mass. 
The analogous proce dure in the present proble m is to 
employ an expansion of the 


of (m/M), the ratio of the neutron mass to the effective 


wave function in some power 
rotating mass of the nucleus [| which ratio appears in 
ki, Eq. (16) }. It is not difficult 
has the form 


to see that this ¢ xpansion 


¥=yYot (18) 

adiabatic 
] wave function for 
the scattering of neutrons by a nucleus of fixed orienta- 
tion, i.e., of infinite moment of 
rotational excitation energies are zero 

The solution of (17) even in this 
able in simple analytic f 
a nonsphe rical potent 
coordinate 
the addition of an 
difficult to solve, so 1 t we have foun 
error 


Wo is then the wave function of the limit, 


which as we noted above is just the 
inertia, all of whose 
imit is not obtain- 
for the wave cquation for 
separate in any 

system.’ of y¥; Is similar, with 
m, and is just as 
1 it impossible 
to give an analytic made in 
neglecting y, for any giver 
On physical grounds, one 
the neglect of y; should 
nuclei. If we evaluate 9, the moment of inertia, from 
the rotational spectrum of the target nucleus by setting 
E,=! 1+-1) 29, then for a nucleus near the end of the 
periodic system, we find m/M~ 1/35, 
ably small number 
nucleus will turn throug! 


t argue as follows that 


be not a serious one for heavy 


which is a reason- 
the 
1 very small angle during 


Physically, this implies that 


nucleus at its 
and R mean 
ilar momentum 


the time a neutron takes to traverse the 
internal velocity. | 


radius of the nucleus, the maximum ang 
of the neutron inside 


or if v is this \ ity 


ibout mvR; then 


4M R. Oppenheimer hysik $4, 457 (1927). 


Born and J 
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since we are assuming the total angular momentum to 


be zero, the angular momentum of the nucleus is 


L=$0=MRw< mR, 


Rw /v<m/M~1/35. 


But this is approximately the ratio of the traversal 
time of the neutron to the period of nuclear rotation, 
and suggests that, as in the molecular case, one could 
obtain a fairly accurate neutron scattering wave func- 
tion by considering the nucleus to be fixed rigidly in a 
given orientation. 

This expectation has been confirmed by the work of 
Chase et al.,* who compared the results of the adiabatic- 
limit of Margolis and Troubetzkoy’ with a calculation 
which included at least the most important part of y; 
(and higher terms). They found the adiabatic approxi- 
mation to be valid, at k=0, to within something like 
one percent. One might in general expect that another 
necessary condition for the validity of such an approxi- 
mation would be the requirement that the neutron 
outside the nucleus should also move fast relative to the 
nuclear rotations. In general, this is probably true, but 
if the neutron is asymptotically in an S state, it is in- 
sensitive to the orientation of the nucleus, and so at 
k=O it is not unreasonable that the adiabatic approxi- 
mation should be a good one for heavy nuclei.'® 


Ill. THE EFFECT OF “PEAR-SHAPED” DEFORMA- 
TIONS IN THE ADIABATIC APPROXIMATION 


The above calculations were ali done for spheroidal 
nuclei. That is, the target nucleus was assumed to have 
an axis of symmetry, and its section in a plane through 


this axis was taken to be'® 


(19) 


R(@)=Rof 1 +a2P2(cos6) ]. 


This is a parity-conserving interaction. If the initial 
state contains only incoming S waves, this interaction, 
will couple it, in the internal region of the nucleus, with 
higher partial waves of the same parity. 

Among the observable parameters of the low-energy 
scattering, the strength function [',/D, is most sensitive 
to the appearance of these higher partial waves in the 
wave function. [',,/D, for a spherical-well optical model 
at low energies, has a characteristic resonant behavior 
as a function of R, with resonances appearing at the 
usual S-wave positions. When a spheroidal deformation 
is introduced, further resonances appear in [',,/D, even 


'S There is also another factor assisting the adiabatic approxi 
mation in this low-energy region. This is the fact that ky [Eq 
16) ), the wave number associated with the S-wave part of the 
wave function, is always equal to &, i.e., it does not change as we 
deviate from the adiabatic limit by increasing (m/M). But for 
reasonable deformations the S-wave remains the dominant part 
of the wave function, and the fact that its wave number is inde 
pendent of (m/M) should give the whole wave function an addi 
tional stability about the value m/M =0 

‘© Our definition of the quadrupole deformation parameter a; 
agrees with the definition used in reference 7, 
8 of Chase et al., reference 6, is 8=1.58a, 


and the parameter 
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at k=0, which are associated with the /=2, /=4, etc., 


‘partial waves. 


“extra” resonances for each 
value of the principal quantum number a, i.e., for each 
S-wave resonance, and as m increases, the positions of 
the resonances of each such set cluster more and more 
tightly about the corresponding S-wave resonance 
position. (This corresponds to j;(%) approaching more 
and more closely to its asymptotic sinusoidal behavior 
as x-> @,) 


There is a set of these 


If now an odd-/ deformation were introduced into 
(19), odd partial waves would also appear in the neu- 
wave function, and additional 
[,/D would appear at the /=1, /=3, etc., resonant 
values of R. These are characteristically located be- 
ween the S-wave positions, so they should show up 
quite distinctly. 

The investigation of the effects of such “pear shaped”’ 
deformations on neutron scattering is of interest for 
two reasons. In the first place, the Brookhaven group” 
has noticed a set of experimental [',/D values in the 
neighborhood A ~ 230-240 which are anomalously high 
compared with those found for A~100, which are 
located symmetrically on the other side of the S-wave 
resonance at A= 150. This is interesting, for a P wave, 
if present in the neutron’s wave function, should be in 
resonance at about A~ 230. 


tron’s resonances in 


Secondly, Stephens, Asaro, and Perlman,'* in in- 
vestigating the low-lying rotational levels of even-even 
nuclei in this region, find that they do not follow the 
usual 0+, 24+, 44+, sequence, but contain 1- and 
3-states as well. It has been suggested that these levels 
can be understood as part of a rotation -inversion spec- 
trum, of the type found in the NH, molecule. That is, 
if the nucleus does have a pear-like shape, it should be 
possible for the large and small ends to exchange 
positions by an inversion process, involving a passage 
through a potential barrier. There should then be a 
series of vibrational-type levels corresponding to this 
inversion, which are of alternating even and odd parity 
and will be grouped in even-odd pairs if ihe potential 
barrier is high. One could then have an even-/ rota- 
tional band built on the even (lower) member of such a 
pair, and an odd-/ band built on the other, thus repro- 
ducing spectra of the type observed among these heavy 
nuclei. An estimate of the frequency of the inversion 
period is given by the splitting between an even-odd 
pair.” Since these and other properties of such a spec- 
trum have already been discussed by Lee and Inglis” 
and by Alder et al.,”" we shall not consider the details 
further here. 


7 R. B. Schwarz, V. E. Pilcher, D. J. Hughes,and R. L. Zimmer 
man, Bull. Am. Phys. Soc. 1, 347 (1956 

*F. S. Stephens, Jr., F. Asaro, and I 
100, 1543 (1955 

” F. Hund, Z. Physik 43, 820 (1927 

*™ K. Lee and D. R. Inglis, Phys. Rev 

™K. Alder, A. Bohr, T. Huss, B 
Revs. Modern Phys. 28, 432 (1956) 


Perlman, Phys. Rev 


108, 774 (1957). 
Mottelson, and A. Winther, 
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The inclusion of P;(cos@)=cos@ in the shape expan- 
sion (19) corresponds merely to a shift of the center of 
mass of the nucleus, so the lowest non-trivial odd-order 
deformation is the octupole deformation, P3(cos@). In 
fact, it is appropriate to include both /=3 and l=1 
harmonics, choosing the coefficient of P; in such a way 
as to keep the center of mass of the nucleus at the origin 
of the system ; this gives ay, 

— 27a20;/(35+30a2). Including a quadrupole de- 
formation as well, the nuclear shape is then 


coordinate condition 


R(0) Rof 1 +a,P; cos#) 


+-a P»(cos0) + ad3P3(cos8) |. (20) 


Knowing from the numerical results of Chase et al., 
that the adiabatic approximation is a good one for the 
rotational degree of freedom, we shall consider the 
target nucleus to be fixed in orientation. If the rotation- 
inversion picture of 


correct 


the spectrum outlined above is the 
one, it might be expected that the inversion 
degree of freedom should also be included explicitly in 
the model However, we may use the 


following estimate to indicate that this degree of free- 


Hamiltonian. 


dom can also safely be treated in the adiabatic approxi- 
mation. The ical inversion period, as we noted 
above, is given by the splitting between an even-odd 
pair of vibrational levels. Assuming the validity of the 
inversion-rotation picture of the spectrum, this splitting 
may be estimated from the known levels as 7;~h/AE, 
with AE~ EF, Ey+E,)/2. Since Stephens et al., find 
AE~250 kev, this gives 7;~1.6K10™" sec as the 
inversion period. But the traversal time of a neutron 
(assuming as in the 
that, for incident S waves, 
more than 100 times 


cla 


inside the nucleu rotational case 
this is the relevant time) is 
smaller than 7; (for a 40 Mev well). 
We therefore expect the adiabatic approximation to be 
extremely good for the inversion process as well as for 
the rotations, and we shall apply it to both. 

In this static the most convenient method for 
obtaining a numerical solution of the Schrédinger equa- 
tion seems to be that employed by Margolis and Trou- 
is this 
used. The formalism needed 

moment is included differs 
the replacement of their sums over 


limit, 


betzkoy’ for a spheroidal deformation, and it 
method which we have 


when a nuclear octupole 
from theirs only in 
even partial waves by sums over all partial waves. 
Since the difference is so slight, we shall not describe 
the method further here, but refer the interested reader 
to their paper for the necessary details. It is unfor- 
tunate that this method of solution is applicable only 
to a square-well potential. This means that we shall 


not, in this paper, be able to investigate the simul- 


taneous effects of an oc tupole deformation and a diffuse 
nuclear surface 

The parameters which enter the calculation are R, 
the effective radius of the well; Vo, the depth of the real 
part; (Vo, the depth of the imaginary part; and the 


deformation parameters d2 and a3. With five parameters 


KIRK W. 


McVOY 


available, there is no question of our ability to fit the 
around A~235 
mentioned earlier.” In fact, they can be fit 
different sets of values for these 
little meaning can be attributed to 
at least most of the 


small group of experimental points 
by many 
parameters, so that 
a chance fit unless 
paramet determined in 
advance by other means 


We shall assume that R, V 
by fitting the optical model 


, and ¢ can be determined 
to low-energy scattering 
data for nuclei which are spherical. To determine an 
effective radius R for a nonspherical nucleus, we shall 
make the usual assumption that a 


ll nuclear matter has 
the same density, so R is taken as the radius of a sphere 


whose volume equals the volume enclosed by the sur- 
face (20). This R is not Ro of (20), 
but is related to it by 

R’=R,? 


(21) 
correct through second-order quantitie s in the deforma- 
tions. We shall assume that R=r,A? to relate R, and 
thus Ro, to A; ro is determined by fitting the model to 
spherical nuclei. 

There seems to be no reason for thinking that Vo 
should depend on the sha f the 
we shall use the Vo» whic! pherical nuclei best. 
Finally there is ¢, the parameter determining the depth 
of the imaginary potential. This, we feel, should also 
have the value determined by it to 
from spherical nuclei. This is because, although a non- 
spherical nucleus does | s rotational 
freedom which a spherical one di 


nuclear surface, so 


the scattering 


degrees of 
es not, we have taken 
so that ¢V represents only 
inelastic processes oter than rotational excitations, just 
as in the sphe rical cast 


account of them explicitly, 


Since we are employing a square-well 
parameters ro, Vo, and ¢ h we us¢ 
mined by fitting the scatt 


potential, the 
hould be deter- 
ering from spherical nuclei 


whi 


Fic. 1. Low-energy strength funct s for near-spherical nuclei 
rhe curve is an optical mo pherical nuclei with 
rom1.45f, Vo=42 Mev, nd = I ata tor the 
spherical nuclei at t their 
tion from this curve 


non 
{~235 : 


phasize Gevia- 
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with a square-well potential. This was just the model 
originally employed by Feshbach, Porter, and Weiss- 
kopf,? and in fact still provides as good a fit to the 
low-energy scattering by spherical nuclei as any of the 
more recent modifications employing diffuse-edge wells.” 
In Fig. 1 we have reproduced a plot of the strength 
function calculated from such a model, using the best 
choice of parameters of reference 2: ro= 1.45 fermis, Vo 
=42 Mev, and ¢{=0.03. The data plotted in Fig. 1 
refer only to spherical or nearly-spherical nuclei” (ex- 
cept the points around A=235, in which we shall be 
particularly interested later), and they are seen to be 
quite reasonably reproduced by this choice of pa- 
rameters. The fit to these data determines (V»R?), this 
being the quantity which determines the resonance 
positions at zero energy. We shall, below, wish to 
determine another resonance position very accurately, 
at A~235. To do this we shall use the value of (VR?) 
determined from Fig. 1 for spherical nuclei in some 
convenient region, say at A = Ao, and then assume that 
R=r,A}, so that (VoR*) at A=A’ is given by (VoR*)’ 
= (VoR*)o(A’/Ao)!. To avoid extrapolating too far, we 
have chosen A» as large as possible, i.e., about 140. 
We estimate that ihe points in this region determine 
the position of the steeply-rising section of the curve to 
within about 5 units in A. 

We shall, then, employ the values of reference 2 for 
ro, Vo and & The quadrupole deformation parameter 
a, has been determined for two or three nuclei near the 
end of the periodic system by Coulomb excitation. 
Heydenberg and Temmer™ use r9= 1.2 to interpret their 
measured £2 transition probability in terms of a quad- 





Se ee ee o ——A ‘ 
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Fic. 2. Low-energy strength functions for heavy nuclei, calcu 
lated for several combinations of quadrupole and octupole de 
formation parameters. The curves are labelled by these pa 
rameters, as (d2,a;). A square-well potential was used, with 
ro= 1.45f, Vo=42 Mev, and ¢=0.03. 


™ See e.g., V. F. Weisskopf, Revs. Modern Phys. 29, 174 (1957 

% The deformation of these nuclei are estimated from their 
static quadrupole moments, as given by C. H. Townes, Encyclo- 
pedia of Physics, edited by S. Fligge (Springer-Verlag, Berlin, 
1958), Vol. 38, Part 1, p. 442. 

*N. P. Heydenburg and G. M. Temmer, Annual Review of 
Nuclear Science, (Annual Reviews, Inc., Palo Alto, 1956), Vol. 6, 
p- @é. 
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rupole deformation parameter. Since it is the charge 
distribution which they are measuring, this use of the 
ro determined by electron scattering™ seems correct, and 
gives d2~0.2, with an accuracy of perhaps 20%. This 
work has more recently been repeated by Alder et al.,” 
who find a;~0.15, with about the same accuracy 
claimed. This leaves a; as our only free parameter, 
which we can choose appropriately to fit the Brook- 
haven data on [°,/D. 

Figure 2 gives the results of the calculation of the 
strength function for A>215, for four different choices 
of the deformation parameters, (d@2,a3).2* For a, dif- 
ferent from zero, [',/D has a resonance in this region 
which brings its values well above those of the spherical 
model (T,,/D~0.25X 10) shown in Fig. 1. It is rather 
surprising to find that this resonance is present for a 
pure quadrupole deformation, i.e., even when a,=0, for 
this is a region very far from the S-wave resonant posi- 
tions. This resonance, which was also seen by Chase 
et al.,® can be identified as due to the /=4 partial wave 
from the fact that it drifts rapidly to the right as a, 
decreases, and seems to disappear (as a,—> 0) at about 
A= 285, the /=4 resonant position. 

As we mentioned earlier, the P wave is expected to 
show a resonance in this region if a;#0. However, the 
fact that there is also an /=4 resonance present means 
that we can expect an interference between them, with 
the resulting curve depending strongly on a as well as 
on as. The effect of a, is felt most strongly in the region 
A~ 220-230, as expected, and increasing a, at constant 
a, is seen to have the effect mainly of shifting the 
resonance to the left—an effect difficult to distinguish 
from increasing a2 at constant dy. 

In Fig. 3 we have plotted curves with a,=0.15, cor- 
responding to the measurements of Alder et al., for 
a;=0 and a;=0.10.2" We have also included the experi- 
mental points mentioned earlier,'* and find that they are 
actually fit best by a2=0.15, a,=0. The choice a;=0,10 
appears to be definitely too large, and by interpolation 
it would seem difficult to fit these data with a value of 
a; greater than about 0.03, if the value a,=0.15 is 
adhered to. (Using the Heydenburg-Temmer value a, 
=().20 decreases the upper limit on ag, and in fact it 
makes it difficult to fit the data even for a,;=0). 

The limit a; <0.03 should be taken with a grain of 
salt, however, for it depends sensitively on the values 


assumed for the other parameters of the problem. In 


* R. Hofstadter, Revs. Modern Phys. 28 (3), 214 (1956). 

*% The sign of a; is significant, distinguishing between prolate 
and oblate quadrupole deformations; a2 is positive for the few 
cases measured among the very heavy elements. The sign of a; on 
the other hand is meaningless. Reversing the sign of a3 inverts or 
interchanges the large and small ends of the nucleus. But for an 
axially-symmetric body, the same effect can be achieved by a 
180° rotation, and since the incoming S waves are insensitive to 
the orientation of the nucleus, this operation leaves the results of 
the calculation unchanged 

27 For comparison, curves were also calculated using {=0.04 
rather than 0.03. This broadened the curves slightly, but did not 
shift them sideways. 
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Fic. 3. Comparison of experimental strength function data 
with curves calculated for nuclei having quadrupole and octupole 
deformations. The square-well parameters are ro=1.45f, Vo=42 
Mev, {=0.03. Calculated curves of R’/R are also included. 


particular, if (Vor) is changed, the whole curve can be 
shifted to the right or left, and a different value of a; 
will then be needed to bring it back to the experimental 
points. As we mentioned earlier, (Vr?) is determined 
principally by the points near A = 140 of Fig. 1. Shifting 
the curve of Fig. 1 sideways by more than about 5 
units in A would spoil the fit to these points, and this 
corresponds to a shift at A=240 of about 8 units. In 
other words, the positions of the resonances of Fig. 3 
are really only determined to within about 8 units in A, 
which means that the upper limit on a; is known only 
with an error of something like 0.05. 

We have also included in Fig. 3 the caiculated values 
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of R’/R (whose definition is in reference 2). 
For a spherical nucleus, it would be very nearly 1.0 
throughout this region, and our choice of parameters 
is seen to keep it quite close to this value. R’ has been 
measured for only two of these he avy nuc lei,2* and the 
experimental values fit neither spherical-nucleus 
curve nor either of our curves for nonspherical nuclei. 

It is interesting to note that Fréman® has recently 


given, €.g., 


: 
tne 


estimated the value of a; for nuclei in this region by an 
analysis of their a decays. For the daughter nuclei of 
various isotopes of Th and U, he finds a;~0.006-0.02, 
and for the daughter of Cm, a, 
are quite consistent with our 
upper limit on a; 

In summary, a square-well potential model with the 
parameters 1.45 f, Vo=42 Mev, and ¢=0.03 
capable of fitting the zero-energy strength function data 
for the spherical-nuclei quite well, and can also fit the 
data for A~ 230 with a quadrupole deformation of the 
size inferred from Coulomb excitation measurements. A 


~0.001. These values 


“best estimate” of an 


1s 


r 


nucleus with a smal! octupole deformation can also fit 
these latter points; with the above choice of parameters, 
and a2=9.15 from Coulomb excitation measurements, 
we estimate that the most likely upper limit on a; is 
a; <0.03. This limit depends sensitively on the values 
assumed for the other parameters, and by stretching 
the fit to the spherical nuclei, it could be varied by 
perhaps as much as 0.05. 


ACKNOWLEDGMENT 


I wish to acknowledge gratefully the assistance 
of Sheldon Weinberg of the Institute of Mathemat- 
ical Sciences, New York University, who programmed 
the computations for the NYU-704 Computer. 


*K.K. Seth, D. J. Hughes, R. | 
Garth, Phys. Rev. 110, 692 (1958 

”®Q. Fréman, Kgl. Danske Videnskab. Selskab, 
Skrifter 1, No, 3 (1957 


Zimm 


Mat.-fys 





PHYSICAL REVIEW VOLUME 


118, 


NUMBER 5 JUNE 1, 1960 


Ground-State Q Values for the Si*’(p,«)Al*’ and O''(p,«)N” Reactions* 


R. E 


Warret anp W. W. BUECHNER 


Department of Physics and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received December 4, 1959) 


Alpha-particle groups observed during the magnetic analysis of charged particles produced in the bom 
bardment of silicon-dioxide targets with 8- and 8.59-Mev protons have been identified as arising from the 


reactions Si®(p,a)Al’ and O"(p,a)N™. The corresponding Q values are 


+0.010 Mev, respectively. 


STUDY of the charged particles produced when 

thin films of natural silicon dioxide are bombarded 
with 8- and 8.59-Mev protons has revealed a number of 
alpha-particle groups among the elastically and in- 
elastically scattered protons. From a comparison of 
measurements made at different energies and angles, it 
has been possible to establish the reactions that gave 
rise to these groups. 

Silicon targets, prepared by evaporating purified sili- 
con dioxide onto thin Formvar films, were exposed to 
beams of protons of 8- and 8.59-Mev energy from the 
MIT-ONR Van de Graaff accelerator. Charged-particle 
reaction products were analyzed with a broad-range 
magnetic spectrograph.' The results used to identify 
the alpha-particle groups mentioned above will now be 
discussed. 


Si?” (pa) Al?” 


Alpha particles that could have arisen from this re- 
action proceeding to the ground state of Al’? were ob- 
served in five different measurements ; however, in only 
three of these was the intensity sufficient to allow an 
accurate Q value to be calculated. The experimental 
conditions for these three measurements, and the re- 
sulting Q values, are given in Table I. 

Incident proton energies were calculated from the ob- 
served energies of protons elastically scattered from Si**. 
Mass values used to calculate 0 were taken from tables 
compiled by Wapstra.* 

The Q value calculated from the 50-degree data is 
seen to be lower than the 90-degree and 130-degree 
values. This is attributed to a difference in the experi- 
mental conditions which arises between measurements 
at angles less than 90 and greater than 90 degrees. For 
angles greater than 90 degrees, the incident and emer- 
gent particles both enter and leave the same face of the 
target, while at small angles the target has to be tra- 
versed. Since the alpha particles lose more energy in 
passing through the target than do the elastically 
scattered protons used to determine the incident energy, 

* This work was supported in part through funds provided by 
the U. S. Atomic Energy Commission, by the Office of Naval 
Research, and by the Air Force Office of Scientific Research 

t Now at A.E.R.E., Harwell Berkshire, England 

'C. P. Browne and W. W. Buechner, Rev. Sci 
(1956) 

?A. H. Wapstra, Handbuch der Physik, edited by S 
(Springer-Verlag, Berlin, 1958), Vol. 38, Part 1, p. 7. 


Instr. 27, 899 


Fliigge 


2.366+0.010 Mev and —5.206 


the (pa) reaction Q values calculated from small-angle 
measurements tend to be lowered. Rather than average 
the results, it seems better therefore to use only Q values 
determined at large angles unless the target thickness 
and constitution are accurate ly known, 

Any deposition of material on the target during ex- 
posure will also lower the measured ( values but now 
for all angles of observation. The most likely material 
to be deposited is carbon, and an examination of the 
structure of the group of protons elastically scattered 
at 90 degrees from carbon in the Formvar target backing 
revealed some evidence that such deposition had oc- 
curred. To reach the target backing, incident protons 
have to pass through the silicon-dioxide film, thereby 
losing energy, so that the elastically scattered protons 
from carbon should have an energy corresponding to a 
slightly lower input energy than those scattered from 


silicon. This was found to be so, the difference being 
5 kev. 


However, the carbon elastic peak showed some fine 
structure which could be interpreted as resulting from 
the presence of a small group of higher energy protons 
superimposed on the main group. If this small group, 
which constituted a few percent of the total scattered 
intensity, arises from elastic scattering in a thin carbon 
film deposited on the illuminated silicon-dioxide face, 
energy of the protons in this group should give an input 
energy slightly higher than that calculated from the 
silicon elastic group. This small carbon group corre- 
sponded to an input energy only 0.1 kev or less greater 
than that for the silicon elastic group so that the de- 
posited film was very thin. Assuming this gives a reliable 
measure of the carbon film thickness, the effect on the 
Si” (pa )Al?? O value would be to lower the 90- and 130- 
degree results by 0.8 kev and the 90-degree O'*(p,a)N" 
value, discussed below, by 1.6 kev. In view of the much 


TaAse IL. Si” (p,a)Al” data. 


Incident Angle 
proton to 
energy incident 
(Mev) beam 


Calculated 
Q value 
(Mev) 


Alpha-particle 
energy 
(Mev) 


8.007 0.007 50 5.178+0.008 
& 588+0.007 90 5 138+0.008 
8.584+-0.007 130 4.609 + 0.008 


2.376+0.010 
—2.365+0.010 
— 2.367 +0.010 
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TasBie II. O'*(p,a)N™ data. 


Incident Angle 
proton to 
L energy incident 
(Mev) beam 


Calculated 
Q value 
(Mev) 


Alpha-particle 
energy 
(Mev) 


8.001 +-0.007 30 
8.000-+-0.007 sO 
8,589+-0.007 90° 


2.580+0.007 
2.295+0.008 
2.0764-0.008 


— §.219+0.009 
— 5.226+0.010 
— 5.208+-0.010 


larger uncertainties which arise in these measurements, 
this effect has been neglected. 

From these results, the Q value for the Si®(p,a)Al’ 
reaction, including relativistic corrections which increase 
the Q value by 2 kev, is —2.366+9.010 Mev. Using the 
mass values quoted by Wapstra, a value of —2.378 
+0.020 Mev is predicted. Further, from the known Q 
values of the Si®(d,v)Al* and Al’’(d,p)Al** reactions,’ 
the Q value for the Si®(p,a)Al’ reaction should be 
— 2.378+0.014 Mev. 


O'*(p,a)N" 


Alpha-particle groups which could be attributed to 
this reaction leaving N™ in the ground state have been 
found with sufficient intensity to allow a Q value calcula- 
tion in three measurements. These are described in 


Table IT. 
The 30-degree Q value is slightly more accurate than 
the other two since the alpha-particle group was very 


intense in this measurement and allowed a more accu- 


* F. Ajzenberg and T. Lauritsen, Nuclear Phys. 11, 1 (1959). 


W. W. BUECHNER 
rate determination of its energy than in the 50-degree 
and 90-degree cases. 

For the reasons given above, the 0 value for this 
reaction will be taken only from the 90-degree result. 
The spread in the Q values in Table II is thought to 
result from increased energy loss effects arising because 
of the considerably lower alpha-particle energies in- 
volved here. The Q value for this reaction, including 
relativistic corrections, is then —5.206+0.010 Mev. The 
value predicted from the masses is — 5.207+0.005 Mev, 
while from the known @Q values for the reactions 
O'*(d,a)N™, C¥(p,n)N", C¥(d,p)C™, N“(n,p)C™,** the 
O'*(p,a)N™ Vv value is expec ted to be —5.207+0.005 
Mev. 

One alpha-particle group observed at 30 degrees with 
an energy of 3.568 Mev has yet to be identified, and it 
is hoped that further measurements to be carried out in 
the near future will accomplish this 

In all these measurements, the energy of polonium 
alpha particles has been used as a standard, the adopted 
value being 5.2988 Mev. More recent measurements 
yield a value of 5.3042+0.0016 Mev.® Allowing for this 
change, the Q values measured here become — 2.364 
+0.010 Mev and —5.201+0.010 Mev, respectively. 

We would like to acknowledge the very careful work 
of the Laboratory’s counting group in locating these 
generally weak groups and the generous cooperation of 
the entire laboratory staff 


‘A. H. Wapstra, Physica 21, 367 (1955 

'G. T. Nijgh, A. H. Wapstra, and R 
Spectroscopy Tables (North-Holland 
Amsterdam, 1959) 


van Lieshout, Nuclear 
Publishing Company, 





PHYSICAL REVIEW VOLUME 


118, 


NUMBER 5 JUNE 1, 1960 


Complete Determination of Polarization for a High-Energy Deuteron Beam* 


Janice Button 
Lawrence Radiation Laboratory, Berkeley, California 


AND 


RONALD MERMOD 
CERN, Geneva, Switzerland 
(Received December 2, 1959) 


Double-scattering measurements have been made which yielded all parameters necessary to describe 
completely the interaction of the deuteron with complex nuclei. Deuterons of 410 and 420 Mev were scattered 
from beryllium and carbon, respectively. Tensor components of polarization, which should appear in the 
scattering of spin-1 particles and which were unobservable at low energies, were determined .to be appre- 
ciably different from zero. The usual vector spin polarization normal to the plane of scattering was found to 
reach a maximum of about 70%. The impulse approximation was employed to obtain estimates of deuteron 
cross section and polarization on the basis of nucleon scattering data 


I. INTRODUCTION 


ANY studies have been made of the spin-orbit 

potential in nucleon interactions.’ Experimental 
work on the scattering of deuterons has been rather 
limited; Baldwin et al.? measured cross sections and 
polarizations for deuteron scattering from various ele- 
ments at 94, 125, and 157 Mev, but did not observe any 
of the “tensor components” of polarization expected for 
a spin-1 particle. Stapp investigated extensively the 
application of the impulse approximation and from 
nucleon data obtained good predictions at 157 Mev of 
deuteron cross section, but not of polarization.’ 

Scattering measurements at a deuteron energy above 
400 Mev, available from the modified 184-in. cyclotron, 
seemed desirable to determine whether the tensor com- 
ponents of polarization might be observable; further, 
a method of using magnetic bending between scatterings 
to separate the two components of polarization appear- 
ing in the cos@ asymmetry was suggested. 

Results of such experiments with high-energy deu- 
terons are reported here. They concern the scattering 
by beryllium and carbon of two polarized beams having 
different tensor components resulting from different 
amounts of bending in a magnetic field. An analysis is 
carried out on the basis of the impulse approximation 
and comparison made with Baldwin’s results. 


Il. THEORY 


The theory of polarization of the deuteron was first 
developed by Lakin’ and subsequently treated with a 


* Work done under the auspices of the U. S. Atomic Energy 
Commission. 

'W. B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1161 
(1956). Robert D. Tripp, University of California Radiation 
Laboratory Report UCRL-2975, April, 1955 (unpublished). O. 
Chamberlain, E. Segre, R. D. Tripp, C. Wiegand, and T. Ypsi 
lantis, Phys. Rev. 102, 1659 (1956). 

* J. Baldwin, O. Chamberlain, E. Segré, R. Tripp, C. Wiegand, 
and T. Ypsilantis, Phys. Rev. 103, 1502 (1956). 

* Henry P. Stapp, University of California Radiation Laboratory 
Report UCRL-3098, August, 1955 (unpublished). 

*H. P. Stapp, Phys. Rev. 107, 607 (1957). 

* W. Lakin, Phys. Rev. 98, 139 (1955). 


different formalism by Stapp.* With a spin-zero target 
nucleus, four independent matrices are necessary to 
specify the scattering matrix of nucleons having a two- 
dimensional spin space; similarly, there must be nine 
linearly independent matrices to describe the scattering 
of deuterons, which have a three-dimensional spin space. 
The application of parity and time-reversal restrictions 
reduces this number to five. For the nucleons, the unit 
matrix and the three Pauli spin operators suffice, but 
for the deuteron there must be included in the scattering 
matrix not only terms linear in the spin operators, but 
second-rank tensor terms as well. 

A convenient set of operators given by Lakin includes 
the unit matrix, two linear combinations of spin 
operators, and three second-rank tensor products of 
spin operators, as well as the Hermitian adjoint of 
three of these. The advantages of this particular repre- 
sentation are that these irreducible operators transform 
in spin space just as the spherical harmonics transform 
in coordinate space, and further that the second- 
scattered intensity may be simply expressed in terms 
of their expectation values. 

As functions of the usual spin-1 operators, those of 
Lakin are: 


T o= 1, 
T11= —(V3/2)(S:+6S,), 
T 1o= (4) 'S,, 
T22.= (V3/2)(S.+iS,), (1) 
T= — (V3/2)[(S.+iS,)S,4+-S(Se+iS,)], 
T = (1/V2)(3S72—2), 
Ts3-m™= (— MT zy'. 
The 7; spin operators may be substituted for the 


R operators in the general expression for the differential 
cross section in second scattering,® 


1 


> (R’), TrM'MR", (2) 
nh, 
* L. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 
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Fic. 1. Geometry of single and double scatterings. 


or for the expectation value of a spin operator after 
single scattering, 


1, (R* (1/n;) TrMM'tR*. (3) 


Here n, is the spin-space dimensionality of the initial 
system; M is the scattering matrix; and /, is the 
differential cross section for scattering of an unpolarized 
beam 

Lakin chooses a coordinate system in which the y axis 
is the normal to the scattering plane, n=k,Xxky,, 
and the z axis is the direction of motion of the once- 
scattered beam. See Fig. 1. He defines a general form 
for M'M and also for MM‘ on the basis of invariance 
arguments and obtains for the second-scattered intensity 


I,=1 (00,6) = 1, (02 1+ (T2)1(T 20)2 
$2(GT uy) GT )e— (T 2 1(T'21)2) cos 
+ 2 T 22)1(T 22)2 cos2¢ |, (4) 


where ¢ is the azimuthal angle between the normals to 
the two scattering planes; (77); represents the ex- 
pectation value of the tensor operator T yj, after scatter- 
ing of an unpolarized beam at an angle 6, by Target 1; 
and (7 y)2 is the same quantity for Target 2. 

The quantity (¢7);) is referred to as “vector polariza- 
while the (Tom) 
polarization” and are associated with a spin alignment 
rather than an orientation. The (T2s¢) tensor may be 
represented by an ellipsoidal surface. See Appendix 
C and Fig 

By arguments similar to those of Wolfenstein and 
Ashkin,® Stapp defines the most general scattering 


tion,” 


matrix satisfying invariance requirements as’ 


’The a, P, and 
coordinate system 


K are unit 
as shown if 
spin operators defined as Sj, 


vectors forming an orthogonal 
Fig. 1(a). The S;,; are symmetrized 
4(S:S;+S,S)—4l4,, with i and j 


are components of “tensor. 


RMOD 


M = a(6)+d(0) Sn, 


+[¢(0)(nn;—}6,;;)+d(0)(P:P;—K;K 1S,;. (5) 


‘ 


This matrix is useful for estimating polarization com- 
ponents in the impulse approximation and also gives 
some understanding of thi of the @ dependence 
of terms in J (62,0). 

If the coordinate system considered has its y axis 
along the normal and its x and z axes in the plane of 
scattering, then (S,) is the only component of spin 
polarization produced in the scattering of an unpolar- 
ized beam; i.e., (S, S,)=0. Further, it can be shown 
that the polarization tensor has one of its principal 
S,S,)=0.5 


origi 


axes along the y axis, or (5,5, 
deflec- 
atterings causes a transforma- 
tion among the various (T 


In a doubie-scattering experiment, magnetic 
tion between the two s« 
wv) components of polariza- 
tion. As the z axis is defined by the momentum of the 
beam incident on the second target, the z and x axes 
are rotated by the magnetic field; further, the spin axes 
of the polarization tensor are caused to precess in a 

field For rela- 
tivistic particles, the latter effect must include the con- 
tribution of Thomas precession.’ The deflection of the 


plane perpendicular to the direction. 


Px 


Fic. 2. (a) Rotatior euteror in axis under the action of 
of the 
Section of polarization 
ng state of polarization 


a magnetic held I iT r iT lirections of motion 
deuteron are represer 
ellipsoid in x 
after single scattering of an unpolarized beam 
parallel to ks, for the Target d beam; t xis p,” is parallel to ka; 
for the Target m beam See | is understood to be 
the expectation value of the s re Values of A refer to 
beryllium scatterings; they sl be n plied | = 1.22). ] 


¢ plane of 


The axis p,’ is 


designating x, y, or ) ~ m described above 
The coefficients a(@), etc., may evaluated in Born approxima 
tion from knowledge of the deuteror icleus and the 
deuteron wave functior 

§ These operators, which ar parity operation, 
have zero expectation values after single scattering because terms 
violating parity conservation and time-reversal invariance are 
not permitted in the scattering matrix M. The same sort of con 
under time 
reversal. In the n-P-K coordinate system defined above, the scalar 
product Spx is odd under time reversal. This means that it 
cannot appear in the scattering matrix M. However, the S,Sxx 
and S,Spp terms of MM! reduc Spx and therefore give a 
nonzero quantity for TrM M'Spx wrientation of the principal 
axes of the polarization ellipsoid plane of scattering would 
be along the P and K directions been required to be zero 
by time-reversal invariance; instead, the should in 
general be at some angle to these directions 

* Alper Garren, Atomic Energy Commission Report NYO-7102, 
January, 1955 (unpublished), appendix B.2; James Simmons, 


Phys. Rev. 104, 416 (1956) 


potentia! 


der the 


clusion caanot be drawn for operators changing sigr 


onentatior 





POLARIZATION OF A HIGH 


deuteron in the x-z plane is given by 


1 eH 
—t 


Weyclotron! . 


Y mac 


1 eH 1 
=—- ——_{= —WLarmorl =f, 
ylmy = ¥ 


with ‘=time and y= (1—£*)~!. (y is positive for deu- 
terons scattered left in a field directed along the positive 
y axis.) The precession of the spin or magnetic moment is 

Wprecess! = ir MLarmort (1 — 7 cyclotron \, (4) 


where uy is the magnetic moment cf the deuteron in 
terms of the nuclear magneton. (See Fig. 2.) Thus the 
angle through which the x-2 axes of the polarization 
tensor are turned relative to the final direction of 
motion 2’ is!® 
A= (Wprecess — Weyer t= (u— 1)n 
= 1.22(0.8565—1)~—4». (8) 
The effect of the magnetic-field deflection on the 
second-scattering cross section is determined by using 
\ to calculate the rotated (T24);' quantities which 
replace the (T2); in Eq. (4). 
(T 29)’ = (1—§ sin*A) (T 20) 
— (3)! sin2A(T2:)+ (4)! sin"A(T 22), 
L(2)) sin2A(T 29) 
+cos2A(T2)—4 sin2A(T 22), 
(T 2 y= (3)! sin*A (T 20 ) 
+4 sin2A(T2)+4 (14+ cos*A)(T 22). 


(9 


One method of derivation is given in Appendix B." The 
equivalent ellipsoid rotation is discussed in Appendix C 


Ill. EXPERIMENT 


A double scattering is necessary to determine the 
polarization components produced in scattering an 
unpolarized beam of particles. The cross section for 
deuteron second scattering may be written 


I ,(02,6) = I.(02)(14+d+e cosp+ f cos2¢), 


where the parameters d, e, and f contain products of 
the polarization components which would be produced 
by scatterings of unpolarized beams at the first and at 
the second targets. [See Eq. (4).] 

The usual double scattering is not sufficient, however, 
to separate the (i7,,) and (T2) parts of the parameter 


(10) 


It was suggested by Dr. V. Telegdi that there might be a 
further contribution to the rotation of spin axes by the action of an 
electric field gradient in the deuteron rest frame on the quadrupole 
moment of the deuteron, this gradient resulting from the strongly 
varying magnetic field gradient observed in the laboratory frame 

See Fig. 3.) The average frequency of rotation is O(dE/dx),./h 
and is found to be smaller by a factor of more than 10" than the 
frequency WLarmor= ull /h 

! Note that the sign of each sin2A term is opposite to that 

given by Baldwin?” 


ENERGY DEUTERON BEAM 


184-4nch Cyclotron 


Fic. 3. View of cyclotron and paths of polarized beams. Desig 
nated in the figure are: d, target used for left scattering; m, target 
usec for right scattering; R, regenerator; M, magnetic channel; 
S, steering magnet; Q, 4-inch quadrupole; c,, premagnet colli 
mator; and c,, snout collimator 


e. To do this, it is necessary to perform second scatter- 
ings of two different polarized beams, one of which 
has been appreciably changed by the action of a large 
magnetic field between first and second scatterings. 

An essential part of the work reported here was the 
use of the magnetic field of the cyclotron to produce 
differing polarization of two scattered beams. The first 
target scattered left from a position close to the exit 
channel; the second was located some 230 deg back of 
the first and scattered to the right a beam which 
passed through the position used for the first target. 
The magnitude of scattering angle and the momentum 
selected were the same in both cases. See Figs. 3 and 4. 

Measurements with beryllium targets were made at 
an energy of 410 Mev with an internal scattering 
angle of 11 deg. A later set with carbon targets was at 
an energy of about 420 Mev and a first-scattering angle 
of 10 deg. Second-scattering angles ranged from 6 to 18 
deg and included the diffraction minimum, Unlike the 
results of Baldwin et al.2 at lower energies, the cross- 
section parameters d, e, and f were all found to differ 
considerably from zero; the angular dependence of 
each was similar for beryllium and carbon. 

An attempt was made to scatter a beam from a target 
in the steering magnet in order to eliminate the effects 
of the cyclotron magnetic field and perhaps some sys- 
tematic errors. However, this was found impractical 
because of an appreciable high-energy tail and also 
considerable low-energy contamination. 

An estimate was made from Baldwin's data that the 
scattering angle for maximum polarization at 400 Mev 
would be 10 or 11 deg. To avoid regenerator action but 
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Meson target 


Dee target 


Dee~. 


6. 
| 
is “ 
4 
z, z, 

Fic. 4. Pictorial representation of Target d and Target m double 
scatterings. Cones represent scattering of particles into angle 6, at 
Target 2 with the darker portions indicating greater intensity of 
particles. The value of the deflection angle 7 is given in the x,y,2 
system in each figure. (These values refer to beryllium scatterings, 
those for carbon being slightly lower in magnitude. ) 


obtain maximum energy, 81 inches was chosen as the 
greatest permissible radius. These choices of scattering 
angle and radius then determined the target azimuthal 
momentum of the scattered beam, 
which were defined by the exit channel because of 
the steep field gradients of the regenerator and mag- 
netic-channel regions. Orbits showed that a beam of 
Hp=1.70X 10° gauss-in. scattered left at 11 deg from 
a target at 74 deg azimuth and also a beam scattered 
right at 11 deg from 210 deg azimuth passed into the 
exit tube and through the beam-defining premagnet 
collimator. (See Target d and Target m in Fig. 3.) 

The uncertainties in scattering angle arising from 
target-positioning errors, from radial oscillations of the 
circulating beam, and from the momentum acceptance 
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Fic. 5. Variatior 
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MERMOD 


Saal 


‘gave a total rms uncertainty 
i and 0.60 deg for 


of the premagnet collimat 


in angle of 0.50 deg for Target 
Target m. 

The radial position of a 
put at 105-deg azimuth to stop regenerated beam and 
pass scattered beam, served as an experimental check 
on the orbit of the deuterons scattered by Target d. 
See Fig. 5. The azimuthal position of Target m was 
optimized after the 105-deg probe was set as earlier 
required by the beam from 

The premagnet collimator (c, in Fig. 3) had a 2X3-in. 
(horizontal-by-vertical Che snout collimator 
(c, in Fig. 3) was 1 in. in diameter and 46 in. long. With 
l-in. thick internal t 
were about 10°/se« 

A range curve of he beryl- 
lium Target d showed it to have an energy of 410+2.5 
Mev. See Fig. 6 of the beam from Target m 
411+4.3 ded 
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POLARIZATION OF A HIGH 


that counter misalignment caused by rotation should 
not have given more than a 0.02-deg error in 62. Unlike 
the situation in nucleon scattering, the 0.1-deg error 
in the setting of this polar angle @, could produce errors 
in the deuteron cross-section parameters, since the 
ratio of polarized to unpolarized cross sections entered 
into the determination of each quantity. 

The second target was generally } in. or } in. thick 
The counter telescope consisted of three plastic scintil 
lators viewed by 1P21 photomultiplier tubes; the de 
fining counter measured 1X6 in. and was placed 43.5 in 
from the target. Sufficient copper absorber was put 
between Counters 1 and 2 to stop most of the in 
elastically scattered deuterons, the amount being varied 
slightly with scattering angle to compensate for chang 
ing recoil loss in the target. The rms uncertainty in the 
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Fic. 7. Polarized cross section vs azimuthal angle for scattering 
from beryllium at an angle of 8 deg. The solid line represents 
Target d scattering; the dotted line, Target m scattering 


angle @ due to multiple scattering, to finite counter 
width, and to beam width was 0.75 deg. 

Alignment was accomplished by taking x-ray pictures 
of the beam at the front and back of the table and by 
comparing counting rates, left, right, up, and down, at 
small values of 6. The estimated alignment accuracy 
was 0.06 deg with the x-ray pictures and 0.03 deg with 
the counters. 

In scattering measurements, an argon-filled 
chamber was used as monitor, with a “multiplication 
factor’ of 1240 for 410-Mev deuterons.” The counting 
procedure was first to check the alignment by measuring 
the unpolarized beam cross section 7, at an angle of 
11 deg with ¢=0 deg (left), 90 deg (up), 180 deg (right), 
and 270 deg (down) and then to measure other /,,(@2) 
at @¢=0. Polarized beam measurements were made at 


1Or 


3 Q. Chamberlain, E. Segré, and C. Wiegand, Phys. Rev. 83, 928 
(1951). 
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Taste I. Asymmetries in polarized-beam scattering. Here 
e/(1+d+-f) is the usual “‘left-right” asymmetry (Jo—J 20) 
To+Ii0); {/(1+d) is “horizontal-vertical” asymmetry. Errors 
are statistical. 


Meson target 


Dee target 
f e/Atde/ {//A+d 


UP) e/Aitd+f) f/(i+d) 


Beryllium 
+O 016 
+0014 
+0024 
+0.016 
+0034 
+0.032 


0.003 +0.012 
0.055 +0.009 
0.070 40.021 
0.069 40 012 
0.073 40.025 
0.105 40.024 


0.487 40.013 
0.562 40.011 
0.488 40.016 
0.448 +6010 
0.312 40.022 
0.185 40.026 
0.206 +-0.030 


0.050 + 0.008 
0.041 40.008 
0.078 40.012 
0.065 40.010 
0.085 40.017 
0.087 40.020 
0.101 40.024 


0.320 
0.402 
0.329 


+0.013 

0.071 
+0.023 
0.167 40.030 
0.114 40.047 
0.170 +0.084 


0.040 40.010 
0.096 40.024 
0.12540.019 
0.095 +0.025 
0.022 40.035 
0.089 +0.075 


0.44440.010 0.035 40.009 
0.054 40.017 
0.098 +0.021 
0,069 +0.025 
0.065 40.030 
0.105 40.035 


0.458 40.023 
0.258 +0,026 
0.201 40.033 
0.212 20.040 
0.182 +0,042 


the four azimuthal settings for every 62. Results near 
6,=A, determined especially carefully, as the 
(T s)(0;) values obtained from these were to be used 
in finding (Ty.)(@) from measurements at other 6. 

Three counting rates were measured at each (6,¢) 
setting: “targct in” with normal delay, “target in” 
with 76 musec delay added to one counter, and “target 
out.” Accidental coincidences were generally about 5% 
of the normal-delay measurements, while the back- 
ground was about 10%. 

Results for the polarized and unpolarized beams at 
the various @ angles were used to obtain the desired 
cross-section parameters" at each angle 62: 


d= (1,/1.)—1=[ Lo+T 00+] sso+1270)/41 4-1, 
e= (Lo—Ts9)/2/,, 
f= (Iot+T iso I 270) 


were 


(11) 
AT... 


(The subscripts designate the angle ¢ or refer to polar- 
ized or unpolarized measurements.) The plot of polar- 
ized-beam cross section vs azimuthal angle at 0.= 8 deg, 
Fig. 7, shows a large left-right asymmetry. The asym- 
metry equal to e/(1+d+/) and that equal to f(1+d) 
are given with statistical errors for beryllium and 
carbon scatterings in Table I. 

Because each of the desired quantities (14d), e, and 
f contained the ratio between polarized and unpolarized 
cross sections, a serious problem arose. Extrapolations 
to zero telescope absorber were found to differ by 
about 10° for the polarized and unpolarized beams 
and to produce a considerable effect in the value of d. 
It was concluded that the various beams were not 
equally free from low-energy particles and that the 
ionization chamber could not be relied upon for absolute 
measurements needed for the computation of accurate 
cress sections. are 

As an alternative to the use of absolute cross sections, 
the assumption was made that the average polarized 
and unpolarized cross sections should be equal at 6 deg 


“ Note that the formulas given by Baldwin*®™ for e and f are 
incorrect, though valid for the particular results of his experiment. 
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Fic. 8. Cross-section parameters vs scattering angle obtained 
with (a) a beryllium Target d and (b) a beryllium Target m ata 
deuteron energy of 410 Mev; and with (c) a carbon Target d and 
(d) a carbon Target m at deuteron energies of 416 and 422 Mev, 
respectively. Solid lines indicate values obtained by normaliza 
tion; dotted lines, by extrapolation. Errors include systematic as 
well as statistical effects 
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(theory predicting hat hould go to zero as 


sin’@) ; and the unpolarized cro ction was normalized 
to the polarized for all 6. Figur shows the angular 
which were 


dependence of the quantities and 4 


obtained both by normalization and extrapolation of 
cross sections. The unpolarized cross sections as functions 
of scattering angle are given i 

The ratios of counting rate at the 
to that at the 


Fig. 6) were ¢ ompare d for @ 


energy threshold 
average energ' f the elastic peak (see 

0 and 10 deg (6=0). The 
red indicated that at 10 deg 
there was an 8% inelasti ta nation of the 


amount by which they diffe 
bearn 
above the threshold 


d, e, and f derived chiefly 


energy 
Errors in 


three 
sources statistic 5 ol 


from 
comparison of polarized 
the 

tt ing ant { } ven with ] fd 
ScaLlering appara u is en wilh vaiues OF d, 


é, and f in Tab ul oO, the 


and unpolarized | misalignment of 


uncertainty in 
internal scattering angl vi 8°, error in the 
quantity (7), 

That subtracted 
verified by obtaining tl m rOSS-SEC 


accidenta was 
tion values at 
several beam it @ angles of 45, 


35, 225, and 315 deg wer msistent witl 


those at the 
usuai an 


Measurements 
polarized beams g 


where 


primes 


indicate transformation of the original 


tensor polarization omponents i the cyclo- 
tron field. The asymmetry paramet » in second 
scattering differed i he beams from Target d 
and Target m (see Fi urther, the (77 and (79) 
are odd functions of scat ingle 6; and thus the 


Target m asymmet 


with all expectatir 
T 2 ’ calcul 


To eliminate lucts from the 


and 
é€ parameters 
obtained by experin t, the expression for the quantity 


e* was added to that 


pM 1 p@ 


(14) 


\é 


1 


This expression he four remaining experimental 


quantities gave stem of quadratic equations for the 
determining of t! To 6; 
To illustrate the method of calculation, the scatter- 


ings from carbon tar with 


6.= 10 


gets with 6,=10 deg and 


and 9 deg will | ynsidered. Cross-section 
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values obtained by using Target d with 6,;=@, 
were: 


10 deg 


To 
I 90 
leo 
| 


333 counts per unit beam," 
232 

209, 

205; 

and the unpolarized cross section was 


I, 


212 counts per unit beam. 
As the average polarized cross section and unpolarized 


i 
cross sections at 6 deg gave a ratio of 


T,,/1 = 2825/2675 = 1.057, (16 


the value of J,,(10°) was normalized to 225. The cross- 
section parameters then obtained for 4, 


d* 
e4= (333— 209) 


10 deg were 
245/225—i1=0.088, 
2 225=0.276, 


f4 = (333+ 209— 232— 205) / 4x 225=0.117. 


By a similar procedure, parameters for scattering of 
the polarized beam from the meson target were found 
to be 


d™=0.250, 
e™ = —0.464, 
f™=(0.092. 

Knowledge of the effective angle of spin rotation for 
beams from Targets d and m, —11.9 and +48 deg, re 
spectively, then gave the rotated tensor components 
of Eq. (9) and the following quadratic expressions for 
the measured parameters: 

d* = (0,936(T o9)+0.494(T 2) +0.052(T o2)) (Tx 

d™ = (0.158(T 2)— 1.22(T 2)+-0.687 (T 22))1(T x 

e4 = 2(0.247(T 29) —0.915(T 2) —0.202 (T 22)) 1 (T21 

etc. +27); (iT yy 

The (i7\,) were eliminated by the sum: 

e™+¢4= —0.188= 2(0.855(T 9)— 1.04(T 
—0.698(T 22))i(Ta1)2. (20 

The values of the 

equations and the 


unknown (T2,) best fitting the above 
remaining two f equations were 


(T (10°) = 0.405, 
(T)(10°) = +0.255, 
T 22)(10°) = 0.235. 


(21 


The rotated (T2)’(10°) given by the expressions in 
parentheses of Eq. (19) were then calculated and the 
appropriate d, e, or f value used to determine the (Ta 

‘8 Unit beam is here defined as approximately 5.210’ particles 
the number necessary to give a certain quantity of integrated 
charge collected from the ion chamber; the time required for 
measurement of J» was about 12 minutes. 
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Fic. 9. Cross section for scattering of unpolarized deuterons (a) 
by beryllium at 410 Mev and (b) by carbon at 425 Mev. Experi 
mental results are designated by solid circles (the size of which is 
greater than the statistical errors.) Open circles represent calcula 
tions done in the impulse approximation with Hafner proton 
amplitudes, the solid curve including the effect of simultaneous 
scattering. In (a), the squares represent impulse-approximation 
results with Bjorklund amplitudes, the solid curve being asso 
ciated with the proton, and the dotted curve the neutron, ampli 
tudes; both take into account simultaneous scattering. Triangles 


show the negligible effect of including the deuteron D state in the 
Hafner calculations 
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rasie II. Cross-section parameters with total errors for scatterir 


berylliu 


ut 410 Mey 


Target d scattering 
Error in dé 
Normal 


ization 


Misalign 
ment 


Normal 
ization 


0.0253 
0.0359 
0.0287 
0.0231 
0.0217 
0.0156 


6: Statistics d + Adrms Statistics 


0.0305 
0.0146 
0.0279 
0.0194 
0.0636 
0.0543 


0.0629 
8° 0.0204 
10° 0.0437 
1° 0.0208 
0.0527 
0.0731 


0.0615 
0.0611 
0.0636 
0.0670 
0.0687 
0.0687 


0.0016 
0.0070 
0.0048 
0.0029 
0.0029 
0.0013 


6 0.00 +0.088 
0.006+4-0.065 
0.034+0.077 
0.090+-0.070 
0.117+0.087 
0.117+0.100 


1 
1 
l 


2 
} 
ering 

Error in 


Target m scatt 
i= k 


0.0027 
0.0068 
0.0055 
0.0047 
0.0043 
0.0020 
0.0011 


0.00 

0.1494 
0.234 
0.250 
0.398 
0.277 


0.367 


0.087 
0.073 
0.089 
+ 0.080 
0.109 
0.114 
0.128 


0.0336 
0.0149 
0.0326 
0.0177 
0.0390 
0.0406 
0.0492 


0.0314 
0.0413 
0.0399 
0.0374 
0.0291 
0.0159 
0.0192 


0.0620 
0.0152 
0.0470 
0.0208 
0.0660 
0.0826 
0.0959 


0.0615 
0.0707 
0.0759 
0.0769 
0.0860 
0.0785 
0.0841 


with d?=0.068, 
F0.338. 


for other @. angles. Thus at 9 deg, 
(T o9)(9 0.068 /+ 0.201 = 

This value was averaged with that from d” 

0.200/--0.617 = 0.324, 


(22) 
0.200, 


(T29)(9 (23) 


j 
l¢ 


for the final resu 

The d¢ and d™ quantities were subject to considerable 
error; however, IBM calculations showed that the more 
accurate measurements of e and f were dominant in 
the analysis and served to determine (T29)(0:) to 3% 
accuracy even if the d measurements were ignored. 

As the system of equations for the (T2s7)(0,) was 
overdetermined, a least-squares analysis, similar to the 

- 


Fermi pion-nucleon phase-shift calculation,’® was used. 


This required the determination of that combination 


of (Tom) value 5 for whk h 


> 


—~ 


i 


Taare III. Cross-sec 


Target d scatte 


Error in ¢ 


Normal 


@: Statisti izatior ment i Irme tatistics ization 


0.031 
0.038 
0.043 
0.040 
0.049 
0.089 


0.0071 
0.0099 
0.0085 
0.0043 
0.0026 
0.0044 


0.0054 
O.JOBS 
0.0098 
0.0050 
0.0019 
0.0002 


0.0162 
0.0297 
0.0342 
0.0367 
0.0495 
0.1016 


0.0214 
0.0290 
0.0352 
0.0321 
0.0441 
0.0858 


0.0214 
0.0224 
0.0229 
0.0234 
0.0219 
0.0237 


0.00 + 
0.0464 
0.068 4 
0.09044 
0.0234 
0.1094 


6 

x 

9 
11 
13 
16 


Target m scattering 


Error i 


0.0071 
0.0091 
0.0060 
0.0066 
0.0070 
0.0061 


0.0078 
0.0083 
0.0035 
0.0037 
0.0013 
0.0008 


0.00 +0.025 
0.200+-0.038 
0.284+0.036 
0.424+0.060 
0.440+0.067 
0.407 +-0.123 


0.0151 
0.0366 
0.0378 
0.0527 
0.0646 
0.0722 


0.0165 
0.0309 
0.0285 
0.0519 
0.0597 
0.1188 


0.0165 
0.0200 
0.0215 
0.0308 
0.0311 
0.0304 


16 FE, Fermi, N. Metropolis, and E. F. Alei, Phys. Rev. 95, 1581 
17 Peter Cziffra and Michael Moravesik, 
(unpublished ). 
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tion parameters with total errors for scattering fror 


University of California Radiation Laboratory 


Error in 4 


Misalign 
ment Mérms tatis izat n 


M isaligr 


ment 


0.0252 + 
0.0186 +t 
0.0163 + 
0.0130 + 
0.0132 ¢ 
0.0083 t 


0.047 
0.043 
0.043 
0.033 001 
0068 0.04 
0.057 { 


0.0127 
0.0099 
0.0156 


0.0002 
0.0031 
0.0044 
0.0046 
0.0050 
0.0067 


0.003 
0.050 
0.072 
0.075 
0.081 
0.109 


0.0016 
0.0070 
0.0048 
0.0029 
0.0029 
0.0013 


+0.013 
+O0.013 
+0.017 
$1 +O0.014 
11 +-0.041 
71 + 0.038 


S/ 


Error in /* 


0.0267 
0.0214 
0.0200 
0.0174 
0.0153 
0.0109 
0.0078 


0 : 
0.6714 
0.6504 
0.6094 
0.4734 
0.2594 
—0.312 


0.053 
0.049 
0.055 
0.045 
0.051 
0.045 


+-0).053 


0.0083 
0.0092 
0.0151 
0.0119 
0.0240 
0.0263 


0.0341 


0.0030 
0.0029 
0.0059 
0.0051 
0.0073 
0.0079 
0.0085 


0.0027 
0.0068 
0.0055 
0.0047 
0.0043 
0.0020 
0.0011 


0.050 
0.047 
0.096 
0.083 


+0.009 
+0.012 
+-0.017 
+0.014 
0.119+0.025 
0.128+0.027 
0.137+0.035 


resents tl 


was a minimum. He 
calculated cross-section parameter 


re x rey i¢ experimental or 


ind Ax‘ the asso- 
ciated error. 

Results of the searcl 
Four possible sets of (7 
the quadratic 
signs in doubt and some cross-terr 
certain relative signs were not det 

The M value 
and also the probability 
Table 


lable IV. 
found, as 
absolute 


) program are given in 
ru) (0 


nature of the it 


small so that 


juatlions ( 

were 
nitely determined. 
t of solutions 
VM larger than this 


good hit, M should 


associate with each se 
for findir 


value are given in [V. For 
be about 2."’ 
The 


octants 


searcl 
of (7 


as containing 


program wa out only in those 


uw) spact indicate y hand calculation 


solution o verify that the four sets of 


solutions of Cases A and B re presented all possible ones, 
the f4/2 equation, which had a negligible coefficient for 


the (T20)(T Tos 


(T2,) on which any solution had to lie for an arbitrary 


term, was used to plot curves of vs 


t 420 Mev 


n carpon a 


Misalign lisalign 
ment tatistics izat ment 


0.0452 
0.0406 
0.0409 
0.0317 
0.0196 
0.0104 


0.040+0.011 
0.101+0.026 
0.1334-0.023 
0.104+4-0.027 
0.023+4-0.035 
0.099+0.080 


333+0.049 
461+0.051 
396+0.054 
201+-0.049 
119+0.053 
205+0.102 


0.0098 
0.0241 
9.0210 
0.0266 


0.035 


0.0009 
0.0022 
0.0028 
0.0022 
0.0005 
0.0021 


0054 
UUBS 
OO9S 
0050 
0019 
0002 


) 


0.079 


Error in e* 


0.012 
0.028 
0.029 


0.0370 
0.0252 
0.0182 
0.0274 
0.0109 
0.0031 


00007 O 
OOO10 f{ 


+0.041 0.0004 
+0.045 0.0273 
+0.042 0.0287 
+0.060 
326+0.066 
281+-0.072 


0.0244 
0.0614 
0.1134 
0.098 +0.036 
0.093+0.043 
0.149+-0.050 


0.0019 0 


0.0357 0.0021 


0.0020 


) 
0 


) 
0 


= 
0.0430 


0.0499 OOS 


(1954) 


Re r 8523, October, 1958 
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value of (T29). Then M was computed for successive 
points along the curves. The points at which minima 
were found corresponded very closely to the A and B 
solutions. 

The rms errors in the (724) were found by computing 
the diagonal elements of the inverse of the error matrix.'* 
As shown in Table IV, the largest of these was about 
20%. 

By considering the limitations on 
statistical weights of the pure states of polarization, 
Lakin® was able to impose a restriction on the (77) 
components resulting from single scattering such that 
any possible state must fall within a truncated cone 
defined in Lakin’s coordinate system by the inequality 


(Tio 2+ (v2< T 22)? S4((T20)+ v2)?, 


the possible 


(25) 


Without including error estimates, the inequality is 
satisfied only for the Case B solution with negative 


Tasie IV. Best-fit (7.7) values and associated M values for 
6,=62, determined with cross-section parameters calculated from 
normalized measurements. (Solutions with the same magnitudes 
but opposite signs for the (T23,) components are also possible. ) 


6 =10°) 
Case B 


Beryllium Carbon 


Case A 


@=117°) 
Case B Case A 
With systematic and statistical errors in d, ¢, and f 
—0.305 +0.070 —0.44640.050 —042020.090 
+0.21040.025 +0.21540.035 +0.230+0.030 
+0.23# +0.012 0.18520.015 +0.26020.025 
+0.49440012 +0.50240.010 +0425+40.024 
7.61 3.43 31.3 
0.02 0.18 ~~ 
and f* 
—().438 +0.007 
+0.257 +0.018 
—0,196 +0.009 


—9.405 +0.030 
+0.255 +0.026 
—0.235 0.014 
+0.465 +-0.020 
1.80 
OA 


M 

O(>M) 

With statistical error in d, ¢, 
T 


—0.450 +0.038 

+0.226 +0.026 

+0.244 +0.021 0.240 +0011 

+0.43040014 +40.46540.014 
27.3 2.01 

0.36 


~—0.405 +0.016 
+0.270 40.052 


7) —0.402 +0.022 
Ta +0.233 40.013 
Ts +0.206 +0.010 

+0.498 40.007 +0.51540.007 


38.4 14.3 
0 0.003 0 


* These results differ more from the systematic fits than they should 
because the relativistic Thomas precession effect was not included in calcu 
lating the rotated tensor components. 


Predictions of tensor-component signs are possible 
also through use of the impulse approximation. In the 
first Born approximation, (J) and (Ts) may be 
calculated from Eqs. (25) and (28) of the Stapp article. 
At small angles, they assume forms proportional to 
@ and can be estimated from nucleon scattering data as 


4 T 20 p= —0.16 { T22)= —0.22 
for 0=4 deg(lab). 


and 
(26) 


These values again substantiate the choice of the Case 
B solution. 

An examination of the physics of the scattering 
process helps further to determine the (T2) signs. 
(Such an argument has been appealed to before in 
choosing the sign of (i7,,) positive on the basis of 
shell-model spin-orbit coupling.) The occupation of 

1s H. L. Anderson, W. C. Davidon, M. Glicksmann, and U. E. 
Kruse, Phys. Rev. 100, 279 (1955). 

% Lincoln Wolfenstein, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Palo Alto, 1956), Vol. 6, p. 43. 
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Fic. 10. Polarization cormponents for 410-Mev deuterons scat- 
tered by beryllium. Errors on experimental points include statisti- 
cal and systematic effects. Impulse-approximation calculations 
were done with Hafner proton amplitudes. The vertical arrow 
indicates the position of the diffraction minimum. (7) is zero 
in the usual impulse approximation. 


the m,=0 state associated with the y axis in the usual 
coordinate system can be shown to differ from the 
unpolarized value of 4 by an amount 


4— N(0) N= 4(3(S 9 ese 2) 


+ 


— (1/V3){T22)— (1/3V2)(T 9). (27) 


For the sign combination of Case A, N(O)/N is very 
close to 4, while for Case B, it is 0.55 for positive or 0.10 
for negative (T The last of these appears most 
reasonable. Spin-orbit coupling should cause spin-up 
particles to be preferentially scattered left, but have no 
effect on particles with m,=0; however, the absolute 
fractional occupation of the latter state should in fact 
be decreased by a left scattering. 
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Fic. 11. Polarization components for 420-Mev deuterons 
scattered by carbon, with impulse-approximation predictions 
from Hafner proton amplitudes. Total errors are indicated. The 
arrow designates the diffraction minimum. 


The parameter d is observed to increase from near 
zero to appreciable positive values as @ increases. This 
behavior might be explained in a simple classical picture 
by supposing the polarized beam to have a predominant 
spin alignment transverse to the direction of motion 
and thus a greater effective geometrical cross section. 
This argument does not support Case A, but indicates 
the correctness of the negative (To) Case B solution, 
0.63, (S,2)=0.90, and (S2)=0.48. 

With the negative ( T 2x0 Case B solutions for (Ton) (81) 
selected, the (Toy 
Averages of Target d and Target m results are plotted 


for which (SZ 
for the other @ were calculated. 


with total errors in Figs. 10 and 11. 
The internally consistent beryllium results and carbon 
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results, which were obtained under somewhat different 
conditions, were checked by comparing calculated with 
measured parameters at several angles 6, in a beryllium- 
carbon double scattering. For only one quantity out of 
difference between calculated 
experimental 


eight examined was the 


and measured values greater than the 


error. 
V. IMPULSE APPROXIMATION 
The matrix describing the scattering of nucleons by 
complex nuclei may be expressed as 


M=e¢(K)+A(K)e-n, (28) 


with K the momentum 
and A(K) take the 
tion 


transfer. The quantities g(K) 
following forms in Born approxima- 


[ provided V,(r)/V.(r)=con 


g(K 


2h 


h(K 1A Zk sind g( K)| V,( 
V.(r) is 
the spin-orbit potential, m is the mass of the nucleon, 


where V(r) is the complex central potential, 
and X, is the proton Compton wavelength 

The impulse approximation in 
implies the use of a Hamilt: 
action between the two nucleons, the 
interaction V,; for Nucleon 1, and a similar interaction 
for Nucleon 2. Then, with the 


equal to V2, the scattering matrix in Born approxima- 


deuteron scattering 
nian containing the inter- 
nucleon-nucleus 


assumption that V, is 


tion becomes 


Ma 
Ma — [fence X*(rio)e~*™ 
2rh? 
J} 


xLV 1) 7 


r 

TA K,k)S-n}. (30) 
The sticking factor 
the deuteron’s 


he probability of 


yr th 


Staying ny ne 


scattering 
proc ess.? 


The La K) and Aa(AK 
matrix can be ¢ xpresse d 


deuteron scattering 
the nucleon scatter- 
ing amplitudes as 


hal KR 


There result tl 
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Calculations for deuteron cross sections and polariza- 


tion components were carried out with the use of 


nucleon scattering amplitudes obtained from Hafner at. 


Rochester* and Bjorklund at Livermore.” Both had 
utilized a Woods-Saxon potential to fit experimental 
data, but with somewhat differing parameters. The 
Hafner amplitudes approximated nucleon cross sections 
much better than those of Bjorklund. 

The deuteron cross sections as calculated with Hafner 
proton amplitudes were larger than experimental meas 
urements by a factor of five or six at small angles. 
Results with Bjorklund proton and neutron amplitudes 
dropped too rapidly with angle; but they were very 
similar, as imaginary amplitudes, unaffected by Cou- 
lomb interference, were much larger than real ampli- 
tudes. Thus it was assumed that neutron amplitudes 
were unnecessary in the calculations done with the 
Hafner data. 

Calculations including the deuteron D state were 
done with the formulas of Stapp.‘ Although the D state 
should contribute tensor terms to the scattering matrix, 
results differed inappreciably from those for the S-state 
wave function alone. 

Tensor terms of the scattering matrix arise also from 
simultaneous scattering of both particles in the deu- 
teron, which gives a contribution to the transition- 
matrix element proportional to VV», in addition to the 
linear combination of V; and V2 of the usual impulse 
approximation.‘ Inclusion of simultaneous scattering 
by use of Stapp’s formulas in calculations at 410 and 
420 Mev reduced beryllium and carbon cross sections 
to within a factor of 2.5 to 3 of experiment at small 
angles and brought agreement at moderate angles. 
However, it gave rather poor results for tensor com- 
ponents of polarization. Predicted (7 ,) values were 
much smaller than experimental results. (See Figs. 10 
and 11.) Near the diffraction minimum, it appeared 
that the assumptions made by Stapp that the ampli- 
tudes for nucleon scattering did not change phase 
rapidly with angle were not valid. 


VI. CONCLUSION 


Results for cross section and for polarization com- 
ponents were found very similar for beryllium and 
carbon, the polarization dependence on angle being 
somewhat more compressed for the latter. The vector 
polarization (#7 ),) is plotted in Fig. 12 as a function of 
the quantity K A! for low and high energies of scattering 
with beryllium and carbon targets. At the higher 
energies, it was found to reach a maximum at about 
8 deg such that (S,) polarization was about 75% for 
beryllium and 65% The (iT) 
showed slight evidence of the usual diffraction-minimum 
behavior observed in nucleon scattering. 


for carbon. values 


“= E. M. Hafner, Phys. Rev. 111, 297 (1958) and private 
communication. 
@ Frank Bjorklund (private communication). 
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Fic. 12. Vector polarization (¢7,) vs momentum transfer times A! 

Besides demonstrating the effects of spin-orbit cou- 
pling, complete knowledge of the tensor components 
in deuteron polarization provides a useful tool for the 
determination of transition amplitudes in the reactivn 
p+p— w*+d and hence for restrictions on p-p scatter- 
ing phase shifts.“ Deuterons of 435 Mev would be 
produced by this reaction with the 740-Mev protons 
available at the cyclotron; however, a determination of 
deuteron polarization using the known analyzabilities 
of carbon or beryllium at 410 and 420 Mev would be of 
value only if the formalism assuming S- and P-wave 
production were revised. Useful information for the 
analysis of the p+p-—+2*+d reaction at a proton 
energy of 415 Mev could be obtained by scattering 
deuterons at an energy of 420 Mev, degrading, and 
analyzing at a much lower energy of 235 Mev. As other 
necessary data are already known,” restrictions on p-p 
scattering phase shifts would then be determined at 
415 Mev. 
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APPENDIX A. LAKIN INEQUALITY 


In a coordinate system with the z axis along the 
normal to the scattering plane, the pure states of 
polarization may be described by 


Vir=Xo, 
Wo= AX,1+ BX, 
¥2:= B*X,;—-A*X1, 
with X,,, Xo, and X_, the eigenstates of S,. If these states 


have statistical weights of \,, Ae, and A3, the density 
matrix has the form 


Ae 1*+ A,” 0 (Ax Ag) A B*) 
0 hy 0 
(Ax—Ag)A*B O )AgB*+A;A? 


Equating terms in this matrix to those in the Ty repre- 
sentation and choosing A and B to be real gives 
AsA?-+A3B?, 
3A?2+A.B?, 

V3 (Ao—As) AB. 


AL 1+ (9)*(T 10) + (1/V2) (T 20) ] 

Af 1— (9)*(T 0) + (1/V2) (T 20) | 

(T 2 

Obviously, then since (A2—A3)? < (A2+As3)”, there results 


(T yo ; + (v2< T 2)? < 4((T 29) +-V2)?, 


APPENDIX B. ROTATION OF THE POLARIZATION 
TENSOR BY A MAGNETIC FIELD 


The simplest method for transforming the (T ym) is 
to express the S,S,; in terms of the Ty and to carry out 
an orthogonal transformation representing rotation 
through the angle A. [A=y(u—1)n. See Fig. 2. ] Just as 
a spin vector expressed in the x-y-z coordinate system 
can be transformed for rotation about the y axis by 
taking 


cosA O —sind (Sz 
Si=| 0 1 0 | S,| =AS, 


sink 0 cosk J | ae 


so the tensor spin products can be transformed with the 
same matrix A: 


(SS)’=A(SS)A—. 


One obtains (SS)’ in terms of the original SS(T7 s,,) 
elements and trigonometric functions of A. Equating 
the expressions for each element of (SS)’ then gives 
the formulas included in Baldwin’s Appendix?” (though 


AND R. 


MERMOD 


with opposite signs for the sin2\ terms). For example, 
(4)'(—(Tn)’- 
“ae 


"| 


(4) sin2y. 
APPENDIX C. POLARIZATION ELLIPSOID 


the polarization tensos 
SS is analogous to the moment-of-inertia ellipsoid. It 
can be represented by a surface whose equation is 


The ellipsoid associated with 


i= (S/ pz + (Ss py t+ (S2)p/ 
+ ((5,5,)+ (S,5S $,5,)+ (8,5 


yw 2//P2ePy Tt | zm Ip sz/)/PrPz 


Syed (SS y))pype- 


The effects of rotating the polarization tensor about one 
of its prince ipal axes can be ¢ iSIly determined by con- 
sideration of the rotation of the ellipsoid cross section 
in the plane perpendi ular to this axis. (See Fig. 2.) 

As a simple example, the Xo eigenfunction of S, gives 


expectation values of spin products which ar 


0, 


and (S,?)' are the 
form a degenerate 
of radius 1 extending to 
plus and minus infinity along the 

If this cylinder is rotated through an angle A equal 
to 90 deg, the new ellipsoid should be a cylinder of 
radius 1 extending to infinity along the z axis. The final 
value of (S,?)' after rotation gives 


The reciprocals of 
ellipsoid axes and in this ast 
ellipsoid, namely, a cylinder 


¥ aXlis 


(T 2)’ = (1/vV2)(O—2 v2 


This agrees exactly with the 


‘found from the first 
[see Eq. 9 |. 
The ellipse corresponding to the Case 


of the rotation equations 
B solution of 
the (7 s)(6;) equations for carbon gave 


(§,2)-§=1 o/ Sse 21.58 


The 


0.56; the rotation equations 


for the deflected beam from the 
value of ( T2 
gave (T2»)” 


meson target. 
‘ then was 


—0.536. 
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Electromagnetic corrections to the ratio between charged and uncharged pions produced along with 
either a triton or helium-3 from 600-Mev protons incident on deuterium have been estimated. It was found 
that the main correction comes from the difference in triton and helium-3 wave functions. It was not found 
possible to correct unambiguously for the effects of mass difference between charged and uncharged pions. 
An enhancement of around 10% of positive pions was obtained with an estimated uncertainty of +3°%. The 


result agrees with experiments at CERN 


INTRODUCTION 


N recent years there has been considerable interest 

in the hypothesis of charge independence. Previous 
experiments with nucleon- and #-meson scattering, as 
well as evidence from the ground-state nuclear physics, 
showed that the hypothesis is at least crudely correct. 
The more ambitious investigation of Puppi and 
Stanghellini,' using dispersion relations, on the experi- 
mental evidence on x*p and x~p scattering left some 
doubt, however, for the exact applicability of a charge- 
independent theory. As a good experiment for the test 
of charge independence, several authors have suggested 
the reactions 

p+d— H*+2* (a) 


1 
p+d— He’+x° (b). ”) 


If the electromagiietic interactions are neglected in 
(1), H® and He’ are distinguished only by different z 
components of total isotopic spin T=4, with 7T,(H") 
= —4 and 7,(He*)=+}4. The deuteron has 7=0 and 
the pion has T=1 with T,(#*) = +1, T,(x°) =0 and one 
thus obtains, if the electromagnetic field is neglected, 


da,/dQ:do,/dQ=2:1, 


for all angles and energies and irrespective of coordinate 
system. The experiment has the advantage that the 
initial state is the same for both reactions. It further 
involves both nucleons and # mesons. The above- 
mentioned experiment has been performed at Berkeley’ 
and at Chicago’ and has now also been done at CERN.‘ 

Charge independence is assumed to apply only for 
the specific nucleon or meson forces while one has to 
correct for electromagnetic interactions. If the mass 
differences between charged and uncharged mesons and 
nucleons are believed to have an electromagnetic 
origin, the corresponding correction will be included in 
is. Now at Laboratory of Nuclear Studies, Cornell University, 
Ithaca, New York. 

! G. Puppi and A. Stanghellini, Nuovo cimento 5, 1305 (1957); 
A. Stanghellini, Nuovo cimento 10, 398 (1958). 

*K. C. Bandtel, W. J. Frank, and B. J. Moyer, Phys. Rev. 106, 
802 (1957). 

* A. V. Crewe, E. Garwin, B. Ledley, E. Lillethun, R. March, 
and S. Marcowitz, Phys. Rev. Letters 2, 269 (1959). 

* D. Harting, J. C. Kluyver, A. Kusumegi, R. Rigopoulos, A. M 
Sachs, G. Tibell, G. Vanderhaeghe, and G. Weber, Phys. Rev. 
Letters 3, 52 (1959). 


a complete electromagnetic correction. From a field 
theoretical point of view the coupling constants for the 
w-meson fields are believed to be charge independent 
but the exact validity of charge independence in an 
experiment will be destroyed by the electromagnetic 
interactions. 

The electromagnetic field will have essentially two 
separable effects. First, the wave functions will be per- 
turbed. Secondly, as the masses become different, the 
kinematics of the two processes will no longer be exactly 
the same. The final state momenta differ with the result 
that scattering angles and cross sections transform 
differently when one moves from the laboratory to the 
center-of-mass system. The experimental cross sections 
quoted in this paper have been corrected to the c.m. 
system. 

In the experiment the triton and helium nuclei are 
counted at the same angle in the laboratory systet. 
We wish to make the test of charge independence in the 
center-of-mass system, and in this system the reaction 
products thus come out at different angles and also with 
different energies or momenta. 


TREATMENT 


We assume the transition matrix element T to bea 
function of the variables g, 6, ¥s, and ¢ where g denotes 
the pion momentum, @ the angle at which the pion 
emerges, ¥3 is the wave function of the triton or helium 
nucleus, and c denotes the charge (-+ or 0) of the pion. 
We thus assume that the only effect of the different 
masses for charged and uncharged particles is that the 
energy conservation law gives different momenta to the 
pions, while the transition matrix is a function of the 
pion momenta only and not of the mass. It seems natural 
to assume a momentum instead of an energy dependence 
of the matrix. We will, however, come back to this 
question later on in this paper. 

The g and @ dependence could, under our assump- 
tions, be found experimentally just by measuring 00/00 
and da/dq for, e.g., reaction (1a). In the last experiment 
one has of course to vary the initial energy. 


MODEL FOR THE REACTION 


In order to proceed to obtain the corrections due to 
different ¥; and c we have to understand the reactions 
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more fully. We construct an approximate model for the 
reaction and introduce the electromagnetic 
corrections as well as possible. We have to believe, of 
course, that the corrections are not too sensitive to the 
model adopted and that the model is not too far from 
the truth. We do not require absolute cross sections to 
good accuracy but require the variation of cross sec- 


then we 


tions with our variables to be accurate enough. 

To construct our model we use an impulse approxi- 
mation type of calculation originally proposed by Chew® 
to describe the scattering of neutrons by deuterium. 
This or similar approximations have since been suc- 
cessfully applied to other reactions involving larger 
nuclei. It should work especially well for a loosely 
bound nucleus like deuterium and at a high energy. In 
this theory the interaction is reduced to free two-body 
interactions between the elementary particles (nucleons 
and pions in this case) while the binding effects appear 
as form factors as the particles, instead of being de- 
scribed by plane waves as in free collisions, are de- 
scribed by momentum distributions. Thus we bring 
into our model the matrix elements for pion production 
from nucleon-nucleon collisions which are better known 
than our original matrix element called T. 

We denote the matrix element for the meson pro- 
duction in two-nucleon collisions by® 


Mr1 (PQ), (2) 


where T and 7” are the total isotropic spin for incident 
and final nucleons, respectively, while P and Q are so 
defined that the pion and the two nucleons have mo- 
menta 0, P—40 and P+40, respectively. In addition 
to My, there will also be a Mo,”, the latter being the 
matrix element for a final deuteron. 

The impulse approximation gives r-meson producing 
amplitudes from collision with one of the deuteron 
nucleons leaving the other unaffected and these ampli- 
tudes will be of the type [compare the papers by 
Ruderman’ and Bludman*® }: 


. 
fra (0 fy rxxWp(a exp[ix: tk La’) |dx 


x Mtr rq®) expLir-(k—q‘/6) |dr. (3 


Here wW3(rxx) is the wave function of the final bound 
three nucleon system as function of the relative co- 
ordinates between the nucleons. wp(x) is the deuteron 
wave function. As before c is the charge (+ or 0) of 
the produced pion. Thus ¥;°=Wue, Wat =u. In p3° we 
have put equal the coordinates of the two colliding 
particles relative to the untouched one. This should 


be justified as the x-mesons result from close collisions, 


5G. F. Chew, Phys. Rev. 80, 196 (1950) 

*S. Mandelstam, Proc. Roy. Soc. (London) A244, 491 
7M. Ruderman, Phys. Rev. 87, 383 (1952). 

8S. A. Bludman, Phys. Rev. 94, 1722 (1954) 


1958 


KOHLER 


i.e., M(r) is short ranged. k is the incident pretons mo- 
mentum. 


CORRECTION FOR yn—vun,. DIFFERENCE 
We write the wave function for the 


vu= Nye tons 


triton as 
"19)6—* Det | na,nB,pa' , (4) 


where r;,; denotes relative nucleon distances. a and 8 are 
ordinary spins; m and p denote neutron and proton, 
respectively. We put ay =0.907 X10" cm~. We expect 
the main electromagnetic effect in the three-nucleon 
system to be the ~-p Coulomb interaction in He’ so 
that we write: 


vu [Nu6 . Det pov 


“es 
nae *? "He + my, |(1+-m?)-*, (5) 


’ 


where the complete wave function is again antisym- 
$y; Is the normalized T= wave function for 
He’ now mixed in due to pp Coulomb interaction and m 
is the admixture. The Eq. (5) gives the wave function 
for the relative distance between two of the partic les 
with and without Coulomb beHerti and 
e~tH"s, respectively. To estimate ay. we note that the 
lowest state of the particle in a Coulomb field is de- 
scribed just by the function e~! 


metric. 


nteraction as é¢ 


* with a= 2ye*/h? where 


u is the reduced mass. Thus ay corresponds to a charge 
We get #&=602 


0.872 and we 


& anh? m;, m is the nucleon 
<10-” while &= 23.04 10 
obtain Nj,/Ni.= 1.090 

To correct for the ~u—wWx 


wave functions (4) and (5 


mas 


Thus an, 


put the 
, respectively, into (5). We 
find that all the Mrz to the final T=4 
state of the 3-nucleon We note, however, that 
in (3) the correction due to the p-p Coulomb repulsion 
in He* appears only in the integral over x except when 
M;, is involved. This matrix « 
production a pp— ppr” reaction 
will in this case appear in tl 
My should, howeve A 


difference we 
will contribute 


system 


lement implies for 7° 
the correction 
Che element 
be the least important and we 


and 


e coordinate Fr. 


shall neglect it in this treatment 
We now put foryp(4 
tion: 


Hulthén wave func- 


in (3) the 


vp(x) = (e-**—e r, B=0.229%10" cm 


Y 1 371 10 


(6) 


We then obtain for the form factor 


where A‘* ssion 


xpre 


with at=an, a aQutTan 





CORRECTIONS TO RATIO 


o 


TABLE I. Correction for difference between hydrogen-3 
and helium-3 wave functions. 
14 


144 
64 


Pian” 8.6 


6e.m.° 66 
Correction “7 8.3 


51 


7.9 


153 


6.2 


38 
8.1 


160 


5.9 


We then obtain the correction to the ratio on:/en.', 
in percent as a function of scattering angle of the H® 
or He’ system. (See Table I.) The energy of the incident 
proton is 600 Mev (lab). 

We have also to study the effect of the T= 4 state 
admixture in He*. If we call o; the cross section for 
T=} production of He and o; the T= 4 production the 
ratio due to the admixture alone would be: 


20,(1+-m?*) 
a,+m’o; 


where m is the admixture [Eq. (5) ]. Isotopic spin im- 
purities have been studied by MacDonald.’ A crude 
(over) estimate of the admixture we get from 


m® S (Eo— Es), | C? | ¥4), (9) 
where @ is the part of the Hamiltonian that gives AT = 1 
transitions. Effectively C=e/2r,;. Putting y, 
(ane=an). We obtain 


j 
¥ He 


m? <0.4/(Eo— E) me? =6X 10, (9a) 
with Ey—E£,;=8 Mev which is the binding energy of 
helium. We expect oo, as in our impulse approxima- 
tion only the Mr; can contribute to a final T= § state 
for the 3-nucleon system. We get an overestimate of 


the correction by putting ¢j=0 and we thus obtain a ' 


correction <0.6% to the ratio. For ¢j=0, there would 
be no correction. We will not include this correction 
in our final answer. 

We have previously found that the correction due to 
¥ue—VWn difference is important. We know, however, 
that the wave functions (4) or (5) are only approxi- 
mate and wish to investigate how sensitive our results 
are to the assumptions about these wave functions. 

Bransden, Robertson, and Swan” have written 


Vue= Vine expl—(v/2) ¥ 1,7) 
ij 


¥u= Nu exp[—(A/2) © 1,7), 
ij 


and have determined » and A from minimizing the 
energy including the appropriate p-p Coulomb inter- 
action to obtain 


v=0.1404 10" cm A=0.1436 10" cm. 
*W. M. MacDonald, Phys. Rev. 101, 271 (1956) 
” B. H. Bransden, H. H. Robertson, and P. Swan, Prox 
Soc. (London) A69, 877 (1956) 
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This gives Ny*/Nué=(A/r)'=1.069 which is to be 
compared with our previous value 1.090," 

A severe drawback of our functions (4) and (5) is the 
neglect of the (by now) well justified hard core in the 
nucleon-nucleon interaction. We have estimated the 
effect of the hard core on our correction Ny/Nn. by 
calculating this ratio with: 


¥(r;;) 


¥(r;;) 


0 ry<ro=0.55X10-" cm, 


y a(rie+r +r ) 
Neo tetritrn 1a) 


(11) 


with a=0.907 X10" cm™ and a=0.890X10" cm™ to 
obtain 
0.907)/N la 


Nia 0.890) = 1.066, 


while without the hard core 


N(a=0.907) /N (a=0.890) = 1.057. 


We thus conclude that the hard core tends to increase 
the correction due to normalization by around 1%, 
We have also estimated the effect of the hard core 
on the ratio of the form factors (7) but found that the 
only effect came from the normalization constants N ,. 


CORRECTION DUE TO q,*—q,* DIFFERENCE 


We have previously stated as a natural assumption 
that the matrix element is a function of g and that this 
dependence can be measured experimentally. The cross 
section for the reaction (1a) was measured at 590 and 
600 Mev of the incident proton in laboratory system 
and the result was ¢(590): (600) = 1.063+0.036." Cor- 
recting for the difference in phase space and incident 
proton velocity at these two energies we obtain 

AT?/T?= 0.035810 3179 | (12) 
and there will thus be a correction of 3.58% to the 
ratio due to difference in meson momenta. 

We could correct in a similar way for the fact that 
the mesons come out at slightly different c.m. angles. 
It was, however, not found practical to measure the 
angular dependence of the cross sections, so we have to 
rely upon our model to make this correction. We calcu- 
late the difference in c.m. A@=6y'—6y,* and then obtain 
the correction in the form factor. These corrections are 
given in Table II. There is also an angular dependence 
in the matrix elements Mrr’. From Puppi,” we obtain 


Considering the difference in methods we think that the 
agreement is satisfactory. At the same time, however, we point 
out that the value Vy_"?/Ny.? = 1.090, which is used in our calcula 
tions, is an estimate only. A more convincing way of calculation 
would have been to use a variation method on the functions (4) 
and (5) as was used for the functions (10). Unfortunately, the 
functions (10) do not lead to explicit expressions for the form 
factor (F ) 

The author wishes to thank Dr. D Harting, Dr. J. C. Kluyver, 
Dr. A. Kusumegi, Dr. R. Rigopoulos, Dr. A. M. Sachs, Dr. G. 
Tibell, Dr. G. Vanderhaeghe. and Dr. G. Weber for obtaining 
these unpublished results 

%G. Puppi, 1958 Annual International Conference on High- 
Energy Physics at CERN, edited by B. Ferretti (CERN Scientific 
Information Service, Geneva, 1958) 
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Taste II. Correction for difference between center-of-mass 
angles for charged and uncharged pions as obtained from the 
form factor (7) 


Pian” 14 11.3 8.6 


9o.m.° 66 144 51 153 38 160 
MA(rad) 10* &4 84 54 54 37 37 
Correction % +-0.86 0.88 +0.44 0.46 +0.22 0.24 


M ww” |? ~0.5+ cos, while the other matrix elements 
are more isotropic. Table LII gives the correction to be 
expected from | M,»” |? and the total angular correction, 
i.e., the correction from Table II added. 

Experimentally,’ however, it is known that the 
angular distribution is flat for the small c.m. angles." 
(This may be due to a hard core* and other corrections 
such as the other Mrr’ neglected in this estimate of 
angular dependence.) We thus neglect the angular 
correction for the small c.m. angles. 

To obtain the corrections in this section we relied 
upon the assumption that the matrix element is a 
function of pion momentum. Another sensible guess 
would be that it is a function of energy (or of both 
energy and momentum). The question cannot be di- 
rectly answered by experiments but one has to rely 
upon a theory of pion-production which is, however, as 
yet incomplete. If, however, we believe that the varia- 
tion of the matrix element is due to the final state 
pion-nucleon interaction which is not too strong, the 
the reaction should be momentum dependent. If, on 
the other hand, the interaction is very strong, then the 
theory of resonances should be applicable and an 
energy dependent matrix element would seem more 
natural.'"* We can only conclude that the question 
cannot as yet be satisfactorily answered. We note that 
the same difficulty appears in any test of charge inde- 
pendence involving charged and uncharged pions. 


CORRECTION DUE TO z*—7=° 
CHARGE DIFFERENCE 


We also have to estimate the effect of having in one 
final state a charged pion (leaving a triton) but in the 
other an uncharged pion (leaving helium). In this dis- 
cussion we still keep to the pure impulse approximation, 
i.e., neglect multiple scatterings which will be discussed 
in the next We just wish to investigate the 
case when the r° leaves the two colliding nucleons in free 
space but the x* leaves them in a Coulomb field of these 
two nucleons. To study this effect we consider the pion- 
nucleon interaction. As is well known, this is mainly a 
p-state interaction. From a knowledge of the p-wave 


section 


“W. J. Frank, K. C. Bandtel, R. Madey, and B. J. Moyer, 
Phys. Rev. 94, 1716 (1954) 

‘8 The quoted experiment involves 340 Mev while we discuss 
600 Mev incident protons. Roughly the same angular pattern is 
expec ted 

‘6 The difficulties indicated in this section were brought out in a 
discussion with Professor R. G. Sachs and Professor Y. Yamaguchi. 
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phase shift the wave function is known up to the region 
of interaction. If we believe that the Coulomb inter- 
action is negligible within the region of nuclear inter- 
action,'? we then know the wave function in this region 
in the charged case also except for its amplitude, which 
is obtained from fitting to the Coulomb wave function 
outside this region. 

From Brueckner,'* we 
energy §3;=105°. The 
region is given by 


220-Mev 
the 


lab 
outer 


obtain for a 


wave function in 


vo (kr) =G(kr)+cotéF (kr). 
where G and F are the irregular and regular wave func- 
tions for the charged or uncharged case. The logarithmic 
derivative is 

G' (kr)+coté br 

G(kr)+cotéF (kr 


With r=1.4x10 cm, k=1.7X10" cm, 
f —11.18. In terms of f we get 


we get 


g(kr) =1/CF (kr) — fF (kr) J, (14) 


from which we calculate the ratio 


with f the same in the charged and uncharged case as 
stated above. With e/hv=0.007 we obtain R=1.005. 
Thus the amplitude for the case when the positive pion 
is produced and interacts with the proton in the triton 
nucleus is 1.005 times the amplitude when produced at 
a neutron. The charge effect will be largest when the 
two colliding nucleons are left in a singlet state, whence 
the amplitude will be a—4a’ if the pion-nucleon has a 
T=} interaction,® wl and a’ are the amplitudes 
from production of each of the nucleons. As a~a’, there 
would be at most a 1.6% correction in the squared 
amplitude if a= 1.005a’. This 
be partly cancelled by the a’ 
the triplet amplitudes a+ 4a’. There may, of course, be 
some important effects but are 
We will neglect this 
We only note that 


ere @ 


correction will, however, 

4a amplitude as well as 
interference these 
practically impossible to handle. 
Coulomb effect in our final estimate 


{-mass 


TaBie III. Tot 


a 


9 
lab 
a 66 5 15 38 160 
Correction “; 0.94 0.32 0.17 
Total angular 0.08 —0.41 
correction “% 


0.10 


177... Van Hove, Phys. Rev 
KK. Brueckner, Phys. Rev 


88, 1358 
86, 106 





CORRECTIONS TO RATIO 


the effect will be to increase w+ relative to #' 


production.” 


CORRECTION FOR DIFFERENT PHASE SPACES 


Due to the r+—7x° and He*— Hi? mass differences the 
phase space factors will be different for the two re- 
actions. The relativistic phase space factors will be: 


gr En*E,* 

P,* == 540.0, 
E,* + Ey? 
r wE i ,° 

ri te = 543.9. 
E,°+ Eve 


Thus the correction is 0.72%. 


CORRECTIONS TO THE IMPULSE 
APPROXIMATION 


In order to obtain the previous corrections we used 
as a model the impulse approximation. There are thus 
two essential approximations involved. First, there is 
the use of matrix elements Myr-(2N — 2Nzx) off the 
energy shells of the involved reactions although experi- 
mentaily they are only known on the energy shell. 
However, it is fairly well established that the reactions 
2N — 2N-x depend mainly on the final state, so we do 
not expect any severe errors to be brought in here. It 
is actually only in the angular correction that we con- 
sidered the Mrr- and we did not find this correction 
important. 

Secondly, there is the effect of multiple scattering. In 
general, we expect this effect to decrease with increasing 
energy and be small for a 600-Mev proton incident on 
deuterium or a 200-Mev pion emerging from H?’ or 
He’. Also, the pion scattering on the two colliding par- 
ticles is already included by use of the appropriate 
Mrr’. We could correct for the distortion of the incident 
proton by putting, instead of initial plane wave with 
sharp momentum &, a wave with some spread Ak and 
similarly in the final state. Then we would have to 
integrate over these Ak and Ag. The correction would 
thus be an averaging effect and should be small. 

These corrections to the impulse approximations 
will, however, only give corrections to our previous 
corrections, as with the electromagnetic effects neg- 
lected, but the more exact treatment we do get the 
ratio o,*/o,°=2/1. 

Now there is however also the possibility of electro- 
magnetic scatterings where isospin is not conserved. 
Thus the initial state which is mainly a T=} state can 
produce a T=} state through an electromagnetic scat- 
tering. As a total T=} state gives a ratio o,*/o,°=} 
there will be a negative correction to the uncorrected 

We expect a still smaller correction in collisions for which the 
proton in the triton is the spectator nucleon and the two colliding 
nucleons are neutrons in the final state. Thus, this correction is 
neglected. 


o(p+d—~H!+r°) 


o(p+d—~+He'+r°) 1349 


Taste IV. Ratio of cross sections for charged and uncharged 
pions (measured at the same laboratory angle). The electro 
magnetic corrections included are referred to in the text. 

Poo a 
2.22 2.17 


114° 36 
2.22 2.15 


129° 27 
2.21 2.16 


Pion c.m. angle 
Ratio R 


ratio 2.” We can imagine that the incident proton wave 
function around one nucleon in the deuteron is admixed 
with some 7'= 3 state in addition to 7=4, and that the 
T =} state results from inelastic, electromagnetic scat- 
terings from the other nucleon in deuteron. As there is 
thus involved a double scattering, an inelastic scatter- 
ing, and an electromagnetic scattering, all of which tend 
to be small, we argue that the involved correction is 
negligible. The same correction would also appear in 
the final state. 

We also point out another correction which we have 
neglected, and which is also of electromagnetic and 
nonisospin conserving type. The incident proton emits 
virtual photons which can produce pions by interaction 
with deuteron.” However, this correction is apt to 
be small. 


SUMMARY AND DISCUSSION OF CORRECTIONS 


We have thus found that the Coulomb corrections 
are of the order of several percent and not negligible. 
We found the largest correction to be due to the dif- 
ference between H* and He’ wave functions and espe- 
cially due to the normalization of these wave functions. 
We did not find it possible to correct unambiguously 
for the fact that the mesons, due to different masses, 
come out with different momenta. It seems that the 
pion production has to be better understood theo- 
retically in order to do such a correction. We have not 
tried to correct for the 7=% admixture in an inter- 
mediate state, or for the virtual photoproduction of 
mesons. 

Adding together the corrections from Tables I and 
III (the corrections for the small c.m. angles put equal 
to zero as discussed) and from (12) and (16), we obtain 
for the ratio of o,*/o,* as a fun tion of pion c.m. angle 
(shown in Table IV). 

Due to the lack of a detailed theory of pion produc- 
tion, which leads to an uncertainty in corrections such 
as the momentum correction, and due to the neglected 
corrections we expect the error in the result to be +3%. 

Experimentally‘ R was measured at 129° to be 
R=2.26+0.11 which is thus in agreement with our 
estimated value R= 2.21. 
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An analysis is made of the angular distribution and polarization of 185-Mev prot 
by carbon. A rough calculation using the distorted wave Born approximation sl 
quantitative agreement is poor, that the 4.4-Mev level of C™ may be interpreted as a c 


I, INTRODUCTION 


N analyzing the polarization of high-energy nucleons 
elastically scattered by nuclei, it is customary to 
use an optical model potential which has a spin-orbit 
interaction term proportional to the gradient of the 
spin independent part. Such a potential may be written 
as 
1 dp 
Vcp(r)+V s(h/uc) a: 
rdr 


I, (1) 


where Al is the nuclear angular momentum operator 
and p contains the spatial dependence of the potential. 
The purpose of this paper is to extend the use of this 
potential to the treatment of inelastic scattering in 
terms of the nuclear collective model. 

Ruderman,' and independently Maris,? proved that 
the treatment of the inelastic scattering in terms of 
the collective model in the Born approximation gives 
and 
inelastic polarization. But the agreement of the Born 


the same explicit expressions for both elastic 
approximation calculation with the experimental results 
is known to be only qualitative. The disagreement 
becomes signifi antly large in the neighborhood of the 
diffraction minimum. An improvement over the Born 
approximation is achieved by taking into account the 
distortion of the wave functions. Since the low excited 
states, as well as the ground states, of many nuclei are 
well described by the independent particle model, many 


1M. Ruderman, Phys. Rev. 98, 267 (1955) 
? Th. A. J. Maris, Nuclear Phys. 3, 213 (1957 


ustically scattered 
though the 


tate 


authors have studied the inelast 
of this model.’ On 


scattering in terms 


the other hand, the collective model 


has been equally successful in bringing out certain 


characteristics of nuclei and 


attempts to interpret the 


there have also been 


inelastic scattering along 
referred to as I) the 


Strauch Titus® 


this line.‘ In reference 5 (furthe 
96-Mev 


analysed. Since no polarization effect 


proton data ol and were 
was measured in 
for the sake 


spin-orbit inter- 


this experiment, the analysis was made, 


of simplicity, without including the 


action term of (1). In order to bring out the collective 


nature of the nucleus, the nuclear boundary was taken 


as a spheroid 
(2) 


where {’ is measured from a principal axis of the 


spheroid which, in turn, makes an angle Q» in the 


space-fixed coordinate system. In this paper we follow 
lude 


the method of I but in the spin-orbit term of (1). 


funct ire simply Yo 
Y "(Qb0) for a U+ sta a )+ 


The nuclear wave (Qo) and 


state, respectively. 


The nucleon wave functi constructed by taking 


the distortion of the For high- 


energy incident nucleons the fractional change of the 


waves into 


account. 


id hence the incident beam 


wave number is negligible ar 


?P. Benoist, C. Mart ysica 22, 1173 
1956): C. A. Levinson and Janer Phys. 2, 471 
1957): H. A. Bethe, Ar *hys. ‘ , - J J Squires, 
Nuclear Phys. 6, 504 (1958 
*H. S. Kohler, Nuclear Phy 19 
5K. Nishimura, Nuclear Ph $25 (1958 
*K. Strauch and F. Titu 2 Rev. 103, 200 


1958 SO 
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INELASTIC 


and the scattered beam are written as 


j 
“il 
he Jo 


i an 
r+ f V(r+hes)ds|, 
hv J; 


where wtky and wkp are the nucleon momenta before 
and after the scattering and rv is the speed of the 
scattered nucleon; k=k/k. 


x 


V (r—hys as. 


exp 





Il. CALCULATION 


The nucleon-nucleus potential is (1) where the well 
parameters are complex, 


Ve=—(Vert+iVer), 
(4) 
Vs=VsrtiV sr 


As for p, a spheroidal Woods-Saxon potential would 
naturally be more realistic but in order to simplify the 
calculation we use the spheroidal square well, i.e., 
p=1 inside the boundary (2) and p=0 outside. 

The nuclear wave functions are simply spherical 
harmonics and the nucleon wave functions are obtained 
by substituting (1) into (3). However, a direct sub- 
stitution of (1) into (3) would lead us to expressions 
containing spin operators in the exponentials. We can 
avoid such expressions by first noticing 


V s<ye*, ‘ (5) 


for a high-energy incident beam’ and then neglecting 
the distortion of the waves due to the spin dependent 
part of the potential. This method of simplific ation 
was already used in the calculation of elastic polariza- 
tion® and yielded a satisfactory result even though, as 
pointed out by Kéhler,‘ it is in general not correct to 
omit the distortion due to the smaller part of the 
scattering potential. In addition, we shall assume 61 
so that we can approximately write the nucleon wave 
functions before and after scattering: 


iVe 7” 
Yom exp tho t= f p'(r—kos as. 


iVe f” 
vr exp] ike r+ f oat hss] 


v 


where p’(r) is now not a spheroidal but a spherical 


square well, i.e., p'(r)=1 for r<R and p’(r)=0 for 
7W. B. Riesenfeld and K. M. Watson, Phys. Rev. 102, 1157 
(1956) 


* K. Nishimura, Phys. Rev. 110, 1166 (1958 
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r>R. Then the integrals in (6) are easily reduced ; 
fi oe huss r-ko+[ (rho) +R? }}, 
0 


zx 


fi others —rhypt[(r-keY+R!—e}h, 
0 


The transition amplitude from a ground state (0+) 
to an excited (2+-) is obtained from matrix 
elements of the form 


state 


| 
f V o"* (Qo Wr*(r) VY  (Q)Wo(r)dQodr 
{ tr IRB n 

(7) 
A,+B,a°fi, 


where A,, and B,, are complex numbers and n is a unit 
vector normal! to the scattering plane. The differential 
cross section and the polarization are 


da/dQ« > ( 


wr 


~ hat 


Am|*+ | Ba|*), (8) 
and 
AmreBur+AmtBmt) 


’ 


P 
| 2+ | B,, |?) 


— 


where the summations are from m=—2 to +2 and 
the second subscripts R and J on A and B mean the 
real and imaginary parts of A,, and B,,. 

An approximate calculation is done as in I. First, 
by assuming 61, we rewrite the integral of (7) as 


kK 
feoae > [ Pdr f anda R'*g V2(Q’ )dQdQy. 


at reek é 


The first term on the right-hand side vanishes due to 
the orthogonality of the spherical harmonics. Secondly, 
we observe that RV¢/fv is satisfactorily smaller than 
1 and expand the second terms in the exponential (6) 
in power series. We keep the first two terms of the 
expansion when they are multiplied by the smaller 
term of the potential. The result is: 


iVeKR 
/ Shok 


h 2 | 2 } 
B.-( ) PV sino ijo(KR)— 
Me | 


21 
G, (KR) a 
.¥ Sho 


Ao= —Vej2(KR) GA(KR), 


r, 
jo( KR) 


VcKR 2VcR 
~ G:(KR)————G(KR) |, 
\/ Shok 9/ Shit 


h\? BP VeVs sin0 
Bu=i( ) G;(KR), 
pe \ Sarhvk 


Age= — (2iV2R/vV/ 5hv)G,( KR). 


Byo= —2(h/uc)P (RV cV sR sinO/+/5hv)G,( KR), 
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Fic. 1. The calcu 
lated (solid curves 
and the observed 
dashed curves) an- 
gular distribution 
and polarization of 
185-Mev protons in 
elastically scattered 
by carbon 





where © is hK is the momentum 


the functions defined as 


attering angle, 


transfer and are 


G1 (&) 


G2(t) i'j ) f re@rse sind cosy! dQ, 


. 
Upilé P}(w Pi (w)dw, 


« 


sin8 cosy! dQ. 


Gi(E)=L (21+ DE | VY P(Q)¥s7(Q) 


0 


easily evaluated and the G functions 
series involving spherical Bessel 
quickly converging and 


These integrals are 
expressed as 
T hese 


easily evaluated. 


are 
functions. series are 


Ill. DISCUSSION 
Since the improvement over the Born approximation 
was one of the aims of the present work, we shall first 
compare our results with what we would obtain if the 
Born approximation were used. By the Born approxi- 
mation, we would obtain 


A Vej2(KR), 
Bo=i(h/ycyPk’ Vs sin@j.(KR), 


RA 


and all the other A’s and B’s are identically zero. 
Then the differential cross section is zero at 72(KR)=0 
and this gives diffraction mi 
position of the first diffra 
able to deduce R. 

On the takes the 
form of zero over zero at iffraction minimum and 


ma, or by measuring the 
nimum one would be 


other hand, tl xpression (9) 


the polarization does not show a dip which one observes 
experimentally.’ 

Now in the present 
correction 
considerable 
cannot be determined 


f the problem, the 
terms to tl jorn approximation are of 

magnitud t KR)=0 and hence R 
But because of these 
correction terms, A’s and do not become zero at 
re. Since Jo is 
of the 


xamine the ¢ xpre ssion 


the same scattering angle am much 
eal than the othe "Ss IT 
greater than tl ther / 


diffraction mit 


vicinity first 


imum, we I 


10) 


in order to study how a dit in appear In the present 
calculation. With < 
we find that Bo; becom« 


yle choice of well parameters, 
zero first, then Aoz, Bor, and 
Aor in this order as we increase the scattering angle. 
Then between the Agr and Bo; 
spectively, and also between those for 
numerator of (10) 
sa dip. 

lculated differential 
cross sections and polarization are shown for 185-Mev 
protons ex¢ iting the 4.4-Mev level of C’. The theore- 
1 Mev, Vcr=10 
Mev, R/ A! 


iim of this paper is not to 


become zero, fe 
Aor and B, xr, the two 
have opposit signs ine 


In Fig 5. the observed 


tical curves are calculated with V, 


Mev, Vse=0.5 Mev, Vs; 1 
=1.310-" cm. Since th 
the best fit 


and ry 


obtain imental result, no 


extensive search for tl he well parameters 


It is fou 


section curve is less 


was carried out the differential cross- 


' | , nt } 
ively dependent upon the 


well parameters than tl irization curve. 


Although the quanti agreement is still poor 


one may conclude along the line of reference 5 that the 


4.4-Mev level of C” can be regarded either as a collective 


lual particle excitation. 


state or as an indivi 
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With the Pb target material divided into 1.27-cm slabs between hodoscoped Geiger tubes and surmounted 
by a magnet cloud chamber, a study has been made of the interactions of fast ~ mesons in which at least 
one evaporation neutron is produced and no additional charged particles emerge from the slab. The cross 
section-average neutron multiplicity, om, is (15.24-2.1)X10- cm* per nucleon. From hodoscope obser- 
vations without neutron coincidence it is found that for an electron-initiated shower to stay concealed 
in a 1.27-cm Pb plate its energy must be less than about 100 Mev. With the help of “approximation B”’ 
track length theory and experimental photonuclear neutron yields, we calculate that hidden knock-on 
showers contribute (5.8+1.2)X10~™ to the total yield om (cross section times average multiplicity), 
leaving (9.4+2.4)X10-™ cm?* per nucleon as the result for the direct u-meson nuclear interaction. This 
analysis is supported by the agreement between the number of visible showers observed and calculated. 
The neutron yield in the direct interaction is found to increase with u-meson momentum. The Weizslicker- 
Williams approximation is used to calculate the effect expected from the interaction between the electric 
charge of the u meson and the nucleons. Within the rather large uncertainties involved in the use of this 
approximation, there is excellent agreement with the experimental results 


I. INTRODUCTION 


INCE the discovery of the production of evaporation 

neutrons by fast u mesons,' that phenomenon has 
been the subject of several experiments at this labora- 
tory.2 The study of the direct u-meson-nucleus inter- 
action is complicated by the presence of two other 
mechanisms giving rise to the detection of an evapo- 
ration neutron associated with the passage of a pene- 
trating cosmic-ray particle. One is the direct nuclear 
interaction of fast protons. Though fast protons only 
constitute some 0.9% contamination of the sea-level 
cosmic ray u-meson beam, their cross section for nuclear 
interaction is much greater than that of the uw mesons, 
so that they could contribute appreciably to the 
observed neutron yield. The other mechanism is pro- 
duction of an energetic knock-on electron by a u meson, 
a photon in the resulting cascade shower giving rise to 
a photonuclear neutron. The present experiment em- 
bodies features which should permit clear separation of 
these effects from the direct u-meson-nucleus inter- 
action. It is also designed to show the dependence of 
the u-meson-nucleus interaction on w-meson energy in 
the Bev range. 


* Based on the thesis submitted by J. de Pagter to Washington 
University, April, 1958, in partial fulfillment of the requirements 
for the degree of Doctor of Philosophy. Some of the results were 
presented at the New York meeting of the American Physical 
Society, January, 1958 [J. de Pagter and R. D. Sard, Bull. Am 
Phys. Soc. 3, 34 (1958) ]. 

f Supported by the joint program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission 

t Now at the Cambridge Electron Accelerator, Harvard Uni 
versity, Cambridge, Massachusetts. 

?R. D. Sard, Phys. Rev. 80, 134(A) (1950); R. D. Sard, M. I 
Crouch, D. R. Jones, A. M. Conforto, and B. F. Stearns, Nuovo 
cimento 3, 326 (1951). 

*H. C. Wilkins, Ph.D. thesis, Washington University, Sep 
tember, 1952 (unpublished); M. Annis, H. C. Wilkins, and J. D. 
Miller, Phys. Rev. 94, 1038 (1954); E. J. Althaus and R. D. Sard, 
Phys. Rev. 91, 373 (1953); B. F. Stearns, D. R. Jones, J. de 
Pagter, and R. D. Sard, Phys. Rev. 106, 1043 (1957) 


Il. APPARATUS 


The geometrical arrangement is shown in Fig. 1. As 
in the experiment of Stearns et al.,? the Pb target 
material and its surrounding neutron detecting array 
are located under the Washington University magnet 
cloud chamber. The chamber is triggered by an event 
designated (ABC: N)—an (ABC) prompt coincidence 
followed by the detection in the BF, proportional 
counters of at least one thermalized neutron in delayed 
coincidence (5-230 usec). A filter of 22.9 cm Fe is 
placed between the target material embraced in the 
neutron detector and the C tray. The target material— 
Pb alloyed with 4% Sb—is divided into six 4-inch slabs 
and one 3-inch one, with Geiger tubes above, below, 
and in between connected to form a hodoscope [i.e., 
when an (ABC:N) event occurs, a record is made for 
each Geiger tube as to whether or not it discharged in 
prompt coincidence with (ABC) ]. The electronic 
circuits also provide a record of the number of neutrons 
detected in the delayed coincidence gate. 

Discrimination against proton interactions is pro- 
vided by the determination of the sign of the charge of 
the entering particle by means of the magnet cloud 
chamberx, by the observation of possible shower de- 
velopment in the multiple-layer hodoscope, and by the 
requirement of penetration through the 22.9 cm Fe 
filter between the target and the C tray. Proton inter- 
actions are known to be quite catastrophic; according 
to the observations of Mylroi and Wilson’ at sea level, 
in at most 10% of the proton interactions does a particle 
capable of penetrating 5-10 cm Pb emerge. If a proton 
interaction does give a penetrating secondary, it would 
make a shower in the hodoscope. So, if the data are 
restricted to interactions by penetrating particles show- 
ing no multiplicity in the hodoscope, the proton contri- 
bution to it should be small. Finally, the sign of the 


*M. G. Mylroi and J. G. Wilson, Proc 
A641, 454 (1951). 
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as the number of 
at sea level is negligible. Protonic 
would make the ratio of positive to 
negative particles larger than the well-known value for 


entering particle provides a check, 
negative protons 
contamination 
sea level cosmic ray mu mesons.‘ 

There is very little dense material above the target, 
in order to minimize effects due to secondaries of local 
interactions. To be accepted in the analysis, the cloud 
chamber picture is required to show one and only one 
track 

he main reason for dividing the target material into 
thin slabs with hodoscoped Geiger tubes in between is 
to detect knock-on electron The arrangement 
is an approximation to a multiplate cloud chamber for 
observation of shower development. The procedure for 
estimating the number of hidden knock-on 
from the number actually will be discussed 
detail below. 


counter age 


showers. 


showers 


seen 


The Pb target material was alloyed with Sb to give 
the necessary strength to the slabs to permit mounting 
them by the edges. A test showed that the Sb content 
has no effect on the neutron detecting efficienc y. The 
target material is enclosed by the neutron detecting 
array, an 8-inch thick shell of paraffin in which are the 
sixteen BF, 2-inch diameter by 38-inch 
length, at a depth of 2 inches from the inside 


counters.® of 
active 


*G. Puppi in Progress in Cosmic Ray Physics (North-Holland 
Publishing Company, Amsterdam, 1956), Vol. ITI, p. 365. 

* The counters were made by the N. Wood Counter Laboratory, 
Chicago, Illinois, using enriched boron provided by the Isotopes 
Division of the U. S. Atomic Energy Commission 


AND R D 


ILLUMINATED 
VOLUME OF 
CLOUD CHAM- 
BER 


1G. 1. Geometrical arrange 
ment. The magnet cloud chamber 
is between the A and B trays of 
the Geiger tube telescope ABC. 
The Pb target material forms a 
with eight layers of 
tubes. It is 

enclosed in a paraffin wax BF, 
proportional counter neutron de 


tecting 


“sandwich” 


he KLOsSCOpe a 


Geiger 


Soe 


S's we wate 


QQ 
MN 
\ SY 


ft behind the counters 
sensitivity to The 
in detecting neutrons from a cali- 
target is 12.1% . and 
within 5% 
type of 


surface. The 4 inches of paraffin | 
reduces the neutron 
measured efficiency 
brated Ra-Be source placed in the 
uniform throughout the target material 
of that figure. The large 
detecting system is due no doubt to the almost complete 
enclosure of the solid 
angle subtended by the detector exceeding 2” steradians 
for ever f the target The effi lency for detection 
of cohe ns in the 22 

reduc 150 usec 
det 3%. This value 

+ 10% 


he source 


from outside. 


efficiency for this 


target by the long counters, the 


) usec coincidence gate is 
mean life in the 
considered to be 
correct in the absolute 
calibration of 1 


The ( loud chamber® 


uncertainty 


inch internal diameter 
’ 12-inch diameter 
Neoprene diaphragm 
window. 


glass cylinder closed at 

magnesium piston mounted on a 
and at the front by a glass-water-g 
The region illuminated and photographed is 12 inches 
in diameter by 3 inches deep. The chamber is filled 
with argon and vapor from 63:37 ethanol-water mixture 


lass double 


to a total pressure of 96 cm Hg at 27°C 
The expansion ratio is controlled by the position of 
the piston when the chamber is compressed, which is 


| chamber and electro 
Ph.D. Thesis, Washington 
lished The design and 
ber system was a group 
Jone s for 


* A more detailed description of the 
magnet can be found in B. F. Stearns 
University, September, 1956 (unpul 
construction of the magnet cloud char 
effort, but pa 
his contribution .o the basi 


ticular credit should be given to D. R 


lesign 





INTERACTIONS OF I 


in turn controlled by the pressure applied behind the 
piston. The motion of the piston from the forward 
position to the back stop takes place in 6 msec, without 
bouncing. The track width is about 0.7 mm in the 
chamber. The deiay before flashing the lights is 50 msec 
To minimize convection currents, pre-existing or arising 
during this period, an elaborate thermal jacketing 
system is used. Water is pumped around the chamber 
at the rate of 30 gallons per minute through passages 
in thermal contact with every metal portion of the 
chamber frame and also with the water cell in the 
double front window. As the magnet yokes run at a 
higher temperature than the chamber, the water is 
made to run from bottom to top, warming with heat 
absorbed from the magnet yoke as it goes. The gradient 
obtained in this way is 0.1°C. The input temperature 
of the water is controlled to within 0.01°C. The room 
temperature is kept 2-4°C below that of the jacket by 
means of an air conditioner. Under these conditions 
the chamber is free from convection currents. At the 
same time, there ‘s no indication of nonuniformity of 
condensation. A sample picture, showing an unaccom- 
panied positive particle of 15 Bev/c, 
Fig. 2. The figure also shov.s the hodoscope record of a 
particle penetrating the target without making a visible 
secondary and without appreciable scattering (no effort 
was made to locate the neon lamps exacily to scale). 

The magnetic field is 8500 gauss at the center of the 
chamber. The extreme variations of the axial field in 
the illuminated region are +14.6% and —12.2%. The 
actual variations along a track selected by our telescope 
are a good deal smaller because oi the limited dip (6°) 
and slant (18°) that are permitted. In any event, the 
calculation of the momentum from the measured 
curvatures on the film makes use of the measured field 
distribution, so that the inhomogeneity is only of 
computational concern. The coils of the magnet are 
wired in two groups, which can be connected either in 
conjunction (usual operating condition) or in opposition 
(“‘zero-field” runs) without alteration of the heat pro- 
duction in the copper. Zero-field runs were interspersed 
throughout the period of taking data, in order to 
determine the precision of the momentum measure 
ments. 


is reproduced in 


Ill. TECHNIQUE OF MOMENTUM MEASUREMENT 


The curvatures of the track images were measured 
on a prism compensator.’ In this instrument one 
balances out the track curvature by introducing a 
variable curvature of opposite sign. This null method 
is fast, and more than accurate enough for our purpose, 
as shown by the zero-field curvature distributions 
presented below. 


7P. M. S. Blackett, Proc. Roy. Soc. (London) A159, 1 
\ careful study of the errors has been made by K. H. Barker 
Thesis, Manchester, 1952). Details of our instrument, procedure 
and calibration can be found in J. de Pagter, Thesis, Washingtor 
University, April, 1958 
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Fic. 2. Sample cloud chamber and hodoscope picture. The cloud 
chamber picture shows a single positively charged particle of 
15 Bev/c momentum. The picture shows that it 
penetrated the target hodoscope without any extra Geiger tubes 
being discharged and without appreciable scattering (the neon 
lights are not positioned exactly to scale), 


hodose ope 


momentum from these 
, one must determine the position of the 
track in the chamber. This has been found by repro- 
jecting the pair of views back through the same lenses 
which were used to take the picture onto a mova le 


In order to calculate the 


measurement 


screen perpendicular to the axis of the projector. The 
coordinates of a biob are found by moving the screen 
in and out along the axis until the two images of the 
blob coincide. The depth coordinate must, of course, be 
corrected for the effects of the window, which is absent 
from the re-projection arrangement, and of the gas 
expansion. The former is eliminated by measuring 
depth relative to that of the reprojec ted im.e of the 
velvet on the piston. The latter is calculated on the 
assumption of a uniform 
ratio minus one. 

The effective magnetic field was taken to be the 
value of the axial field at the center of the track. This 
assumption should not introduce an error of more than 
2 or 3%. 

Correction must be made for the curvature introduced 
by the camera lenses and the chamber window. The 


strain equal to the expansion 


correction for this systematic error was determined by 


photographing a set of fine wires under tension mounted 
in the chamber, measuring the coordinates of the wire 
images by means of a Gaertner comparator and com- 
puting the curvature of the image by a least-squares 
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Fic. 3. Histograms of the corrected curvature in image space, 
for the two lenses, of 82 zero field tracks. The curvature is in 
units of 10° mm™ on the film, corresponding to an inverse 
momentum for a track in the middle of the chamber of (29.3 
Mev/c)™. By each histogram is written the mean and the standard 
deviation. 


procedure.* For each lens curves were then plotted of 
distortion curvature as a function of position, and the 
appropriate ordinate was subtracted from the measured 
track curvature. Unfortunately the wires were photo- 
graphed at //8 while the cloud tracks were photo- 
graphed at f/11. As the lenses (selected Zeiss Biotars, 
40 mm focal length, {/2) are very much stopped down, 
there should be little change in the distortion between 
f/8 and f/11. 

With the small dip and slant angles of our tracks, 
the corrections for conical projection and radial mag- 
netic field amount to less than 1%,* and may be 
neglected. 

Information on the over-all precision of momentum 
measurement is given by the histogram of the no-field 
curvatures. The results for some 82 tracks are shown in 
Fig. 3, the data for the two lenses being plotted sepa- 
rately. The agreement in mean and standard deviation 
indicates that the optical corrections (which are very 
different for the two lenses, and considerably larger 
than the widths of the histograms) are accurate, for the 
two lenses are, after all, making images of the same 
tracks. The displacement of the mean from zero curva- 
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ture, by 1.5X10~* mm on the film, corresponding to 
20 Bev/c, shows that there is a residual systematic 
error.’ Correction is made for this error, as well as the 
optical one, in calculating the momentum. The widths 
of the histograms imply a remarkably small random 
error, the standard deviations being 1.04 10~* mm™! 
and 0.85X10-* mm for the left and right lenses, 
respectively, corresponding to 28 and 35 Bev/« 

The momentum is, then, calculated from the curva- 
ture on the film, corrected for systematic errors; the 
axial magnetic field at the center of the track; and the 
magnification appropriate to the de pth in the chamber 
of the center of the track. That the over-all correction 
for systematic errors is accurate is shown by the 
reasonable shapes of the momentum spectrums of 
interacting positive and negative particles presented 
below (Fig. 4). A small residual systematic error would 
result in a large excess of particles of one sign in the 
middle of the spectrum. To allow for residual uncer- 
tainties in the systematic corrections, we take as our 
“maximum detectable momentum’ 20 Bev/c; i.e., a 
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Taste I. Data and corrections. The total number of (ABC: N 
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events is 541, of (ABC) 5$32. 


The categories Type I, Type I, and Type III are defined in the text 


Type I 


(no shower or knock-on) 


(ABC: N) 


(ABC) 


. Raw data 442 
Normalized to 4-inch slabs 4054-23 
. Correction for accidental coincidences 
. Correction for unassociated type II 
and III events 
Corrected number of events 


momentum of p Bev/c has an estimated standard error 
of p*/20 Bev/c. 


IV. DATA 


During a total sensitive time of 44 055 minutes, 541 
cloud-chamber and hedoscope pictures were taken 
using the ABC:N trigger which fitted the following 
specifications. 

1. There was a single, minimum-ionization track ‘in 
the cloud-chamber. 

2. Only one Geiger tube was discharged in the hodo- 
scoped Geiger tube tray above the first lead plate. 

3. The particle, as shown in the hodoscope picture, 
did not appear to stop. (The geometry of the experiment 
was such that it was possible for a particle to miss part 
of the hodoscope and still be in the solid angle of the 
ABC telescope. Discarding these merely makes the 
bottom tray of the hodoscope partly determine the 
solid angle of the apparatus.) 

A run was also made in which no detected neutron 
was required (ABC alone) to enable the background 
corrections to be determined. A total of 532 ABC 
pictures were taken which met the above specifications. 

Both the ABC: N and ABC data were grouped into 
three categories, as shown in Table I. Type I are cases 
in which the particle penetrated the entire hodoscope 
without giving rise to any detected showers in the 
hodoscope. (A detected shower is defined here as an 
event in the hodoscope in which one or more counters 
were discharged which were not in the direct line of 
flight of the particle.) Type II are identical to Type I 
except that in some one hodoscope tray two adjacent 
counters were discharged ; presumably these are due to 
a lone knock-on electron, or a small knock-on shower. 
Type IIi events are the remaining detected showers. 

Interactions by u mesons in which there is a large 
energy transfer would in all likelihood produce visible 
multiplicity in the hodoscope and be therefore experi- 
mentally indistinguishable from neutron producing 
knock-on showers. This has led to an attempt to find 
separately the number of neutrons produced by u 
mesons in interactions where the energy transfer is 


in Cosmic Ray Physics (North Holland Publishing Company, 
Amsterdam, 1956), Vol. ILI, p. 253] specify the precision by the 
probable error of the Gaussian fitted to the no-field histogran 
On this basis, our ‘“‘maximum detectable momentum” is 30 Bev /< 


358 
3054-20 
— (14443 


+(95+1 
26242 


Type It 
(shower) 
(ABC) (ABC:N) 


Type I 
(knock-on) 
(ABC) (ABC: N) 


47 85 9 98 
74+11 111414 1946 125414 
(26+ 1) — (742) 


(75411 
10+18 


— (194-6) 
99415 


5 
5 


small, corresponding to there being no visible secondary 
under a 1.27 cm (} inch) Pb plate. To this end the 
following corrections to the number of Type I events 
must be made. 

The first correction, embodied in the second row of 
Table I, is to estimate the number of Type I, I, ana 
III events which would have been seen had all rather 
than only half of the producer been divided into half- 
inch slabs. For the Type III events there were 22 of 
the 98 seen which would have appeared as Type I if the 
first three inches of lead had been solid. Similarly 31 
of the 85 Type IT events would then have been classed 
as Type I. There were also 5 Type If events which 
had been initiated in the second tray and which were 
contained in the first three inches of iead. This last 
number is used to estimate the number of Type ITI 
events which were classed as Type II because they 
started in the slab just above the three inch thick block. 
These two types of events are not exactly equivalent 
to each other, for the latter had an extra half-inch of 
lead in which to develop, but since this correction is 
small in the first place the error is very minor. The 
total number of Type III events which would therefore 
have been identified, had the bottom three inches of 
lead been divided into half-inch slabs, is 984-2245 
=125. Similarly, there would have been 85+31—5 
=111 Type II events and only 358—22—31=305 
Type I events. 

In the same way, in the A BC run there were 8 Type 
III and 29 Type II events which would have appeared 
as Type I had the upper three inches of the lead 
producer block been undivided, and 2 cases of Type ITI 
which would have appeared as Type II had they 
started in the seventh tray. Therefore the corrected 
numbers of ABC events are 405 Type I, 74 Type II, 
and 19 Type III. 

The errors tabulated are statistical. They have been 
calculated by squaring the errors of the component 
terms, adding, and taking the square root. Due care 
must be used that the components chosen are statisti- 
cally independent. For each one the standard error is 
estimated as the square root of the number of events. 

The third row of the table gives the correction for 
accidental coincidences between the penetration of the 
hodoscope and the A, B, and C trays by a charged 
particle and the detection of an unassociated neutron 
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by the neutron counter array. It is determined as in the 
following example. The background correction to the 
305 Type I ABC: N events is the product of the ABC 
rate, the ABC: N running time, the fraction of ABC 
events that are of Type I, the A BC: N coincidence gate 
length, and the background neutron counting rate: 


(4.30/min) X44 055 minX (405/532) 
225 10~* sec K 4.438 /sex 


( ‘po (Type I 
144. 


Since all of these quantities are very well known relative 
to the statistical errors in the data, with the exception 
of the fraction of A BC events of Type I, 405/532, the 
error in the expected background contribution is almost 
entirely due to the error in that ratio. The fractional 
error in the ratio was calculated in the same manner 
as before and is 2.3210, so the error in the 144 is 
144 2.32«10°?=3.3. The background contributions 
and errors for Type II and III events are calculated in 
a similar manner, and all are to be found in Row 3 of 
Table I. 

The final correction (Row 4) is for true Type I 
events in which the « meson also produces an unrelated 
knock-on or shower visible in the hodoscope, leading to 
[ype IL or ILI. This number can be 
assumed that the probability of a u 
meson producing a visible knock-on or shower is essenti- 
ally the same in the ABC and ABC:N runs. This is 
not stric tly true, for the spectrum of w mesons in the 
cosmic radiation would be expected to be different from 
the spectrum of « mesons interacting with nuclei, as 
the interaction probability is dependent on energy. 


classification as 
computed if it is 


However, the difference is not important in this case. 
Che correction is taken from the (A BC) data, and for 
the Type I events is simply the fraction of Type IT and 
[ype III events found in the (A BC) run times the total 


number of (A BC) events 


[ (74+ 19) /532 ]X541=95415 


the error being calculated as before. 

The fifth row shows the final corrected totals normal- 
ized to }-inch Pb slabs. For the Type I events the 
number is 262+25, confirming clearly the existence of 
low-energy transfer interactions of fast ~ mesons.' For 
the Type II events (small showers), it is seen that there 
is no evidence for any neutron production in this type 
of event—suggesting that showers concealed in the 4 
inch plates make only a small contribution to the Type 
I yield. The result for Type III events—99+15 
shows unequivocally the production of evaporation 
neutrons in association with sizeable showers. 

rhe number of Type I events, 262+25, translated 
into a cross section-neutron multiplicity product per 
mu meson is (15.2+1.5)10~-” cm? per nucleon in Pb. 
rhere is an additional 10°7, error in the absolute neutron 
detecting efficiency. The number of Type III events 
99+-15, (5.8+0.9)X10-" cm? per 
nucleon. The total neutron yield from the direct and 


( orresponds to 
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shower effects is 15.2+5.8=(21+2.7) 10 
nucleon. 

The experiment also gives the momentum spectrum 
of the interacting 4 mesons. In Fig. 4 is shown a 
histogram of the number of tracks per Bev/c momentum 
interval of Type I ABC:N events. It contains 311 
tracks selected on the basis of the cloud 
chamber. The interval with 
momentum to keep step with the increasing uncertainty 
in the momentum measurement (Pmax=20 Bev/c). 
ive particles in each 


cm’ per 


lengtl in 


momentum increases 


The numbers of positive and negat 
momentum interval art 
ratio is 1.50+-0.18, as compared to the known value 
This difference not outside the 


reasonable atistical 


shown. The positive-negative 


for uw mesons of 1.25 
bounds of a 
the Fe filter should di 
interactions which 
it is felt that the difference does not represent a proton 
contamination 
of the order of 
results. 

The approximate const the 


fluctuation. Since 
scriminate strongly against proton 
are not recognized in the hodoscope > 
In any event a proton contamination 
10%, would have little effect on the 
positive: negative 
ratio in the histogram proper allowance for 

measurements has 
a pronounced 


systematic errors in t 


been made. Otherwise there wi be 


bump or dip in the ratio, the spectra of positives and 


l¢ dire tions 


n Oppo 


negatives being shifted 
The experimental spectrum ol 
(A BC: N) 
interactions, 
knock-on showers. TI 
spectral shape of the incident radiation. Its area equals 
the ABC rateXrunning timeXFXF’XABC:N gate 
length.‘ 107+7.5. Here F is the 
ABC pictures that appear to be of Type I and F’ is 
(BC: pe I pi selected for 
momentum Che error results mainly 
from the FXF’. The 
correction is not, however, subject to 


apparent Dype I 
events contains, u idition to direct nuclear 


and 


correction has the 
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accidenta Ol if ICCs 


e background 


rate fraction of 


the fraction of tures 
measurement 


uncertainties in shape of the 
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known accurately in tl 
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discussion of it until Se rt 
63413 events. The sha f the curve is much less in 
doubt than its height. The final Lype lA Be 
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nuclear interactions, is sl he first graph 
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By comparing the shape of the experimental momen- 
tum spectrum of interacting 4 mesons with that of the 
incident ~ mesons, we can find the dependence on 
momentum of the cross section-neutron multiplicity 
product. For three ranges—0.65 to 3 Bev/v, 3 to 10 
Bev/c, and 10 Bev/c on up—the ratio has been com- 
puted of the number of detected interactions to the 
fractional area under the incident u-meson spectrum. 
The results, using the histogram of Fig. 5(a), are shown 
in the first row of Table IV, normalized to unity for 
the first interval. The errors indicated are only sta- 
tistical. Even allowing for the additional errors in the 
corrections there is still a significant rise in the neutron 
yield with u-meson momentum. 


V. CONTRIBUTION TO THE COUNTING RATE 
BY KNOCK-ON SHOWERS 

In order to determine the true number of direct 
u-meson nuclear interactions in the Type I category we 
need to find out what fraction of the detected neutrons 
associated with these events are the result of photo- 
nuclear absorption of real photons in small knock-on 
showers hidden in the producer slabs. To this end a 
calculation of the contribution to the A BC: N counting 
rate by knock-on showers has been made using the 
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Fic. 5. Momentum histogra™ of nuclear-interacting ~ mesons 
corrected for background and concealed knock-on showers. (a 
Best estimate; (b) knock-on correction larger by one estimated 
standard deviation; (c) knock-on correction smaller by one 
estimated standard deviation. 
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“approximation B” shower theory” and the Jones and 
Terwilliger measurements" of the photonuclear neutron 
yield in lead. 

The number of neutrons from knock-on showers per 
incident ~ meson, Vo, can be written" as a triple 
integral over photon energies, knock-on electron ener- 
gies capable of giving the photon energy in question, 
and w-meson momenta capable of giving the particular 
knock-on electron energy. The integrand contains the 
photonuclear neutron yield (i.e., cross section times 
average neutron multiplicity) as a function of photon 
energy, the photon “track length’ per unit energy 
interval in the shower, the cross section for producing 
a knock-on electron per unit knock-on energy interval, 
and the differential momentum spectrum of the 
incident ~ mesons. 

To facilitate the integration over the photon energy, 
simple approximations of the Jones and Terwilliger 
data,” were used. The giant resonance peak at 15 Mev 
was represented by a delta function. In view of the 
slow variation of photon track length with energy this 
is an excellent approximation. The slow rise between 
20 and 320 Mev fitted quite closely a linear function. 
For energies above 320 Mev, no data for complex 
nuclei are available. It is expected that the cross section 
will decrease with increasing energy while the neutron 
multiplicity will, of course, increase. We have therefore 
assumed that the yield, em, remains constant at its 
value at 320 Mev. In any case, the contribution to the 
counting rate by high-energy photons turns out to be 
small, and in cases where the shower is undetected by 
the hodoscope (Type I events) the contribution should 
be essentially nil. The expressions used are the follow- 
ing: - 


(1) om(GR)=6(E,—15 Mev) *5.1K10™ cm*/atom 
(2) om(20<E,<320)=210~-*" cm*/atomX E, 


(3) om(E,>320 Mev) =6.4X 10 cm?/atom. 


For the differential photon track length the approxi- 
mation B expression as given by Rossi and Greisen."® 
was used, corrected for the energy dependence of the 
pair production cross section by multiplication by the 
ratio of the asymptotic value for large energy to that 
at the energy in question."* The expression used for 
the differential knock-on cross section was the Bhabha 
spin-} formula." 

The u-meson spectrum was that measured by Owen 
and Wilson" up to 20 Bev/c, extrapolated to higher 
energies by the analytic expression given by them. The 


2 See, for example, B. Rossi, High Energy Partides (Prentice 
Hall, Inc., Englewood Clifis, New Jersey, 1952), Chap. 5. 

2 L. W. Jones and K. M. Terwilliger, Phys. Rev. 91, 699 (1953). 

“ The details can be found in Chap. 5 of the thesis on which 
this article is based: J. de Pagter, Thesis, Washington University, 
St. Louis, April, 1958 

6 B. Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941), 
Eqs. (2.96), (2.87), and Fig. 18 

* As in Eq. (5 19 9) of reference 12 

17H. J. Bhabba, Proc. Roy. Soc. (London) A164, 257 (1938). 
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smallest momentum considered is 0.65 Bev/c, corre- 
sponding to the range required for an A BC event. 

The result of the integration is 


Y 4o= 8.04 X 102, 


where z is the thickness of Pb in cm; this corresponds 
to a cross section-neutron multiplicity product of 
11.8<X10°” cm? per nucleon in lead. A calculation 
considering only the giant resonance part of the photo- 
nuclear cross section gives 7.12K10~z, which is 88% 
of the total yield. The assumed constant portion of the 
photonuclear cross section, above 320 Mev, contributes 
less than 4%. 

The number of events of Type I, II, and III which 
were initiated by knock-on showers is obtained by 
multiplying Yxo by the ABC rate, the running time, 
the fraction of ABC events produced by penetrating 
u mesons, and the coherent neutron detection efficiency. 


Niyo=8.04X 10 (15.3 4.30/min) * 44055 min 
x (498/532) K0.093 = 203. 


The errors in this number arise principally from the 
uncertainty in the photon track length in the region of 
the giant resonance, which contributes almost all of Yo. 
The uncertainty in the giant resonance contribution 
results from the fact that the shower theory track 
length expression involves the assumption that the 
photon energy is large compared to the critical energy 
for the substance. In choosing a material of large atomic 
number like lead this error was minimized, the giant 
resonance energy for lead being twice the critical 
energy. In iron, on the other hand, the two are roughly 
equal. The uncertainties in the u-meson spectrum and 
in the knock-on probability are small compared to the 
statistical uncertainties in this experiment. The problem 
of estimating the error in the track length formula at 
the giant resonance energy is, however, a very difficult 
one. There is no direct experimental evidence on this 
question, and so it can only be approached by compar- 
ing calculations which have utilized different means 
and different approximations. 

The effect of the principal simplifications made in 
approximation B shower theory, namely that the 
Compton effect may be neglected and that electrons 
undergo a continuous collision energy loss in pene- 
trating matter which is independent of the electron 
energy, can be appreciated in a comparison made by 
Rossi'* in the special case of a very high initiating 
energy for the shower. This comparison is between a 
numerical calculation of the differential electron track 
length in air by Richards and Nordheim"® in which 
account is taken of the Compton effect and collision 
processes are considered in detail, and a similar calcu- 
lation by Tamm and Belenky” which used approxi- 

8 See reference 12, pp 

J. A. Richards and L. W 
(1949). 
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Nordheim, Phys 


Rev. 75, 1716 


Tamm and S. Belenky, J. Phys. U.S.S.R. 1, 177 (1939). 
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mation B. At twice the critical energy the difference is 
some 4% and has only risen to around 12% at the 
critical energy. On the other hand, Wilson’s*' Monte 
Carlo calculations for the number of electrons of any 
energy as a function of depth for showers of less than 
300 Mev give a markedly different result from the 
approximation B shower theory. For example, the peak 
value for 100-Mev showers is only 60% as high, but 
the shower penetrates further than in shower theory. 
This characteristic persists at the other energies 
studied. The track length should not, however, be much 
less, as it is obtained by integrating over the whole 
development of the shower. Our result, Vio= 203, is 
somewhat but not much over-estimated. 

fraction of these 
events are of a size to be hidden in a single plate, so as 
to be included in the Type I events. Our approach is 
the same as that of Annis and Wilkins.? It is first 
recognized that the detection efficiency of the hodoscope 


We have now to estimate what 


for showers is very small for low-energy showers and 
approaches one for large showers. A not unreasonable 
first approximation, then, is zero for all 
showers below a certain energy (£,) and one for all 
showers above that energy. This cutoff energy can be 
estimated from the data. 

It is expected that almost all of the Type III ABC 
events are large knock-on showers. The possibility that 
they are proton interactions is quite remote—as pointed 
out in the introduction, the frequency of protons is 
about 0.9% of the u-meson flux at sea level and the 
requirement that the secondary products of the inter- 


that it is 


action penetrate nine inches of iron should reduce the 
probability of proton contamination to a very small 
figure. It is also very unlikely that there would be low- 
energy knock-on electrons accompanying the meson out 
of two adjacent plates. If all the knock-on electrons were 
to be detected, and this is an unrealistically high esti- 
mate, this probability would be” of the order of 
(7X10-*)?. An upper limit for £, can therefore be ob- 
tained by comparing the percentage of Type III events 
in the A BC run with the curve giving the probability for 
making a knock-on electron of 
energy exceeding E, as a function of £,. This curve was 
calculated from the knock-on probability, which is a 
function of the electron energy and the u-meson energy, 


sea level « mesons of 


and the sea level u-meson spectrum. Type III showers 
were detected in 3.8+1% of the 
fitted into one of the three categories 


1BC events which 
We read off from 
the curve that this range of frequencies corresponds to 
a cutoff energy E, of 107 7 Mev 

It is clear that the cutoff for detecting Type I 
showers should be at a lower energy than this, although 
how much lower is not certain. According to Wilson’s”' 
Monte Carlo calculations, the probability of finding 
one or more electrons after two radiation lengths is 

™R. R. Wilson, Phys. R 86, 261 


® W. W. Brown, A. S. McKay, and I -aln 
76, 506 (1949 


Phys. Rev 
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about 0.8 for a 100-Mev shower and is only down to 
0.6 for a 50-Mev shower. 

The contribution to the corrected number of Type I 
events by knock-on showers can be estimated by 
calculating the part of Vye which is due to electrons of 
energy lower than E,. To see how sensitive this correc- 
tion is to the particular value of E, chosen, the calcu- 
lation was repeated for several different values. These 
calculations are similar to the one given above for Y io. 
The results are shown in Table II. The value of the 
expected number of detected events due to concealed 
knock-on showers is not very sensitive to the value 
chosen for E,. The magnitude of the correction depends, 
however, as did Vy» (total) on the accuracy of the 
photon track length formula at the giant resonance 
energy. 

An upper limit on the correction can be obtained by 
assuming that all of the 109423 (ABC:N) Type II 
and III events (Table I) are due to knock-on showers 
(actually the observed positive :negative ratio of 1.8 
+0.4 in this group contrasted with the value 1.25 for 
sea level 4 mesons indicates a protonic' admixture of 
about 20_.+% of the events) and that EZ, is about 
100 Mev. Then the number of Type I (A BC: N) events 
due to knock-on showers is 


4.04 X 10+ X 109/ (8.04 K 10-*— 4.04 K 10) = 111. 


This figure, since it involves the ratio of two track 
length calculations, is less sensitive to error in the 
track length formula used. 

We take 100+ 20 as the best estimate of the number 
of Type I ABC:N events due to neutrons from real 
photons absorbed from small knock-on showers. This 
corresponds to a yield of (3.96+0.79)K10™ neutrons 
per « meson per cm Pb, or a cross section-multiplicity 
product of (5.8+1.2)k10-™ cm? per nucleon. 

To correct the momentum histogram of Fig. 4, we 
need to calculate the momentum spectrum of u mesons 
producing knock-on showers detected by their neutron 
production. We need only stop our calculation before 


the final integration over P,, the w-meson momentum, ' 


of dY xo/dP,. To obtain the area under the spectrum we 
multiply this differential neutron yield by ABC rate 
Xrunning timex FX F’ Xe, where F and F’ have been 
defined in Sec. IV and ¢« is the coherent neutron de- 
tecting efficiency, 9.3%. For Type I ABC: N events we 
count only showers initiated by electrons of less than 
(100+20) Mev energy. With this choice of E,, the 


Tare II. Neutron yield, Yeo, and expected number detected, 
No, from knock-on showers of energy less than £, 


E 


Vic Nu 


3.68 X 10-*%z 
4.04X 10s 
4.85X10‘s 
5.38% 10s 


AST » 
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area comes out to be 63-13 events. In the histograms 
of Fig. 5, this calculated knock-on shower spectrum 
has been substracted off, the three graphs A, B, and C 
corresponding to Z,= 100, 80, and 120 Mev, respec- 
tively. The shape of the correction spectrum is much 
less in doubt than its height. The momentum distri- 
bution of ~ mesons causing neutron production by 
means of knock-on showers should not be affected by 
the uncertainty in the formula for the low-energy 
photon track length, which, if wrong, should be in error 
in the same direction for all size showers. The shape is 
determined by relatively well-known quantities: the 
incident ~-meson spectrum, the knock-on probability, 
and the functional dependence of the low-energy photon 
track length on the initial shower energy. 


VI. COMPARISON OF RESULTS WITH THEORY 
(a) Number of Interactions 


On the basis of the correction estimated in Sec. V, 
the number of direct u-meson interactions with Pb in 
which no additional charged particle emerges from a 
4 inch thickness is (262+25)—(100+20) = 162432. 
This corresponds to (6.4+1.6)X10~ neutron per 4 
meson per cm Pb, or om=(9.44+2.4)X10-™ cm? per 
nucleon. Here the error has been increased to allow for 
the 10% uncertainty in the absolute neutron detecting 
efficiency. We now compare this result with theoretical 
expectations. 

The only known mechanism for producing the 
observed effect is the direct Coulomb interaction 
between the u meson and the nucleus. The effect has 
been calculated by the Williams-Weizsicker approxi- 
mation, in which use is made of the related cross 
sections for photonuclear transitions. These cross 
sections are known experimentally and are, indeed, the 
same as those used above in the calculation of Vy. 
The approximation is based on the strong resemblance 
between the almost completely transverse electric field 
of a relativistic particle and the purely transverse one 
of a photon, and proceeds by making a Fourier expan- 
sion of the particle field into an equivalent spectrum of 
virtual photons. An interaction is then assumed to 
proceed by the absorption of one of these virtual 
photons by the struck nucleus. The approximation 
requires that the incident particle be relativistic, 
[1/(1—6*)*>>1] and that the momentum transfer be 
transverse to the direction of the particle, which also 
must not be deflected appreciably by the collision. 
These conditions are all very well met for the low-energy 
transfer interactions studied in this experiment. The 
hodoscope should have eliminated interactions with 
large momentum transfer, as they would give rise to 
particle multiplicity. 

The photon spectrum is given by 

2 E, MCD yn dE, 
V(E,)dE,= [in —In - 
137rt Ey, hi E 
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Taste Ill 


are Y, 


All virtual photon energies 
(up to J 


Y,/3 


bwin (8.0/3.8) K 10" 
0.8/3.8) 10°" cm at higher energies 
bmin= 8.0% 10°" cm for grant resonance, 
0.8 10°" cm at higher energies 
bmin=h/me 


cm lor grant resonance, 


12.9710" 


8.26K 10 
646 10-* 


where 8,,,;, is the least impact parameter for the process 
considered. There seems to be considerable doubt over 
just what length to use for 6,,i,. Kessler and Kessler™ 
use bin = Ac/k (where k/c is the transverse momentum 
transfer) in the case of very large energy transfers and 
Annis and Wilkins,? on the 
h/m,c following an uncertainty 
principle argument by Heitler.“ According to Dalitz 
and Yennie,”* neither of these are in general correct. 
The least impact parameter 6,,;, is rather to be taken 
as the larger of Ac/k 


very high u-meson energy 


other hand, use 6 


xx Where Rmax/c is the largest 
transverse momentum transfer strongly effective, and 
a quantity we shall call d, which is the radius of the 
region over which the interaction is strong. The latter, 
for the absorption of virtual photons through the giant 
resonance portion of the photonuc lear cross section, 
should be related to the radius of the lead nucleus, for 
the giant resonance involves the nucleus as a whole. 
For absorption around the photon-pi-meson production 
peak, one should, rather, use the radius of an individual 
nucleon. The length Ac/Rkmwax is smaller than either of 
these, since &,,,x corresponds to a quite high energy. 

Following a suggestion by Dalitz®* we shall take for 
bwin around the giant resonance photon energy the 
value Rp,/3.8 where Rp, is the radius of the lead 
nucleus, and for all higher energies bin is taken to be 
R,/3.8 where R, is the nucleon radius. The factor 1/3.8 
corresponds to the first root of Jo(RR), which occurs at 
kR=3.8. The values used for the radii are 8.0K 10-" 
cm and 0.8 10~" cm, respectively. 

The calculation of the neutron yield from the “virtual 
photons” of the Williams-Weizsicker spectrum is 
similar to that outlined in the preceding section for the 
neutron yield from real photons in knock-on showers, 
with the W-W spectrum replacing the integral of the 
differential photon track length over the knock-on 
electron spectrum. The same expressions have been 
used for the product of the photon cross section and 
neutron multiplicity and for the w-meson spectrum. 
The results are shown in Table III. In each place in the 
table two numbers are entered. The first (left) is Y,/z, 


* P. Kessler and D. Kessler, Compt. rend. 244, 1896 (1957). 

™W. Heitler, The Quantum Theory of Radiation (Oxford 
University Press, London, 1954), third edition, pp. 414-417. 

* R. H. Dalitz and D. R. Yennie, Phys. Rev. 105, 1598 (1957). 

26 R. H. Dalitz (private communication). 
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Results of the Williams-Weizsicker calculations of the 
z, the number of interactions per ~ meson per cm Pb, and N,, the corresponding 
present sample. The rows correspond to different more or less plausible choices of 6 

columns correspond to various upper limits of the energy transfer. The second and third column correspond rot 


“0 


R. D. SARD 


nuclear interactions of the virtual photons. The numbers entered 


letected events expected in the 
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num 
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Virtual photon energies Virtual photon energies 
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327 8.36 10~ 211 6.7710 171 


149 


139 


x10~* 


2 1 86x«10~* 
3x10 


208 9 
5 4.8410 


12 
163 12 
the neutron yi ld per w~ meson per cm Pb. The second 
is the corresponding number of detected events expected 
in this experiment. The t give the results for 
three more or less plausible choices of 6,,;,—the first is 
that of Dalitz, the second that of Dalitz without the 
factor 3.8~', the third that of Heitler. The first column 
gives the results for the case where the integration is 
extended over all virtual photon energies, e.g., from 0 


hree row 


to E,, the u-meson energy. Interactions of high-energy 
virtual photons will, however, make visible showers in 
the hodoscope; and for comparison with observed 
Type I ABC: N events a high-energy cutoff on E 


t, must 
be imposed. The second and third columns give the 
results when the cutoff is made at 500 and 320 Mev, 
respectively. These seem to be reasonable values. The 
interaction involves creation of one or more x mesons 
having most of the photon energy. If a x meson escapes 
from the nucleus it will almost certainly make a 
detected shower. Reabsorption of the # meson in the 
nucleus in which it 


is made will 


make stars that are 

penetrating prong 
(penetration of 1.27 cm Pb requires a minimum kinetic 
energy of 40 Mev for a x meson and 90 Mev for a 
proton). 

In view of the , and the upper 
limit of Z,, we only conclude that the expected 
number of directly produced Type I ABC: N events is 
in the range 120 to 210. This result is to be compared 
with the experimental figure of 162+32. Within the 
errors of the theoretical and experimental analyses, 
there is excellent agreement. 


least on« 


expected to contain at 


uncertainties of b 
can 


(b) Momentum Spectrum of Interacting 
u Mesons 


We can also compare the 
Fig. 5) with that expected on 
the basis of the Williams-Weizsicker calculation. In 
fact, some of the i out 
7 
ian absolute 


momentum spectrum of 
interacting ~ mesons 


when 
value. 


the 


cancel 
+} 


uncertainties we 


consider spectral shape rather 


The calculated spectrum is obtained by stopping 
calculation before integrating over P,, so obtaining the 
neutron yield per 


The result 
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the histogram. The agreement between calculation and 
experiment is as good as can be expected. In Fig. 5(c) 
the fit is not as good as in Figs. 5(b) and 5(a), suggesting 
that £, is more likely to be below than above 100 Mev. 


(c) Variation of Neutron Yield with 
u Meson Momentum 


As has already been indicated in Sec. IV, comparison 
of the spectrum of interacting » mesons with that of 
the incident wu mesons gives information on the variation 
of the neutron yield with y-meson momentum. The 
experimental results are shown in the first row of 
Table IV. The Williams-Weizsicker calculation can 
also be used to predict this variation; in fact, this is 
just another way of looking at the spectrum calculation 
just discussed. A logarithmic rise in om with P, is 
expected. The results are shown in the second row of 
Table IV. There is seen to be reasonable agreement, 
in view of the experimental and theoretical uncer- 
tainties. 


Vil. CONCLUSIONS 


We have been able to determine the rate of u-mesorm 
nuclear interactions in which the energy transfer to the 
nucleus is so small that no charged secondary particle 
emerges up or down from a 1.27 cm Pb plate, but at 
least one evaporation neutron emerges. The rate 
corresponds to a cross section-neutron multiplicity 


product of (9.4+2.4)X10-" cm? per nucleon. This 
value is in the range of values predicted under various 
plausible forms of the Williams-Weizsiicker approxi- 


mation method. Any further improvement in the 
experimental precision would be useless without a more 
rigorous calculation of the result expected from the 
electronuclear interaction; at present, theory is more 
uncertain than experiment. 

The increase of neutron yield with u-meson momen- 
tum is also in agreement with rough theoretical expec- 
tations. 

We conclude that the observed effects can be ascribed 
to the electric charge of the u-meson interacting with 
the nucleons of the target material. In terms of the 
Weizsicker-Williams approximation, the effect is due 
to “virtual photons.” If any other interaction is 
effective, its contribution cannot be greater in order of 
magnitude than the electronuclear one. 

We have calculated the neutron yield from real 
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Tasie IV. Change of neutron yield with s-meson momentum. 
The number entered is the ratio, normalized to 1 in the first 
momentum interval, of the number of detected direct nuclear 
interactions [Fig. 5(a)] to the number of incident ~ mesons in 
the same momentum interval 


0.65-3 
Bev/c 


3-10 10 
Bev /c Bev/c 


Observed [Fig. 5(a) ] 1.0+0.25 18403 3.2410 


Calculated as in first row, 
second column of Table III 1.0 1.9 4.5 


photons in cascade showers initiated by knock-on elec- 
trons, finding 11.810-" cm’ per nucleon in lead. We 
have shown from the hodoscope observations in the 
ABC run that about half of the neutron producing 
showers are concealed in 1.27 cm Pb. It follows that 
most of the 99+15 visible shower ABC: N events are 
due to knock-on electrons of u mesons. 

Previous experiments at this laboratory were unable 
to separate the direct and knock-on effects, and only 
gave the sum. The result of Stearns et al.,? om= (2248) 
<10-" cm’* per nucleon, is confirmed by our sum, 
(21+2.7)X10-" cm? per nucleon. Their theoretical 
estimates of the expected direct and knock-on effects 
are also in good agreement with ours. The underground 
experiment of Wilkins,’ carried out at a depth of 20 m 
water-equivalent, gave a total om’ of (4042) X10™ cm* 
per nucleon in Pb. At that depth the average yu-meson 
momentum is about 9 Bev/c, compared with 5 Bev/c 
in our experiment. In view of Table IV, the result 
seems reasonable. An explicit calculation for this depth 
of the underground u-meson spectrurn and the resulting 
real and virtual photon effects has not been made. 

It was not possible to separate the direct interactions 
with large energy transfer from knock-on showers or 
high-energy proton events. Thus, no conclusions can 
be drawn about the behavior of the photonuclear cross 
section at high photon energies. 
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A liquid hydrogen target was bombarded by negative pions of energies 260, 317, 371 


tive pions from the 
selected the x* by its characteristic r-~ decay 
the laboratory At 317, 
emitted at 60°, 90°, 125°, and 160° in 
tropic at 317 and 371 Mey 
at 260 Mev 


system 


0.7140.17 mb at 317 Mev, 


able agreement can | 


INTRODUCTION 


HE following reac tions for single -meson produc- 
tion: 


+r +n, 


have been studied in emulsions,'~* in hydrogen diffusion 
cloud chambers,*-* in bubble chambers," and recently 
with counters." Most of this work was done in the 
laboratory (lab)-system kinetic-energy region near 1 
Bev for the incident pions. 

Theoretical calculations for the above processes by 
sarshay,” Franklin,“ Rodberg,"® and Kazes'® are an 
extension of the Chew-Low formalism for meson scat- 
tering to the process of meson scattering with produc- 
tion. This theory calculates the p-wave production in 
the one-meson approximation with an extended sta- 
tionary nucleon and is no expected to be applicable 
at high energy. Indeed, if the results of the theory are 
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reaction x +p 9° +r +m wert 
With the 260-Mev beam, r* mesons were counte: 
371, and 427 Mev, the differential cross section was measured for r* mesons 
the center-of-mass system. The ang 
but are peaked forward at 427 Mev ' 

1.93+0.37 mb at 371 Mev, and 3.36 74 mb at 427 Mev 
results indicate a much larger cross section than the theoretical prediction based on t! tic mode 


¢ obtained by the inclusion of a pion-pion interaction in the production 1 


1427 Mev. Posi 
detected by the ‘ ta inter telescope, that 
at 90° in 


T early 1soO 
t0.10 ml 


he total cross sections ar¢ 1 
These 
Reason 


yechanism 


extrapolated to hig! 
tions which are much too 


energ cross Sec- 


predict 
disagreement with 
theory in the energy region near threshold, but 
ISiveé With t 
took the study of the 
the energy region from 260 to 430 


There is some evidence” of a 
the 
; in mind, we under- 


process 7 TP 


results are not conc! 

>xt+ar-+n in 
Mev. A unique 
signature for this reaction is provided by the x* 
in the final state, and it was unambiguously identified 
by its characteristic r-u decay. The 


meson 


reactions in which 
produc ed « 
because the highest energies 


two secondary pions ire in be neglected, 
ire just barely above the 
energetic threshold of 360 Mev, 


and even at higher 


energies these cross sections are very small.' 

A large difference between experiment and theory 
might show a need for the inclusion of nucleon recoil 
or a pion-pion interaction in the theory. However, in 


this energy region one does not nucleon recoil 


expect 
r 


to be important enough to count for any large 


discrepancy 
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» 442% at 427 Mev, were determined from range copper top and bottom plates to the shape shown in 
curves (a typical integral range curve is shown in Fig. Fig. 3. This target was similar to those described by 
for 371 Mev). Upper limits for the electron con- Hickman et al." 
tamination, obtained by calculation, were 5, 3, 2, and The counter telescope was mounted on a dolly and 
2% for 260, 317, 371, and 427 Mev, respec tively No could be conveniently rotated to any angle. The 
electron-contamination correction was applied to the desired #* lab energy was observed by placing the 
data, and the upper limits gave an uncertainty that appropriate copper absorber between Counters 3 and 
was negligible in comparison with the statistical 4 (see Fig. 3), and also before Counter 3 for the high- 
accuracy. energy pions. 
The pion beam was incident upoa the liquid-hydrogen 
target after traversing the two beam-defining counters 
as shown in Fig. 3. The 4.5-in. diam Mylar end windows A block diagram of the electronics is shown in Fig. 4. 
of the vacuum chamber provided a thin low-Z material The identification of the x* mesons was made by a 
in the direct beam. The liquid-hydrogen container was 
made of 0.02-in. thick, 5-in. wide Mylar sheet held by 
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Fic. 4, Block diagram of electronics for monitor and x- telescope. 


delayed m-u coincidence technique. A detailed descrip- 
tion of the basic electronic equipment required has 
been reported elsewhere." In this experiment the co- 
incidence 12345 initiated a gate of 6X 10-*-sec duration, 
delayed approximately 3X10~* sec relative to the 
initiating pulse. The coincidence between the gate and 
delayed pulse in Counter 4 was registered on a scaler. 
When this occurred, presumably a #~ meson traversed 
Counters 1 and 2 and entered the H, target, producing 
the wt meson. The positive pion passed through 
Counter 3 and stopped in Counter 4, generating the 
6X 10~-*-sec gate pulse. Then the u* from the r* decay 
gave a delayed pulse that made a coincidence with the 
gate. 

However, it was possible for two random particles 
or a w-e decay to simulate this effect. The accidental 
and w-e decay coincidences were monitored by the use 
of an identical coincidence channel in which the gate 
19.2«10-° sec (i.e., delayed 3 rf 
synchrocyclotron pulses more than first gate). 


delay was set at 


COUNTER-TELESCOPE CALIBRATION 


The absolute efficiency of the counter telescope was 
determined by using a magnetically analyzed beam of 
positive pions. The two experimental points in Fig. 5 


Pion kinetic energy (Mev) 


i IG 5 Effi iency of x “u telescope asa function of the 
kinetic energy of the stopping pion 
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represent the number of telescope counts for an incident 
a* meson as measured in the x* beam 

The efficiency, which is the product of three factors 
(a) delay, (b) absorption, and (« multiple Coulomb 


scattering, was also determined by obtaining these 


three factors separately. The efficiency due to delay, 
which was measured experimentally, is the fraction of 
ax* mesons that decays into muons during the time in 
which the muon pulses can make a coincidence with 
the gate. The absorption correction was calculated by 
the use of experimental cross sections.” ” The multiple 
(6% or less) was based 
on the geometrical! calculations of Sternheimer*® and 
included the energy loss consideration of Eyges.* 
bining these three fac 


Coulomb scattering correction 


Com- 
tors, we obtained the efficiency, 
which is shown as the solid line in Fig. 5 


RESULTS AND CORRECTIONS 


Accidental counts in the x- telescope were monitored 
concurrently with the real counts. During the experi- 
ment, the ratio of accidental to real counts was between 
} and 1. 

Another 
“beam bunching.” 


beams 


le be 


of the 


correction had applied because of 


Because high intensity # 
bombarded the 
same rf synchro- 


used, occasionally two 
liquid-hydrogen target 


When 


was registered by the monitor counters, 


pions 
during the 
cyclotron pulse this occurred, only one count 
whereas each 
meson. This 
correction was directly proportional to the beam in- 
tensity and was less than (7+2)% for all intensities 
used. 

A correction was 


#- meson was capable of producing a 2 


made for r* mesons decaying be- 
tween the target and counter telescope. 


of this correction varied from 2 


The magnitude 
to 6%, depending upon 
the w+ meson’s kinetic 


energy 
complicated by the geometri- 


thick target 


The data analysis was 
cal conditions (i. and large solid angle 
at the target) used to 


rates. The effective solid 


subtended by counter telescop 


obtain reasonable counting 
angle subtended by the counter telescope was calcu- 
elements of 


lated by an integration over the target 


volume we ighted by the beam sh ipe, and the elements 
of counter area. The method used was similar to that 
presented by Anderson ef al.” for a rectangular block 
target. 

Measurements were take r x* mesons emitted at 
60°, 90°, 125°, and 160° in the center-of mass (c.m.) 
system for incident #~ kinetic energies of 317, 371, 
and 427 Mev. For a x kinetic energy of 260 Mev, only 
a single measurement w nade at 90° in the lab 
system. 


Since we are dealing Wi 
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PION PRODUC 
the reaction under study (#-+p— 2*++a°+n), the 
a* in the c.m. system can have any energy from zero 
some maximum energy. This maximum energy 
depends only on 7;, the kinetic energy of the incident 
=~ meson in the laboratory system. For a x* emitted at 
some angle @* in the c.m. system, its lab angle @ will 
depend on 7*, its kinetic energy in the c.m. system. 
Therefore, to count e+ mesons at one c.m. angle and 
several c.m. energies, it is necessary to use several lab 
angles. The differential cross section as a function of 
x* angle and kinetic energy is related to the experi- 
mental data by the formula 


da /dQ*dT* 
= v6.1] m 1+a) 


to 


6 


A : 
—n(1— e)(dQ* aa)ar*] , 


Here Y(0@,7) is the net number of x* mesons (target 
full minus target empty) counted per incident 
meson. This factor has been corrected for accidentals 
and beam bunching. The quantity m/ is the number of 
hydrogen nuclei per square cm of target area. The 
mean target thickness was 4.320 in., and the difference 
in density between liquid hydrogen and hydrogen gas 
was determined to be 0.069 g/cm’, resulting in 4.565 
< 10" nuclei/cm?. The term (1+a)A/d@ is the effective 
solid angle subtended by the counter telescope in the 
laboratory system. In this experiment a varied with 
the angle from 0 to 7%. The efficiency of the counter 


Taste I. Differential cross sections with respect 
to r* angle and energy. 


ae 
(deg) 


T* 
(Mev) 


45.4 


AT* 
(Mev 


21.4 


(Pa /dQdT*) 
(ub/sr Mev) 


0.21+0.11 


T,=317 Mev, 
T max® = 91.3 Mev 


mw 
eS 
am 


11.8 
16.1 
14.9 
13.1 
23 


18.! 


0.846+0.31 
0.853+0.19 
0.794+0.20 
6.770+0.24 
0.592+0.15 
0.447+0.24 
0.745+0.18 


sna 
wmwaris= Ww 


T, =371 Mev, 
T max® = 122.1 Mev 


2.054-0.46 
1.21+0.27 
0.59+0.35 
1.98+0.33 
1.55+0.40 
0.9140.29 
0.88+4-0.24 
1.77+0.27 
1.3240.43 
0.93+0.24 
1.38+0.25 
0.42+0.30 


T,=427 Mev, 
T max” = 152.6 Mev 


2.88+0.45 
2.93+0.50 
2.17+0.48 
2.61+0.53 
1.01+0.42 
1.55+0.32 
1.26+0.26 
1.65+0.39 
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Fic. 6. Differential cross section for # +) — r*+a° +n as a 
function of #* kinetic energy for incident #~ kinetic energy of 
317 Mev and x* c.m. angles of 63°, 90°, 124°, and 159°. See text 
for explanation of various curves 


telescope is 7 (see Fig. 5). The fraction of the pions that 
decay between the hydrogen target and the counter 
telescope is represented by «. The solid angle transfor- 
mation from the c.m. to lab system is dQ*/dQ, AT* is 
the c.m. energy-acceptance band for Counter 4. 

The experimental results for @o/dQ*dT* are pre- 
sented in Table I. Curves of da/dQ*dT* versus 7* are 
shown in Figs. 6 through 8. The solid line is the rela- 
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Fic. 7. Differential cross section for #~ +) — r*+2° +n as a 
function of #* kinetic energy for incident #~ kinetic energy of 
371 Mev and x* c.m. angles of (0°, 90°, 125°, and 160°. See text 
for explanation of various curves 
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Fic. 8. Differential cross section for x-+) — x++2->+ as a 
function of w* kinetic energy for incident ~ kinetic energy of 
427 Mev and x* c.m. angles of 60°, 90°, 125°, and 160°. See text 
for explanation of various curves 


tivistic phase-space curve as given by Block.“ The 
heights of the phase-space curves were determined by 
minimizing the weighted sum of the squares of the 
differences between the calculated and experimental 
values. 

The statistical phase-space curves fit the data ade- 
quately for incident energies of 317 and 427 Mev, but 
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Fic. 9. Angular differential cross section for a «* meson for an 


incident *~ meson of 317-Mev energy 
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Block, Phys. Rev. 101, 796 (1956). 
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Taste II. Differential cross section as a function of #* angle. 


T* ae 
(Mev) (deg 


da /dQ* 
(ub sr) 
62423 
00.2+9 
41.029 
64.4+ 16 


63 
90 
124 
159 


oO 
90 
125 
160 


154+19 
152+18 
165+ 20 
145+ 26 


o— 
90 
125 


160 


369 + 42 
245435 
173425 
189+45 


the phase-space calculation predicts too few low-energy 
a* mesons at 371 Mev (see Fig. 7). In order to obtain 
the angular differential cross section, an integration 
was performed over the energy of the #* meson. The 
phase-space curves were used for 317 and 427 Mev, 
while the dash-dot curves were used for 371 Mev. The 
dashed curves were used to estimate a lower limit for 
the total cross sections. 

lable II gives do/dQ* resulting from the integration. 
The errors listed are statistical only and do not include 
the errors involved in integration over * energy. 

The angular differential cross sections as a function 
of the c.m. angle for the x* 
through 


meson are shown in Figs. 9 
11. Least-squares fits to the experimental 
points were made by assuming a polynomial in cosé™. 


The curve of the form de/dQ* =a +a; cos is shown 
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PION 


as the solid line in Figs. 9-11. At 317 and 371 
Mev, a curve of the form do/dQ*=a»_ would also fit 
the data. The data of Zinov and Korenchenko,” shown 
for comparison only and not used in the least-squares 
fitting, was obtained with counters in a quite different 
manner.”® 

Another integration was performed in order to obtain 
the total cross sections. For 260 Mev, an isotropic 
differential cross section was assumed. The results are 
listed in Table III, with the experimental errors repre- 
senting the combined errors of counting statistics and 
integration over x* angle and energy. 

Total cross sections as a function of the incident # 
kinetic energy are shown in Fig. 12. The theoretical 
curves will be discussed in the next section. The error 
due to uncertainty in the efficiency of the counter 
telescope was estimated to be 6%. This and the smaller 
errors due to uncertainty in beam contamination and 
other corrections were negligible in comparison with 
the statistical errors and the uncertainty in the shape 
of x* energy spectrum. By using the dashed curves 
shown in Figs. 6-8 and folding in the statistics, we ob- 
tained the standard deviations given in Table III. 


TaBLe III. Total cross sections for «> +p — 4* +4" +n. 


T; a 
(Mev) (mb) 


260 0.14+0.10 
317 0.71+0.17 
371 1.93+0.37 

3.3640.74 


DISCUSSION 


The dashed-dot curve in Fig. 12 is the theoretical 
predictien given by Franklin." The dashed curve is the 
theoretical predic tion of Kazes'*; Rodberg’s predic tion 
for this cross section is even smaller.’® All of these 
predictions are based on the static model, and the 
variation in the result is caused by the different ap- 
proximations used. Because of his use of the Born 
approximation, Franklin’s earlier results do not satisfy 
the unitarity condition in the one-meson approxima- 
tion. The results of Rodberg and Kazes, however, 
satisfy unitarity in the one-meson approximation and 
therefore are probably a more accurate interpretation 
of the static-model prediction. 

Using the more recent theoretical results,'** we note 
a systematic discrepancy of a factor of ten between 


% The z* and s~ from 2 +p— 2*+2°+n and 70% of the 
=~ mesons from * +) — x +2°+ ) were counted for @* = 106° 
and T*>T max/2*. In order to obtain the plotted points, it was as 
sumed that the cross sections for both reactions were equa! and 
@a/dQ°dT* was symmetrical about 7* = Tnx*/2. The assumption 
of equal cross sections is not critical because the ratio of detection 
eficiencies for « +p—2*+e0°+n to r +p +r°+n is 
2/0.7. When one considers the assumptions involved, the agree 
ment between the two sets of data is quite good. 
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PIONS 
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Angular differential cross section for a #* meson for an 
incident #~ meson of 427-Mev energy. 


results from experiment and static-model theory. The 
effect of including nucleon recoil in the calculations of 
the total cross sections is believed to be too small in 
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Fic. 12. Total cross section for +~ +» — x*+2~+n as a func 
tion of the x* kinetic energy in the laboratory system. The solid 
curve is the theoretical result of Rodberg™ based on the pion-pien 
interaction model. The dashed and dot-dashed curves are the 
theoretical predictions based on the static model by Kazes’* and 
Franklin,” respectively. 
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this energy account for this 


discrepancy.”* 


region to large a 

The existence of a pion-pion interaction has been 
postulated to explain the nucleon structure?’ and the 
peak*** in the x -proton total section near 
1 Bev. The direct interaction of the incident pion and 
a virtual pion in the meson cloud surrounding the 
nucleon could contribute significantly to the production 
of an extra pion in pion-nucleon collisions. The effect 
of a pion-pion interaction on the production cross sec- 
tion is discussed by Barshay* and more specifically 
by Rodberg® in connection with the particular reaction 
under study here. The solid line in Fig. 12 shows a fit 
to the experimental data by Rodberg® corresponding 
to physically plausible pion-pion phase shifts. At very 
high incident energies where the momentum of the 
virtual pion is much less important than near thresh- 
old, the qualitative 


cross 


predictions for the energy and 
angular distributions are: (a) the pions in the final 
state should be in the high energy region of their 
available phase space and go forward in the r~-p c.m. 
system, (b) the nucleon should act as a spectator, re- 
ceiving only a small recoil momentum and going back- 
ward in the c.m. system. At 4.5 Bev the general features 
of effects (a) and (b) have been observed. 

For incident-pion energies near threshold, the mo- 

* Leonard S. Rodberg, Department of Physics, University of 
Maryland, College Park (private communication) 

* W. R. Frazer and J. R. Fulco, Phys. Rev 
1959). 

” r.J Dysen, Phys. Rev. 99, 1037 (1955). 

*G. Takeda Phys. Rev. 100, 440 (1955) 

*® Cool, Piccioni, and Clark, Phys. Rev. 103, 1082 

* S. Barshay, Phys. Rev. 111, 1651 (1958) 

21. S. Rodberg, Phys. Rev. Letters 3, 58 (1959) 


Letters 2, 365 


1956) 


KENNE 
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mentum of the virtual pion tends to obscure these 
effects and the nucleon receives a momentum compar- 


able with that of the incident pion. For this reason no 
differentiation could be made between the pion-pion 
interaction “‘model’’ and the static model on the basis 
of our measured x* energy spectrum. 

The angular differential cross section (see Figs. 9 
through 11) are nearly isotropic at 317 and 371 Mev, 
but peaked forward at 427 Mev. Apparently fore-aft 
asymmetry predicted at high energies” is washed out 
at the lower energies of 317 and 371 Mev by the mo- 
mentum of the virtual pion but appears at the higher 
energy of 427 Mev. 

Our results combined 
and Korenchenko 


with those obtained by Zinov 


indicate that the ratio 


(x +p +r x +3 +p) 


TH)/\e +p 


is probably 1 or greater. At 810 Mev the measured 
ratio” is 2.49. The static model predicts that the ratio 
should be about 3,'*"® while the pion-pion interaction 
model predicts about 2/1,2%" which is in better 
agreement with the experimental results. 
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About 500 antiprotons in a partially purified antiproton beam 
have been observed to enter the 30-in. propane bubble chamber. 
An arrangement of counters identified the antiproton events, thus 
reducing scanning to a minimum and also providing a sample of 
antiprotons free of scanning bias. The antiprotons entered the 
propane at a kinetic energy of 220 Mev and were brought to rest 
Scattering and annihilation interactions in both hydrogen and 
carbon have been observed as a function of antiproton energy 
Differential scattering cross sections have been obtained, and the 
following total cross sections have been measured for antiproton 
kinetic energies, JT, in the ranges 75 to 137.5 Mev and 137.5 to 
200 Mev: 

Cross section, ¢ (mb) 
7§8<7TS137.5 1375<T<200 


66417 
1124-23 
345+60 


Interaction 


(p-p) elastic 

(p-p) annihilation 

(p-C) elastic [5 deg 
(lab) cutoff] 

(p-C) annihilation 


56+ 14 
60+ 18 
255+45 


474476 360+65 


The above results show satisfactory agreement with the Beall- 
Chew theory where comparison can be made. 

The details of the annihilation process in hydrogen and carbon 
have been observed. One feature of the experiment is that, in 
contrast to previous studies of annihilation products, we are able 
to make a direct observation of the neutral pions through pair 
production by r® decay photons. The significant results for carbon 


I. INTRODUCTION 
INCE the discovery of the antiproton by Chamber- 


lain, Segré, Wiegand, and Ypsilantis in 1955,‘ 


several counter and emulsion experiments have been 
performed in order to determine the interaction charac- 
teristics of the antiproton, j.2~* In addition, an experi- 
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t Now at Brookhaven National Laboratory, Upton, New York 
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S. Atomic Energy 


and hydrogen annihilations at 
energy 100 Mev are 


an average antiproton kinetic 


Hydrogen annihilations Carbon annihilations 


Average 
total 
energy 


(Mey 


Average 
total 
energy 
(Mev) 


Annihi- 
lation 
product 


Multiplicit 
Multiplicity wtipheity 


366413 
371413 
3424.90 


In addition to the above-listed annihilation products, the 
carbon stars contained nucleons that carried off more than 188 
Mev per star. When pion absorption is considered, the carbon 
result of 4.1+0.3 pions per annihilation is consistent with the 
observed hydrogen multiplicity of 4.7+0.5 pions. Pion energy 
spectra and frequency distributions, as well as other details, 
have been obtained 


” 1.53+0.08 
rt 1.53+0.08 
r® 1.60+0.50 


402421 
379+19 
3564110 


1.58+0.07 
1.334-0.08 
1.15+0.30 


Seventeen strange particles have been identified among the 
products of all the annihilations. This indicates that the produc 
tion of a pair of K mesons occurs in (4.04+1.0)% of all annihi 
lations. The average total energy per K pair is greater than 
1200 Mev. 

The charge-exchange process p+) — fit-n has been observed 
and, based on six possible events, we obtain the result 4 >630 
g/cm? for the mean free path in propane (50< 7,150 Mev). 


ment was recently performed with the hydrogen bubble 
chamber.” A thorough review of the experimental and 
theoretical developments on antinucleons has been 
given recently by Segré." 

Among the interesting properties of the antiproton 
that have been observed are these. 


(a) Cross sections for scattering and annihilation 
are large. 


(b) Antiproton-nucleon annihilations near rest give a 
high multiplicity of about five pions. 

(c) The production of K mesons in antiproton- 
nucleon annihilation is observed rarely. 

(d) Little is known of the charge-exchange process 
(p+p— fit-n) by which the antineutron was detected 
electronically. 


The 30-inch propane bubble chamber is well suited © 
to the observation of the above phenomena. Forinstance, 
antiproton cross sections become difficult to measure 
by counter techniques at low energies, whereas nuclear 


emulsions are undesirable because they consist of a 


variety of complex nuclei. The propane bubble chamber, 


” N. Horwitz, D. Miller, J. Murray, and R. Tripp, Phys. Rev. 
115, 472 (1959) 

 E. Segr?, Annual Review of Nuclear Science (Annual Reviews, 
Inc., Palo Alto, 1958), Vol. 8, p. 127. 
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Fic. 1. Arrangement 
of apparatus to deliver 
antiprotons to the 30 
in propane bubble 
chamber. Brief descrip 
tions are given in Table 
I. This apparatus was 
also used for the ex- 
posure of several emul- 
sion stacks. 


on the other hand, allows observation of the very 
fundamental p-p processes. An understanding of the 
low-energy (i.e., ~ 100 Mev). p-p interaction is essential 


to any complete theory of nuclear forces. One theory 
has been proposed by Ball and Chew” which retains the 
structure of the nucleon-nucleon interaction suggested 
by Gartenhaus” and by Signell and Marshak,“ with 
reasonable modifications to fit the nucleon-antinucleon 
case. Our results support the Ball-Chew theory on 
p-p scattering and annihilation, within the validity of 
our statistics. it should be pointed out that a recent 
counter experiment’ and accumulated emulsion results'® 
also support the theory. 

The annihilation process may be especially well 
observed in a bubble chamber. Not only may the charge 
of the annihilation products be determined, but mo- 
mentum is also easily obtained. Furthermore, the large 
propane chamber permits the direct observation of 7° 
annihilation products through pair production by the 
r®-decay photons. Our results of 4.7+0.5 pions per 
star is to be compared to the 5.36+-0.3 obtained in 
Berkeley® and 4.92+0.13 obtained in Rome'*® with 
emulsion, and to 4.94+0.31 obtained with the hydrogen 
bubble chamber.” For both the emulsion and the 


J. Ball and G. Chew, Phys. Rev. 109, 1385 (1958). 

3S. Gartenhaus, Phys. Rev. 107, 291 (1957). 

4 P. Signell and R. Marshak, Phys. Rev. 109, 1229 (1958). 

‘6 Emilio Segré, in Proceedings of Ninth Annual Rochester 
Conference on High-Energy Physics, Kiev, 1959 (unpublished). 

1% EF. Amaldi, G. Baroni, G. Bellettini, C. Castagnoli, M. Ferro- 
Luzzi, and A. Manfredini, Istituto di Fisica Dell’ Université, 
Roma, Italy and Istituto Nazionale di Fisica Nucleare, Sezione di 
Roma, Italy (private communication). 
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hydrogen chamber, x° production is estimated through 
charge-independence arguments and energy con- 
siderations. 

The natural attempt to explain the pion multiplicity 
by means of the Fermi statistical model has not been 
successful. Such high multiplicities as are observed 
seem to require a volume-of-interaction parameter Q 
about 10 times the value expected when the Compton 
wavelength of the pion is used as a radius. A different 
approach by Koba and Takeda," wherein the pion 
cloud and nucleon core are treated separately, succeeds 
in predicting the high multiplicity observed. 

We have been able to establish the rate at which 
antiproton annihilations produce K-meson pairs. While 
observation of charged K mesons is often difficult, we 
have a high efficiency for detecting short-lived neutral 
strange particles. Our finding that only (4.0+1.0)% 
of all annihilations yield a pair of K mesons is in 
disagreement with the various forms of the Fermi 
statistical model, which predict a higher ratio of K to 
x production. 

The charge-exchange process, j+p— fit+n, hereto- 
fore observed electronically,*"* is especially 
adapted to bubble chamber observation. However, 
charge exchange seems to be relatively infrequent 
compared with annihilation and elastic scattering, and 
the scope of our experiment permits little more than 
confirmation of the process. 


only 


Il. APPARATUS AND METHOD 
A. The Antiproton Beam 


The antiproton beam and its partial purification 
have been described briefly elsewhere.” Figure lisa 
diagram of the apparatus. Table I gives descriptions of 
components of the apparatus. The 30-inch propane 
bubble chamber is described elsewhere.” 

The 6.1-Bev circulating proton beam of the Berkeley 
Bevatron is directed upon a 6-in. long beryllium target 
(T in Fig. 1). Negative particles produced at the target 
are deflected outward by the Bevatron’s magnetic field 
and magnet M, so that only those of 970 Mev/c 
momentum can be delivered to a beryllium absorber at 
A,. Upon leaving A, the antiprotons have 848 Mev/c, 
while pions have 905 Mev/c. Deflection of the beam at 
M, causes a separation at A» based on the momentum 
difference between the two kinds of particles. This 
process of separation by differential absorption is then 
counters plus 9.4 g/cm? of 

1, for the deflection at M3. 


repeated, by using the 
beryllium as absorber at 


7Z Koba and G 
269 (1958) 

8B. Cork, G. R. Lambertson, O. Piccioni 
Phys. Rev. 104, 1193 (1956 

®L. E. Agnew, T. Elioff, W. B. Fowler, L. Gilly, R Lander, 
L. Oswald, W. M. Powell, E H. M. Steiner, H. S. White, C. 
Wiegand, and T. Ypsilantis, Phys. Rev. 110, 994 (1958 

»W. M. Powell, W. B. Fowler, and L. Oswald, Rev. Sci 
29, 874 (1958). 


Takeda, Progr. Theoret. Phys. (Kyoto) 19, 
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Instr. 





ANTIPROTON 


The antiproton beam has a momentum of 729 Mev/c 
upon leaving A», but only 684 Mev/c after passing 
through the chamber window and entering the propane. 
The three quadrupole focusing magnets serve to 
maintain high beam intensity over the long channel. 
Except for the addition of a second separation, the 
beam is quite similar to that described in a previous 
paper.® 

About 33 particles per 10” protons hitting the target 
arrive at the center of the bubble chamber. The 
contaminating particles at the bubble chamber are 
mostly muons which can still enter the bubble chamber, 
but they are displaced to one side. 

The ratio of p’s to undesired particles after the bubble 
chamber window is 67 10~-*. At the same momentum, 
the ratio of antiprotons to undesired particles at the 
target is about 1.6X10~*. The purification factor is 
thus 42. For the entire experiment, the beam averaged 
about two antiprotons observed per hour of operation. 
Norma! Bevatron beam level was 2X10" protons per 
pulse at 600 puises per hour. 


B. Proton Calibration 


By making minor changes in the operation of the 
apparatus, it was possible to extract a positive-proton 
beam. The protons were scattered from a copper target 
properly located in the Bevatron. The magnetic fields 
of all magnets were reversed to allow the transmission 
of positively charged beam, but the field magnitudes 
and all absorbers were kept identical to those used for 
antiprotons. The double momentum analysis (in M; 
and M;) guaranteed the momenta to be the same 
within 2%. The proton beam was used to “calibrate” 
the chamber for antiprotons and to check the system 
of triggering counters. 


TABLE I. Components of the apparatus. 


Symbol 


Description 


T Bevatron target for production of antiprotons 
(beryllium, 0.5X0.5X6 in.) 
M,, M2, My + Deflecting magnets: 15-, 40-, and 26-deg bending, 
respectively 
Qi, 2, Os Quadrupole focusing magnets of 8-in. aperture 
M, Defiecting magnet used in emulsion exposures 
E Emulsion stack 
BC Propane bubble chamber: 30 in. along the beam 
direction, 20 in. transverse to the beam, 6.5 in 
deep, and filled with propane of density 0.42 
g/cm’. 
Beryllium absorber: 32 g/cm* (for bubble chamber 
beam) 
Absorber equivalent to 25 g/cm* of beryllium (for 
bubble chamber beam) 
Plastic scintillation counter: 3.53.5 in. by 0.5 in 
thick 
Cerenkov counter, HO radiator, 4X 4X2 in. thick 
Fitch-type Cerenkov counter: CS: radiator 4 in. in 
diam by 2.25 in. thick 
Plastic scintillation counter: 
thick 
Lead collimators 


7.25X2.5X0.25 in. 
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100 


of protons 


Number 








10 20 36.6480 —ClUDDOtCSDSséi‘™?WHOO 
Range (cm of propane) 
Fic. 2. The distribution in range of 1069 protons delivered to 


the bubble chamber through the same magnetic channel as the 
antiprotons. 


The ranges of more than 1000 protons entering the 
chamber were measured, and the distribution is shown 
in Fig. 2. It is seen that the incoming protons may be 
divided into two groups, a homogeneous group giving 
rise to a sharp peak and a smaller group having a 
continuous energy distribution downward from the 
maximum. Protons contributing to the sharp peak 
entered the bubble chamber window with a momentum 
of 684+20 Mev/c as determined by their range of 
54+5 cm. The short-range protons are due primarily to 
variations in wall thickness in the immediate vicinity 
of the window. 

Besides confirming the beam energy, studies of the 
position, ionization, and curvature of the stopping 
protons helped set up reliable criteria for antiproton 
identification. 


C. Electronic Selection of Antiprotons 


It was recognized in the planning stage of the experi- 
ment that the rate of appearance of antiprotons in the 
bubble chamber would be a few per hour. This posed 
a serious scanning problem, for there are 600 Bevatron 
beam pulses per hour. Not only would finding the 
antiprotons be a tedious job, but also it seemed evident 
that scanning might be biased toward those events 
that were most easily discovered by virtue of a many- 
pronged annihilation. These two difficulties were in 
great measure avoided through the use of a system of 
counters which selected those beam pulses for which 
the probability of an antiproton was high. In typical 
operation, the bubble chamber expansion is initiated 
with each Bevatron pulse about 45 msec before the 
beam arrives, and the lights are flashed some 6 msec 
after a 2-msec beam pulse passes through. This delay 
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of the lights, which is necessary for proper bubble 
growth, is sufficient to allow the lights to flash only 
upon a command from the counters. 

The counters are shown in Fig. 1 and briefly described 
in Table I. The two scintillation counters S; and S, are 
spaced 25 ft apart and define a time-of-flight measure- 
ment. The Fitch-type Cerenkov counter, Ff), responds 
to particles of velocity corresponding to 0.62 ¢8< 0.78. 
The water Cerenkov counter, C;, responds only to 
particles with 6>0.75. At F;, antiprotons in the beam 
have 6=0.67, while the mesons approach 6=1. The 
requirements for an antiproton to be detected are that 
(a) there is a proper time delay between signals from 
S,; and S:; (b) a signal appears from F,; and (c) no 
signal appears from C;. 

Bubble chamber pictures were taken upon receipt of a 
signal triggered by proper coincidence of signals from 
S;, Se, and F;. So that all antiproton events would be 


photographed, the sensitivity of the trigger was 


adjusted so that more pictures were taken than just 
those that contained antiprotons. Signals from all four 
counters were displayed on an oscilloscope and photo- 
graphed on 35-mm film. A simple numbering device 
suitably cross-indexed the oscilloscope traces and the 


bubble chamber film. Upon scanning the oscilloscope 
film it was possible to select about 4% of the bubble 
chamber pictures as possibly containing antiprotons. 
In half of these cases, unhurried scanning yielded an 
antiproton event. 


D. Scanning and Measuring 


A complete double scan was made of all bubble 
chamber pictures that were electronically predicted to 
contain an antiproton. Only physicists participated in 
the scanning. 

Each picture electronically selected was scanned 
with only the first 20 cm (about } of the antiproton 
range) visible. This was accomplished by means of a 
simple mechanical shutter attached to a projection 
scanning table. An attempt was made to identify the 
antiprotons by their ionization of approximately twice 
minimum. This was a fairly successful method: some 
65% of the antiprotons were identified in the first 20 
cm of track by ionization alone. Half of the remainder 
were not identified by track alone because they made 
spectacular interactions within the first 20 cm. Others 
were not identified in the first 20 cm of track because 
of overlapping w-meson tracks or occasional 
illumination near the chamber entrance. 

Electronic selection, by reducing the number of 
pictures, permits almost unlimited scanning time per 
picture. Those antiprotons that were not recognized 


in the first 4 of their range were found upon thorough 


poor 


search of the entire chamber. Final identification 


usually amounted to no more than a careful check of 
ionization near mid-chamber, where a value of ~4 
times minimum is expected. 
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each 
ionization estimates, as 


locating an antiproton interaction, 
scanner made bubble-count 
well as tentative identification, for every prong. Each 
scanner also gave his interpretation of the event and 
specified detailed measuring procedures. Upon com- 
pletion of the measurement, both scan reports were 
compared with each other the measured 
momentum for track Any serious 
discrepancy between particle momentum and observed 


Upon 


and with 


each segment. 
ionization was resolved by rescanning and remeasuring. 

All events were measured by tracing out each track 
on the 70-mm film (in both views) with a digitized 
microscope that punches track coordinates directly into 
IBM-650 data cards. An IBM program was then used 
to make a least-squares fit to a parabola projected on 
the horizontal plane and a straight line in the vertical 
plane. The slope of the straight line and the chord- 
sagitta relationship of the curve are sufficient to specify 
momentum upon further IBM computing, 
magnetic-field values within the chamber are known. 

Routine computations give the dip and azimuthal 
angles of each track measured in addition to the 
momentum. Errors are measured 
quantity as a part of the program. Errors reflect not 


once 


assigned to each 
only the internal consistency of the measured points 
along each track, but also known physical effects. For 
example, multiple scattering puts an accuracy limit 
of +10% on momentum measurements by track 
curvature even for energetic particles, while momenta 
determined by range are much more accurate. Typical 
errors on angular measurements vary from a few tenths 
of a degree to a few degrees. Absolute positions within 
the chamber can be measured within a few millimeters, 
while relative positions can be determined much more 
prec isely. 


III. RESULTS: ANTIPROTON CROSS SECTIONS 
A. Antiproton Path Length and Kinetic Energy 


At the conclusion of the scanning and measuring 
processes, the total antiproton path length in the 
propane was computed. All 471 identified antiprotons 
upon which complete measurements could be made 
were accepted, while 84 events which were not measur- 
able because of imperfect film were excluded. The actual 
determination of path length for each individual event 
little more difficult 


is easily done; however, it is a 


to assign an energy to a specific point along the track. 
Annihilations in flight restrict the use of residual range, 
and curvature measurements on low-energy antiprotons 
become inaccurate because of multiple scattering. A 
positive proton beam that was passed through the 


ITB) 


e beam, and the antiprotons 


same momentum-analysis apparatus (see Sec. 


was used to “calibrate” th 


were assumed to have the same energy distribution as 
the protons upon leaving the final counter $2. Large 


variations in wall thickness at the window of the 
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Tasue II. Summary of p path lengths. 


50 to 75 
1424 
107 
483 


75 to 100 
2194 
166 
745 


p kinetic energy (Mev) 
p path length (cm) 

H (g/cm*) 

C (g/cm*) 


chamber cause a significant number (20%) of “short- 
range’’ protons. 

Each antiproton was assigned a kinetic energy at its 
first major interaction, on the basis of the peak of the 
proton range distribution in the chamber, unless it was 
deemed to be a “short-range” pj. These short-range p’s 
were detected by requiring (a) the ionization to be 
heavy, (b) the position of the particle to indicate that 
it came through wall rather than window, and (c) the 
curvature to indicate that the p was slower than the 
main groups of antiprotons. 

The path lengths are summarized in Table II. 


B. Antiproton-Proton Elastic Scattering 


A preliminary report on p-p elastic scattering has 
already been published.” We now present somewhat 
different results after thoroughly scanning and 
measuring all events. The following corrections to the 
earlier work were significant: (a) the path length was 
measured accurately (it is now 3% shorter), (b) four 
antiprotons that scattered elastically and left the 
chamber before annihilating were discovered, and (c) 
the cutoff-angle criterion was improved. 

In establishing a cutoff angle we have adopted the 
criterion that the recoil proton must have a range of at 
least 1 mm, which is sufficient to distinguish a p-p 
scattering from a p-C scattering. A cutoff angle deter- 
mined in this way is dependent upon antiproton energy. 
For the energy interval 75 to 137.5 Mev, a center-of- 
mass (c.m.) angle of 25 deg is an appropriate cutoff, 
while 20 deg (c.m.) is suitable for the interval 137.5 
to-200 Mev. 

The 471 antiprotons that contributed to our path 
length had 42 observed p-p elastic scatterings, including 


11 with scattering angle less than 6,. Each event was © 


measured and verified by use of the unique two-body 
kinematics. In calculating cross sections 
divided the data into the two energy intervals indicated 


we have 


in the preceding paragraph. Table III gives the results, 
Taste III. p-p elastic scattering.* 


p kinetic energy 
interval (Mev) 

p-p cutoff angle @. 
(c.m.) (deg) 

o-i(6.) (mb) 

oi (0 deg) (mb) 


137.5<73<200 


20 
46+11 
56+14 


*A large cutoff angle is adopted to safeguard against confusion wit! 
elastic scatterings cff carbon nuclei. The correction to oe: (0 deg) is explained 
in the text. 


100 to 125 
2534 
191 
860 


125 to 150 
2996 
226 
1017 


150 to 175 
3653 
276 
1240 


175 to 200 
3108 
234 
1055 


of which the average is 62412 mb (good geometry) 
over the entire range from 75 to 200 Mev. 

The optical-theorem relationship do/dQ(0 deg) 
> (o,k/4r)* was used to make the correction to good 
geometry. The total cross section o; used to obtain 
da/dQ(O deg) was estimated by using the total elastic 
cross section up to the cutoff and the annihilation cross 
section presented in Table IV. We assumed that 
da/dQ was constant from 0° to 6, {to compensate for the 
missing [Re /(0 deg) } and corrected the cross section 
by integrating from 0 deg to @,. This correction, which 
amounts to almost 25% of the good-geometry result, 
agrees satisfactorily with that predicted by the theo- 
retical angular distribution according to Fulco," who 
used the Ball-Chew model.” 

The Ball-Chew theory of the nucleon-antinucleon 
interaction, which is apparently successful, is based on 


Taste IV. Annihilation cross sections for antiprotons in 
hydrogen and carbon. Results are averaged over the energy ranges 
indicated 


Antiproton kinetic energy, 
T (in Mev) 

p-p annihilation cross 
section (mb) 

p-C annihilation cross 
section (mb) 


112423 OO+ 18 


474+76 


30465 


the Yukawa interaction, with the addition of a spin- 
orbit term and an absorbing central core that accounts 
for annihilation. The theory has been applied only to 
moderate energies. The original calculations were made 
at 140 Mev, at which precise knowledge of the core 
radius is not crucial. At higher energies the details of 
the annihilation boundary condition become important. 
Below 50 Mev the WKB method of calculation breaks 
down. Ball and Fulco have extended the original 
calculations from 50 to 260 Mev.” Figure 3 compares 
their predictions with our results for p-p reactions. 

In Fig. 4 we present the angular distribution of the 
p-p elastic scattering. Because of the small number of 
events (only 31 with scattering angle greater than 
6.=25 deg), we have plotted one distribution for all 
antiproton energies from 75 to 200 Mev. The theoretical 
differential scattering cross section at 140 Mev given 
by Fulco” is also shown for comparison. 

A summary of all p-p elastic scatters reported to date 
in nuclear emulsions has been collected by Goldhaber™ 

"J. R. Fulco, Phys. Rev. 110, 784 (1958) 

= J. S. Ball and J. R. Fulco, Phys. Rev. 112, 647 

= The results of several groups at Berkeley, 


Oxford, Rome, Saclay, and Uppsala, have been 
compilation. 


(1959). 
Los Alamos, 
used for this 
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TABLE V. Summary of all p-p data reported to 
date, excluding counter data 


Path 

length Average 
g/cm? energy 
of H) (Mev) 


Energy 
interval 
(Mev) 


Gei(p-p) 
(mb) 


Emulsions 

Propane chamber 
1 and 2 combined 
Ball-Chew theory 


1006 40 58+10 
62+12 
6O+8 
iH) 73 


to 200 
to 


75 
45 


200 1093 3 
2099 3 
4 


and is presented in Table V. Our results are in the same 
energy region and are included for comparison. By 
grouping together all the data from emulsions and the 
propane bubble chamber, we obtain an average value 
60+8 mb at an average energy of about 137 
Mev. This result is in good agreement with the Ball- 
Chew prediction of 73 mb at 140 Mev. 


of Cel 


C. Antiproton-Carbon Elastic Scattering 


Although an earlier report has been made,* we 
present here a final analysis of p-C elastic scattering. 
As mentioned before, scanning becomes very inefficient 
at small angles. For this reason we have established 
an angle of 3 deg projected upon the horizontal plane 
as a scanning limitation, thus we ignore those observed 
A correction 
based on camera separation and height above the 


events with a smaller projected angle. 


chamber, and on an assumed uniform distribution in 
azimuth of. the p-C scatterings, is then applied to 


compensate for the missing events. This correction 
factor varies from 1.6 at a laboratory-system angle of 
5 deg to 1.1 at 20 deg (lab). Another correction, which 


is only 3%, is needed to remove p-p elastic scatterings 


oO Dp annihidation , theory 


Cross section (mb) 


+ OBp elastic theory 
@ PP annihilation experiment 


a7 elastic experiment 


20. ~=«4 é 80 00 120 140 160 


p kinetic energy (Mev) 





Fic. 3. 
Chew model 


p-p cross sections. A comparison of theoretical (Ball 
ntal p-p elastic and annihilation cross 
sections. The experimental points are averages over two energy 


intervals, 75 to 137.5 Mev, and 137.5 to 200 Mev 


and experime 


“lL. E. Agnew, T. Elioff, W. B. Fowler, L. Gilly, R. Lander, 
L. Oswald, W. M. Powell, E. Segr?, H. M. Steiner, H. S. White, 
C. Wiegand, and T. Ypsilantis, Phys. Rev. Letters 1, 27 (1958) 
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that leave no recoil proton and hence are indistinguish- 
able from j-C elastic scatterings 

We have adopted a cutoff angle of 5 deg (lab) for 
all p-C cattering 
eliminates the consideration of 


elastic events. This essentially 
Coulomb effects. An 
uncorrected total of 91 scatterings of more than 5 deg 
was obtained in the antiproton energy region from 200 
Mev to rest. 

For the purpose of calculating elastic cross sections 
on carbon, we placed most of the 
groups: 
Mev, anc from 


events into two 
antiproton kinetic energies from 75 to 137.5 
137.5 to 200 Mev. Our results for 
6(lab) > 5 deg are shown in Fig. 5. Also shown in Fig. 5 
are the theoretical predictions of an optical-model 
calculation by Bjorklund and Fernbach 
nucleon-antinucleon phase shifts of Ball 


using the 
and Chew 


— Observed pp 
scoftering 

—-~ Theoretical 
differential cross 
section (Fuico) 


( mb/ sterad ) 
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oO 
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da 


- 
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Antiproton scattering angle, 8,(cm) 
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Fic. 4. Angular distribution for p-p elastic scattering. Thirty- 
one events in 145 meters of antiproton track over an energy range 
from 75 Mev to 200 Mev are plotted. The cutoff angle is 25 deg 
(c.m.) The theoretical curve at 140 Mev 
Ball-Chew ; showr r comparisot 


(25 deg)=58 mb; our results are 47+8 1 


Fulco, based on the 


model, Fulco predicts Ge} 


and the method of Riesenfeld and Watson to obtain 
the well-depth parameters. his theory also predicts 
differential scattering cross sections for which calcu- 
lations have been made at several energies. Our limited 
number of events does not warrant the presentation 
of more than one angular distribution including all 
events from 75 to 200 Mev, which 
The theoretical differential cro 

is included ‘for comparison 26 


shown in Fig. 6. 
140 Mev 


section at 


Ij. Annihilation Cross Sections 


Of the 471 antiprotons that 
448 had 


ntributed to our path 


length only tracks that terminated in the 

*% F. Bjorklund and S. Fernbach, Lawrence Radiation Labora- 
tory, Livermore and J. Fu Lawrence Radiation Laboratory, 
Berkeley (private communications 
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chamber; the rest scattered out at the top or bottom. 
Each annihilation was classified as having occurred 
in a carbon or hydrogen nucleus. Annihilations that 
result in an imbalance of charge or have nucleons 
among the products are obviously carbon stars. A 
hydrogen annihilation must have only pions (or K 
mesons) as products, and the net charge must be zero. All 
annihilations that fitted these conditions were classified 
as hydrogen stars, although the conditions were not 
sufficient to fix the assignment. It is clear that an 
antiproton may annihilate within a carbon nucleus 
in such a way as to be indistinguishable from a hydrogen 
annihilation (e.g., in such a way as to “fake’’ a hydrogen 
annihilation), and a correction must be made for this 
effect before annihilation cross sections are calculated. 

Of our 448 terminating antiproton tracks, we were 
able to designate 302 annihilations as carbon, and 146 


aa 


nonelostic, theory 

elostic, theory,@ (ob) 25° 
elastic, theory, ( iabj2 0° 
onnimiothon, experiment 
elostic, experiment, O (lob )25° 


Cross section (mb) 








20 40 60 80 100 20 140 160 180 200 
p kinetic energy ( Mev) 

Fic. 5. p-C cross sections. The experimental! points are averages 
over two energy intervals, 75 to 137.5 Mev, and 137.5 to 200 Mev 
The theoretical points are obtained by the use of Ball-Chew 
nucleon-antinucieon interaction in an optical-model calculation 
by Bjorklund and Fernbach. The theoretical values labeled 
nonelastic include charge-exchange and inelastic scattering as 
well as annihilation. Coulomb effects on elastic scattering are 
unimportant in the experimental] points and are excluded in the 
theoretical points. 


as possibly hydrogen. Only 127 of the carbon annihila- 
tions were caused by antiprotons with more than 50- 
Mev kinetic energy, but 90 of the possibly hydrogen 
stars occurred in this manner. 

In order to determine the annihilation cross sections, 
we must make corrections in the assignment of in-flight 
annihilations to hydrogen and carbon, i.e., corrections 
must be made for the “fake” j-H stars, and also for 
antiproton charge exchange that simulates p-H annihi- 
lation into neutral pions 

The correction to account for fake j-H annihilation 
is determined by comparing the fake j-H annihilation 
to a direct counterpart, the fake j-m star, assuming 
they are equally probable."This is justified as follows. 

The antiproton must annihilate on either a neutron 
or a proton within the carbon nucleus. The annihilation 
cross sections for j-p and j-m reactions are predicted 
to be the same,” and there is experimental evidence 
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Fic. 6. p-C differentia! scattering. This is a histogram showing 
our p-C elastic-scattering differential cross section including all 
events of antiproton kinetic energy between 75 and 200 Mev. An 
optical-model curve due to Bjorklund and Fernbach, using the 
method of Watson and Riesenfeld and the Ball-Chew phase 
shifts for 140 Mev, is also shown 


that they are equal at a higher energy.® Since the carbon 
nucleus contains equal numbers of protons and neu- 
trons, it seems likely that within the carbon nucleus 
equal numbers of p-p and f-n annihilations take place. 

If the pions emerge without interacting inside the 
carbon nucleus, then our assumption of equally probable 
fake j-p and p-n stars is justified. Moreover, if a pion 
does interact before leaving the carbon nucleus, 
ejecting a proton, the resulting star can not be confused 
with a hydrogen star. Finally, if a pion interacts to 
cause the ejection of a neutron, it is possible to show by 
]-spin arguments that the fake -p and j-n annihilations 
are still almost equally probable. 

Of the 40 annihilations that satisfied the conditions 
of a p-m star, 15 occurred at p energies of more than 
50 Mev. This means that we should expect that 15 
of the in-flight hydrogen annihilations are really carbon, 
or in other words that 83% of the “possibly hydrogen” 
are indeed p-H annihilations 

Table IV gives the annihilation cross sections on 
carbon and hydrogen after corrections. Average results 
are presented for two equal energy intervals from 75 
Mev to 200 Mev, and are based on 54 hydrogen stars 
and 100 carbon stars. Statistical crrors on both the 
“raw” numbers and the corrections have been com- 
bined to yield the errors stated. These results agree 
qualitatively with the large absorption cross sections 
observed previously at various antiproton energies.4**# 
The Ball-Chew model predicts -p annihilation cross 
sections of 110 mb at 50 Mev and 74 mb at 140 Mev.” 
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Predictions of this model are compared with our 
experimental results in Fig. 3. Although annihilation 
in the Ball-Chew model is not strongly dependent on 
core size, it is dependent in a cruder model suggested by 
Koba and Takeda.'’? There annihilation occurs upon 
an incoming antiproton of wavelength X (c.m.) hitting 
an absorbing core of radius a to give Oann=4(a+A)*. For 
this model our results would suggest a0.6h/m,c. 


IV. RESULTS: MISCELLANEOUS 
A. Antiproton Charge Exchange and the » Stars 


The antiproton charge-exchange reaction ~j+p— 
fi+-n was used in demonstrating the antineutron.'* This 
was a counter experiment. A bubble chamber offers 
the possibility of visual observation of both the charge- 
exchange process (disappearance of a p) and the 
subsequent # annihilation (a neutral-produced star of 
large energy). Such an event has been observed in this 
experiment, and has been reported earlier.” 

Unless antineutron annihilation occurs within the 
chamber, the charge-exchange process is difficult to 
distinguish from a p-p annihilation in which all final- 
state pions are neutral (a “p star’). We have found 
eleven cases in which the antiproton track ends within 
the chamber with no star. Three of these cases have 
verified photon pair conversions and thus must be 
considered p stars.*° Two others occur at the end of the 
antiproton range and are also considered p stars, on the 
premise that charge exchange at very low energy will 
almost certainly lead to an # annihilation within the 
chamber. We are left with the following situation: 

Charge 
exchange pstars Undetermined 


Number of events l 5 5 


The undetermined events may be assigned as either 
charge exchanges or p stars. In order to make the 
assignment, we assume that the p star produces an 
average of at least 3.5 neutral pions and then calculate 
the probability, P, of identifying the event through pair 
production by a gamma ray from a x” decay. This 
probability is P>0.4. Furthermore, we estimate upon 
assuming charge-exchange scattering to be isotropic 
and the # annihilation cross section to be the same as 
that of the j, that the probability of detecting an 
antiproton charge exchange by observing the # star 
within the chamber is about 0.3. These estimates 
enable us to assign two of the five undetermined events 
as charge exchanges, and three as p stars, to get the 
following: 

Charge 
exchange p star 


Observed events 
Assigned events 
Total 


5 
3 
8 


*% The pair conversion of #°-decay photons in the propane 
bubble chamber is discussed at some length in Sec. VA. 
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No really precise measurement of antiproton charge- 
exchange cross section has yet been made for low 
antiproton energies. The only previous report for 
energies below 200 Mev gives o(5:»+a+n)=10_;** mb 
at 133413 Mev in a counter experiment.’ Unfortu- 
nately, our bubble chamber experiment permits little 
more than confirmation of the existence of the process. 
Because we are confident of our ability to identify 
antiprotons, especially at kinetic below 150 
Mev, we are able to set an upper limit (with poor 
statistics) on the charge-exchange process. For the 
purpose of an upper limit, we use the maximum of the 
possible charge-exchange events, namely six, rather 
then the estimated result of three events 


energies 


For the mean 
free path for charge exchange in propane in the energy 
interval 50 to 150 Mev, we obtain \>630 g/cm*. This 
is consistent with charge-exchange cross-section limits 
o £15 mb for hydrogen (assuming all six events occurred 
on hydrogen), and ¢<39 mb for carbon (assuming all 
six events occurred on carbon 

The Ball-Chew model predicts o:5,> 
mb at 50 Mev and 21 mb at 140 Mev.” 


to be 31 


B. Antiproton Interactions below 75 Mev 


Upon coming to rest, an antiproton must be captured 
by either carbon or hydrogen, although the proportion 
captured by each is uncertain.” Antiproton capture by 
hydrogen produces the neutral system protonium, with 
an estimated principal quantum number of about 
n= 30. This estimate of the principal quantum number 
is based on the assumption that protonium is formed 
with a radius approximately that of the hydrogen atom 
because at larger distances, the charge of the proton is 
probably screened by an electron. The arguments that 
follow are all based on n=30 for protonium, but the 
conclusions remain unchanged down to n=15. 

Protonium with m=30 is a relatively stable system 
against radiative transition. Its transition probability 
(T.P.), if we consider all possible final states and assume 
that, in the initial state, the substates of the orbital 
quantum numbers / are occupied according to their 
statistical weights, is T.P.~1X10’ sec". Even so, 
radiative transition is more probable than annihilation, 
as has been pointed out by Bethe and Hamilton,” 
except for S states, in which annihilation can occur. 
For n= 30, the weight of the S state (again assuming 
population of the substates of 1 according to their 
statistical weights) is much less than 1%. Thus pro- 
tonium, as a neutral system nearly the size of the 
that the 


7 On the assumption i 


sections are equal, we get ¢<1l n 
et al. of the possibility of equa 
reference 2 

% We are indebted to Pr w Robert Serber of Columbia 
University for some very useful comments on the f-capture 
process at rest in propane. The capture of negative particles 
stopping in chemical compounds is Fermi and 
E. Teller, Phys. Rev. 72, 399 (1947 

”H. Bethe and J. Hamilton, Nuovo 


urbon and hydrogen cross 
b. The suggestion by Button 
ross sections is reported in 


liscussed by E 


cimento 4, 1 (1956). 
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hydrogen atom having a thermal velocity of about 
6X 10° cm/sec, lives long enough (except for the rare 
S-state annihilations) to make many collisions with 
hydrogen and carbon atoms in the propane. 

According to a recent paper by Day, Snow, and 
Sucher,” the /=0 state of protonium (which annihilates) 
may become populated due to a Stark-effect process 
This process should occur very quickly for all m=0 
states whenever the protonium is in a strong electric 
field. Such a strong field is encountered when the 
protonium system is within the Bohr radius of a 
proton. Protonium has about 21X10" collisions per 
second with hydrogen atoms in propane. Because of the 
statistical weight of the m=O states, some 30 collisions 
are necessary to reduce the protonium by a factor of 
1/e, assuming that the m values are reshuffled on 
successive collisions. Thus we calculate that an approxi- 
mate transition probability for protonium to annihilate 
(because of the Stark effect) is 2110"/30, or about 
0.710" sect. 

Protonium annihilation is not so likely to result from 
collisions with carbon atoms. The protonium atom is 
several times as big as the unscreened region of the 
carbon atom, hence only the proton or the antiproton 
may be within that region at a given time. For such a 
situation another process becomes very likely. This is 
the transfer of the antiprotons to carbon, in an effect 
similar to that observed for stopping *~ mesons by 
Panofsky and others." Protonium makes about 1X 10" 
collisions per second with the unscreened region of a 
carbon atom in propane, and for these collisions we 
assume that the transfer efficiency per collision is high. 
Ignoring any additional transfer due to not-so-close 
collisions with carbon, we have a rough lower limit of 
110" sec for the transfer rate of antiprotons from 
protonium to carbon 

By comparing the rate of protonium annihilation 
(due to the Stark effect) to the rate of transfer of 
antiprotons from protonium to carbon, and remember- 
ing that many of the antiprotons are originally captured 
by carbon, we can see that annihilations on carbon 
should be most frequent for antiprotons at rest. 
Furthermore, the occurrence of j-H annihilations in 
any perceptible number must be considered to be due 
to the Stark effect acting on protonium. 

We have evidence that the stopping antiprotons 
preferentially annihilate on carbon. We have found 
that for antiprotons of more than 75 Mev, the ratio of 
carbon to hydrogen annihilations is about 2. For all 
annihilations at less than 50 Mev, the ratio becomes 6, 
and for 71 antiprotons of longest range, the ratio is 12. 
We may go a step farther and explore the assumption 
that such a highly efficient transfer mechanism exists 


» T. B. Day, G. A. Snow, and J. Sucher, Phys. Rev. Letters 3, 
61 (1959). 

= W. K. H. Panofsky, R. L. Aamodt, and J. Hadley, Phys. Rev 
81, 565 (1951). 
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that all annihilations of stopped antiprotons occur on 
carbon nuclei. Such an assumption forces us to attribute 
the end-of-the-range #-p type annihilations to either 
(a) a sharp increase in the j-p annihilation cross section 
at low kinetic eaergy, or (b) a significant preponderance 
of fake p-p over fake p-n stars. Consider Case (a): the 
assumption that f-p annihilations at the end of the 
range really occur at low kinetic energies (which we 
cannot distinguish from zero) leads to gann(p-p) 
=455+105 mb (0 to 75 Mev). Such a large cross 
section is unlikely in view of the 1/»-law prediction of 
<200 mb. Let us then reject Case (a) and consider 
Case (b), in which, we obtain a ratio of 1.8+0.5 when 
comparing p-p-type annihilations with p-n-type annihi- 
lations at rest. This ratio is not at all inconceivable, but 
it is not in good agreement with an expected ratio of 1.0. 

We conclude that we have established that stopping 
antiprotons annihilate preferentially on carbon in 
propane, which is expected. It is even possible that 
the stopped antiprotons annihilate wholly on carbon, 
but this hypothesis leads to conclusions that are not 
entirely satisfactory. Indeed, our results are in best 
agreement with the annihilation of about 10% of all 
stopping antiprotons on hydrogen, which is reasonably 
explained by the Stark-effect process. 


C. Antiproton Polarization 


In the design of the experiment, the possibility 
that carbon might be a good analyzer was acknowl- 


edged, even though no mechanism for antiproton 
polarization in production has been suggested. Anti- 
protons of 970 Mev/c initial momentum observed here 
were produced on a beryllium target by 6.1-Bev 
protons. Their angle of production was 5 deg left 
(lab), which corresponds to 169 deg (c.m.). Any 
polarization at production is expected to survive 
energy degradation. 

The observed right-left asymmetry of the p-C 
scatterings within 45 deg of the horizontal plane was 
ér-L=0.12+0.17, while an up-down asymmetry of 
év-_p=0.18+0.15 was obtained. These results are 
consistent with zero polarization in antiproton produc- 
tion. We cannot determine whether this negative 
result is due to a real absence of polarization in the 
antiproton beam, or whether it is due to the lack of 
analyzing power in carbon scattering (the analyzability 
is theoretically estimated to be only about 0.2). 


V. RESULTS: THE ANNIHILATION PROCESS 
A. Observation of Annihilation Products 


Reports published previously have described the 
annihilation process in nuclear emulsions’-* and in a 
bubble chamber.” In this experiment we have observed 
some 500 annihilations. Detailed measurements were 
possible on 437 annihilations, of which 140 fit require- 
ments of annihilation on hydrogen. The remaining 297 
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annihilations, all of which can definitely be attributed 
to carbon, fall into two approximately equal groups: 
those which appear to occur after the antiproton has 
come to rest (or has at most 50-Mev kinetic energy), 
and those in which the antiproton still has significant 
kinetic energy (at least 50 Mev) upon fatal collision 
with a carbon nucleus. Both the hydrogen and the 
annihilations in detail in the 
following sections. 

The characteristic nucleon-antinucleon annihilation 
proceeds through the creation of pions, both charged 
and neutral. In about 4% of the annihilations at low 
antiproton kinetic energy, a pair of K mesons is created. 
No other direct product has yet been observed. 

We have used various methods to observe the various 
kinds of annihilation products. 


carbon are discussed 


Protons and Charged Pions 


The pion products from a fundamental N-N annihi- 
lation within a carbon nucleus may interact before 
getting out of the nucleus. Such an interaction may give 
rise to protons, neutrons, and other nuclear fragments. 
The charged prongs from these stars are directly 
observable in the chamber and in many cases may be 
identified on the basis of momentum, charge, and 
density of track. Distinction between pions and protons 
is usually straightforward, except in rare cases of high- 
momentum positive tracks. When dealing with the 
black prongs (i.e., heavily ionizing), however, we are 
unable to distinguish between short-range protons and 
deuterons or other charged nuclear fragments. For 
convenience, all these heavy prongs are assumed to be 
protons. 

A charged prong is considered identified once it has 
been designated as a #*, a w~, or a heavy prong (p*). 
As we pointed out in Sec. ITD, such a designation is 
made only after the scanner’s tentative identification, 
based on bubble-count ionization measurements, is 
confirmed by the measured momentum. 
breaks for 


steep tracks. Here the momentum of the particle may 


Charged-particle identification down 
be parallel to the magnetic field, so that not even the 
sign of the charge can be determined. Furthermore, 
even a minimum track looks dense in a projected view 
because the cameras are above the chamber. We have 
used two approaches to this problem: 

(a) A compilation of all completely identified stars 
was made. Then each annihilation with one or more 
prongs undetermined was compared with the list of 
known stars. An assignment of particle identity (pion 
or proton) or particle charge (for pions only) was made 
in ratio to the frequency among the known stars of the 
various possible final configurations of the unknown 
star. To gain an idea of the numbers involved, consider 
the carbon annihilation at rest. In these 65% of the 
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annihilations had complete prong identification,” 
75% had no unidentified particle, and 80% had no 
unidentified charge. Furthermore, 90% of the prongs 
in this group of annihilations were identified. 

(b) A compilation was of all annihilation 
products, listing total number identified for each kind 
of particle. A separate listing was made for prongs of 
dubious identity or charge. These latter, amounting to 
10% of all the prongs, 
according to the 
particles, without regard 


made 


were then assigned in blocks 
all of identified 
for specific stars. The result 
obtained was an average multiplicity of r+, x~, and pt 


over frequency 


for the group of stars under consideration. This process 
was repeated, using only those annihilation products 
having dip angles within 30 deg of the horizontal. This 
region constitutes half the solid angle. Elimination of 
steep dip angles permits more confident identification 
of particles, and only 5% of all prongs in this sample 
were undetermined. Multiplicities determined in this 
way were in good agreement with those obtained for the 
whole solid angle and with those obtained by the 
method of detailed correction described in (a) above. 

Detection efficiency for charged pions was about 
999,. This estimate is based in part on a scanning- 
efficiency calculation based on the results of the two 
independent scans, and in part on the consideration of 
the two effects that can render pions unobservable. One 
of these effects is pion charge exchange or absorption 
near the annihilation origin, while the other is anti- 
proton annihilation so close to the chamber top or 
bottom that particles out unobserved. Both 
effects together account for about 0.5% of the charged 
pions. The other common pion interactions, namely 


can go 


elastic scattering and pion decay, still allow the pion 
to be detected. Even for pion decay at rest near the 
annihilation, the characteristic > e decay scheme 
is easily identified through the 


> ul 
j-ram range of the yw 
meson and the usually visible (at least 98% of the 


time) electron. 


Neutral Pions and Other Neutral Products 


products may occasionally 
neutral K mesons within a 
few centimeters of the annihil makes detection 
extremely probable for the mode of decay in which two 
charged particles appear. This is discussed more fully 
in a subsequent section 

Neutrons ejected from carbon stars, however, are 
essentially undetectable because their reactions with 
charged particles, such as n-p scattering, do 


f 


Uncharged ann 
be observed. The decay of 
ition 


elasti 


not allow unique association with the annihilation 


No 


annihilations. 


attempt was made to observe neutrons from 


& It 
because they are t \ 
undetermined pron occur most frequently in stars of 
multiplicity. 


this 65%, 
The 
high 


would clearly | incorrect report on only 


ations 
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Neutral pions may be observed infrequently through 
the pair conversion of a photon decay product. The 
number of neutral pions is related to the number of 
observed electron-positron pairs through two factors, 
the mean free path for pair production in the propane 
and the chamber geometry. The mean free path for 
pair production is a function of the energy of the 
photon, varying from 200 g/cm? (480 cm) of propane 
at 20 Mev to 64 g/cm? (154 cm) at 1000 Mev. The 
problem of chamber geometry was solved by establish- 
ing an arbitrary fiducial volume within the chamber. 
This volume was a rectangular parallelopiped slightly 
smaller than the chamber, and contained all the 
annihilations. Only photons that converted within this 
volume were accepted. Each observed pair was weighted 
by a factor 1/[1—exp(—/,/l,) ], where J, is the mean 
free path for photon conversion into a pair of the 
observed energy, and /, is the distance from the annihi- 
lation to the fiducial-volume boundary along the photon 
line of flight. The observed electron pairs'were corrected 
for energy loss before calculation of the weighting factor. 

From the results of the two independent scans, we 
concluded that the scanning efficiency for pairs within 
the fiducial volume was 98.5%. About 7% of all the 
rdecay photons converted into pairs within the 
volume. This means that our r°-detection efficiency was 
14%. 

A check for possible “accidental” pairs was made by 
scanning a section of film for pairs that appeared to 
originate from an arbitrary point near the center of the 
bubble chamber. This check indicated that approxi- 
mately 2% of the observed annihilation-associated 
pairs should be accidental. Both this factor and the 
scanning-efficiency factor, which tend to balance each 
other, are considered negligible. 


Dalitz Pairs 


A consideration of annihilation products would not 
be complete without some reference to Dalitz pairs. 
In one of 80 x° decays, a photon materializes directly 
as an electron-positron pair. These electron pairs 
look like direct annihilation products, because the x° 
lifetime, r<4X10~"* sec,™ does not allow physical 
separation of the pair origin from the annihilation 
origin in the bubble chamber. If the electron path 
length is long enough—e.g., at least 10 cm— then an 
experienced scanner may recognize it by its high rate 
of energy loss (radiation loss by an energetic electron). 
A low-energy electron is easily recognized by its 
characteristic spiral stopping. 

Among the products of almost 500 annihilations, we 
have tentatively identified 6 Dalitz pairs. If we assume 
that each annihilation produces 1.6 neutral pions and 
that, of these, 0.2 is absorbed in each carbon star, then 


* J. Orear, G. Harris, and S. Taylor, Bull. Am. Phys. Soc. 2, 6 
(1957). 
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we should expect to see 9 Dalitz pairs. This is con- 
sidered satisfactory with observation. 


K Mesons 


The strange-particle A-meson products of annihi- 
lation are discussed in Sec. V D. 


B. The Hydrogen Annihilation 


In this section we present the result of measurements 
made on 140 stars that meet the conditions for anti- 
proton annihilation in hydrogen. It is. estimated that 
about 40 of these events are actually annihilations on 
carbon nuclei. Because it is impossible to determine 
which hydrogenlike annihilations are genuine and which 
are not, all are included in a single group considered 
typical of the f-H annihilation.™ For these annihi- 
lations, the average kinetic energy of the antiproton 
was 80 Mev. 

The multiplicity of charged mesons per hydrogen 
annihilation was found to be 3.06+0.12.% The average 
energy (including rest energy) was 390+14 Mev per 
charged meson. We have also observed 29 gamma-ray 
pair conversions which give 1.6+0.5 neutral pions per 
annihilation. The x° total energy averaged 3564110 
Mev. Combining, we have an observed multiplicity of 
4.7+0.5 pions per annihilation. In addition, some 4% of 
these annihilations produced K mesons (see Sec. V D 
for a discussion of strange particles produced by 
annihilations) 





Number of pions 


[raps 
Pion kinetic energy ( Mev) 


~ 400 


Fic. 7. Kinetic-energy spectra of the charged pions from 
hydrogen annihilations. Only pions with at least 10 cm of track 
(unless stopping) and which make an angle of >60 deg with the 
magnetic field are included. (a) x” spectrum, (b) #* spectrum. 

* To justify this, we inquire how much energy is carried off by 
unobserved neutrons. Energetic neutrons from carbon stars must 
be expected to have about the same energy distribution as 
energetic protons, which we can observe. Even if each of the 
p-p stars has one energetic neutron, which is a very pessimistic 
estimate, the average energy per hydrogenlike annihilation 
available to pions is reduced by only 1.5%. 

“The charged-meson mean multiplicity, M, is given by 
M = &; in,/ D; n;, where n; is the number of annihilations having 
i charged mesons. The error in M is given by 


AM =[ 2(aM /anP (An), 


where An; is the statistical error on m;. 





AGNEW 





Relative number of photons 











1 
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Photon energy ( Mev ) 
Fic. 8. Energy histogram of 29 #°-decay y conversions observed 
in hydrogen annihilations. Each photon has been weighted accord 


ing to its conversion probability. Because of the effect of the 
weighting factor, each unit of the ordinate represents 50 photons 


The error in our observed pion multiplicity of 
4.7+0.5 pions per annihilation is mostly due to the 
large error in the neutral-pion multiplicity. If we 
consider only charged pions, we may still calculate a 
combined charged- and neutral-pion multiplicity if we 
make two assumptions: (a) the neutral pions have the 
total energy (390414 Mev) as the 
charged pions, and (b) all the annihilation energy that 


same average 


does not appear in K mesons is carried off by pions. 


Using these assumptions, we get a pion multiplicity of 
4.88+0.18 pions per annihilation. By subtracting the 
observed charged-pion multiplicity of 3.06+0.12 from 
4.88+0.18, we get a difference of 1.82+0.21 pions per 
star that can be attributed to neutral pions. These 
results are consistent with the production of equal 
numbers of w+, m~, and x” mesons, although such a 
division is not specifically required for p-p annihilations. 
The kinetic-energy spectrum of the observed charged 
pions is presented in Fig. 7. Only those pions that make 
an angle of at least 60 deg with the magnetic field and 
that have at least 10 cm of measurable track (unless 
stopping) are included. Only 99 of the x* mesons meet 
these conditions [Fig. 7(a)]. The average x* kinetic 
rasie VI 


Summary of hydrogenlike annihilations, 
based on 139 events 


Energy per 
particle* 
Mev 


Energy per 
annihilation 
(Mev) 


Average 
multiplicity 


Annihilation 
product 


390+ 14 
356+ 110 
606+77 


1195+ 62 

570+ 250 
49+15 

1814+ 258 (total) 


Charged pions 
Neutral pions' 
K mesons 


* Includes rest 1 

» Neutral-pion resul ng in this table were obtained by obser 
tion (through pair pr n) of about 7% of the decay photons. The 
nultiplicity bec 1.82 +0.21 if we assume that the average r° energy 


* same ast 


et al 


energy is 240+ 19 Mev. Eighty-six of the x~ mesons are 
recorded in Fig. 7(b). The average r~ kinetic energy is 
263421 Mev. The most probable kinetic energy for 
both + and x~ is approximately equal to the pion rest 
mass, giving a most probable total energy of about 
twice the pion rest mass. 

Figure 8 shows an energy distribution of photon 
pair conversions. These photons are decay products of 
mx mesons created in the hydrogenlike annihilations 
Each photon represented in Fig. 8 has been weighted 
according to its probability of converting within the 
chamber. For a 7° kinetic-energy spectrum similar to 
the x* or r~, the most probable y energy is half the x° 
rest mass, or 68 Mev. Our most probable value seems 
to be more than 100 Mev, but we must acknowledge the 
poor statistics. When all photons, including those from 
carbon annihilations (sec are considered, 
the resulting energy spectrum shows good agreement 
with the predicted value of 68 Mev. 

The over-all results for hydrogenlike annihilations 
are presented in Table VI. A more detailed breakdown 
is presented in Table VII. The that the 


next section 


data show 


TABLE VII. Break« rogenlike annihilations. Five 


events in which A sons were produced are excluded 


Energy 
per 
ne itral 
pion® 


‘Mev ) 


* Includes rest ma 
>’ Small number of 
° Statistics t x 


produces four charged 


hydrogen annihilation mesons 


| 


in about 50% of the events, while 40° have only two 


charged mesons. The remaining 10% almost equally 
© multi- 
multiplicity increases. With 
find 2.4 9 9*'* neutral pions per two- 


’ per four-prong star 


split between 0-prong and 6-prong stars. The x 
plicity decreases as the r 
poor statistics, we 
prong star, and 1.1 

Our results should be compared 
bubble-chamber results of Horwitz, Miller, Murray, 
and Tripp,” who have studied 81 antiproton annihi- 
lations at rest. They have found 3.21+0.12 charged 


annihilation 


to the hydrogen 


mesons per 
energy 


Their average for the 
mass) was 380+12 Mev per 
pion. In other respects there is also good agreement. 


(including rest 


For example, they have also reported that 50%, of the 
hydrogen annihilations have four prongs, while about 
40% have two prongs 

It is also of interest 
predic tions of the several theori¢ 


to compare our results with the 
s. The 


discussed extensively 


Fermi statistical 


model has been elsewhere in 


leon annihilation.’ :* 


The straightforward application of the 


connection with antinucleon-nu 


Fermi theory 
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Tasie VIII. Multiplicities and energies of the principal products of carbon annihilations 


In-flight stars 166 events 
Energy* 


(Mev) 
354417 


Product 


Multiplicity 


Sa 1.65+0.09 
x* 1.31+0.10 381419 
w 1.16+0.40 342+120 
pte 1.58+0.10 68 


1.14 
1.03 


* Total energy is given for pions, kinetic energy for protons 
> This includes all heavy charged particles with propane range greater t! 
spectrum. 


predicts a low pion multiplicity (3.3 pions per annihi- 
lation when K production is ignored, and even fewer 
when K production is considered) and a high K proba- 
bility (as much as 41%). The Fermi model can be 
brought into agreement with experimental results of 
almost five pions per annihilation by increasing the 
interaction volume Q=4/3x(h/m,c)* by a factor of 
ten, but even then the theory predicts about three 
times as many K mesons as were observed. Attempts 
to improve this theory by minor changes have so far 
been unsuccessful. As discussed by Sudarshan, Landau, 
and Pomeranchuk* enhancement of pion multiplicity 
can be obtained by considering a strong pion-pion 
interaction. 

The theory of Koba and Takeda suggests that 
annihilation pions have two distinct origins: first, the 
meson cloud, which gives 2.6 pions; and second, the 
nucleon core, which adds 2.2 pions. This model is 
based on the idea that periods of motion in the pion 
cloud are long compared with the core-annihilation 
time. Upon overlap of nucleon-antinucleon cores, 
annihilation proceeds nonadiabatically with respect to 
the pion periods. The reduced energy available to core 
annihilation is treated with the Fermi theory. The 
model predicts 4.8 pions per annihilation, which is in 
good agreement with the experimental results. How- 
ever, recent calculations by Frautschi*’ indicate that 
the X-multiplicity predictions of the Koba-Takeda 
model are too high by a factor of about 4. 


C. The Carbon Annihilation 
Description of the Carbon Star 


We have divided all the antiproton annihilations in 
carbon into two groups: those which occur in flight, and 
those which occur at rest. An antiproton kinetic energy 
of 50 Mev was picked as a dividing line, and all anti- 
proton annihilations at less than 50 Mev were con- 
sidered at rest. In the energy region from 50 Mev to 
200 Mev, 151 antiprotons of 120-Mev average kinetic 
energy annihilated with products that clearly identified 


* G. Sudarshan, Phys. Rev. 103, 777 (1956); L 
Izvest. Akad. Nauk U.S.S.R. 17, 51 (1953); I 
Doklady Akad. Nauk U.S.S.R. 78, 88 (1951) 

7S. Frautschi, Research Institute for Fundamental Physics, 
Kyoto University, Kyoto, Japan (private communication) 


Landau, 
Pomeranchuk, 


At-rest stars 171 events 


Multiplicity 


1.50+0.10 
1.35+0.12 
+0.40 
+-0.08 75 


Combined 337 events 
Energy* 


Energy* 
Mev) 


(Mev) 
366413 


Multiplicity 


378419 
362+ 18 
3434-120 


1.58+0.07 
1.33+0.08 371413 
1.15+0.30 3424-90 
1.2940.07 71 


> 


van 2 mm, which is the range of a 10-Mev proton. See Fig. 10 for the p* energy 


the event as occurring on a carbon nucleus. As pointed 
out earlier, a correction must be made for carbon 
annihilations that are indistinguishable from hydrogen 
stars. Using the method described in Sec. HID, we 
estimate that 15 “fake” p-H annihilations should be 
added to the identified carbon stars, to give a total of 
166 in-flight carbon annihilations. Similarly, we have 
identified 146 carbon annihilations at rest and apply a 
correction of 25 fake p-H stars to obtain a total of 171 
at-rest carbon annihilations. 

We have carried out a parallel analysis on the two 
groups of carbon annihilations. All the tables listing 
results compiled from the carbon stars have separate 
columns for in-flight and at-rest events. All graphs and 
plots are duplicated in a like manner, so that a glance 
at a single figure allows quick comparison between 
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Fic. 9. Kinetic-energy spectra of charged pions from carbon 
annihilations. Only pions with at least 10 cm of track (unless 
stopping) and which make an angle of >60° with the magnetic 
field are included. (a) x~ spectrum for in-flight carbon stars, (b) 
x* spectrum for in-flight carbon stars, (c) x” spectrum for at-rest 
carbon stars, and (d) #* spectrum for at-rest carbon stars. 
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Fic. 10. Kinetic-energy spectra of black prongs (all assumed to 
be protons) from carbon annihilations (a) in flight and (b) at rest. 
Only particles with at least 10 cm of track (unless stopping) and 
which make an angle of >60 deg with the magnetic field are 
included 


similar quantities derived from at-rest and in-flight 
annihilations. 

The products from carbon stars are pions and particles 
giving heavy prongs. For convenience, all the heavy 
prongs have been classified as protons, with a lower 
cutoff of 10 Mev, which corresponds to a proton range 
of 2mm. The annihilation multiplicities for the in-flight 
stars are 1.65+-0.09 x~ per star, 1.310.10 x* per star, 
1.16+0.40 x” per star, and 1.58-+0.10 p* per star. For 


“aBLE IX. Multiplicities and energies of the principal products 
of several types of carbon annihilation. 


At-rest stars Combined 


Multi- Energy Multi- Energy 
plicity Mev) plicity (Mev 


In-flight stars 
Type of Multi- Energy 
annihilatio I i M 
C stars 7 7 1.67 369 1.70 309 
with no ° 7 7 1.43 363 1.45 370 
heavy prong 378 1.60 431 
. 0 
7 110 events 
© stars ] &7 1.65 364 
with one . 2 1.40 361 
heavy pron 22 7 272 0.77 300 
’ 1.0 
2 it 98 events 
C stars 7 2 3 1.38 358 
with two ** 7 1.31 378 
heavy prongs r® 7 312 1.10 326 
~* . at) 
63 events 
C stars 341 1.56 336 
with more ° 27 316 1.12 377 
than two e 5 284 1.03 264 
heavy prongs p* 7 4.6 . 
er ~vents 66 events 
C stars 2 2.71 . 
with one ] 1.42 
energetic . 1.00 90 
proton 34 events 
(T,* >40 Mev) 


SO 66. 


the at-rest annihilations, we get 1.50+0.10 x~ per star, 
1.3540.12 w* per star, 1.14+0.40 x° per star, and 
1.03+0.08 p* per star. These results are also shown 
in Table VIII. The combined total pion multiplicity, 
charged plus neutral, is about 4.1+0.3 
pions per star. This is significantly less than the 4.7+0.5 
pions observed in hydrogen annihilations, and this 
difference as other features of the 
annihilation is discussed in the following section. 

The kinetic-energy spectra for positive and for 
negative pions produced in these carbon annihilations 
are given in Fig. 9. As in the hydrogen annihilation, 
only those pions which had 10 cm of measured path 
(unless stopping) and which made an angle of at least 
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Fic. 11. Energy histograms of (a) 23 x°-decay y conversions 


observed in in-flight carbon annihilations and (b) 25 -y conversions 
observed in at-rest carbon annihilations. Each photon has been 
weighted according to its conversion probability. Because of the 
effect of the weighting the ordinate represents 
50 photons 


60 deg with the magnetic field were included in the 
energy spectra. These same conditions were applied 
to get the proton energy spectra shown in Fig. 10. The 
average kinetic energies from the in-flight annihilations 
were as follows: 242+19 Mev, 106 x- 
gave (7)=215+17 Mev, and 136 p+ above a 10-Mev 
cutoff gave (7)=68 Mev. Average kinetic energies 
from the at-rest annihilations were as follows: 86 xt 
gave (7)=223418 Mev, 101 e- gave (7)=239419 
Mev, and 76 p* above a 10-Mev cutoff gave (T)=75 
Mev. 

The photon energy spectra arising from #° decays are 
given in Fig. 11. Twenty-three photon-produced pairs 
were measured to produce the plot associated with 


86 xt gave (T' 
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in-flight annihilations, while 25 pairs were associated 
with the at-rest annihilations. The weighted average 
energy for both types of annihilation was 171 Mev per 
pair, giving an average #° total energy of 342+ 120 Mev. 

A detailed breakdown of the carbon annihilations is 
given in Table [X. Here the annihilations are classified 
according to the number of heavy prongs. For example, 
all annihilations that produced only one black prong, 
regardless of its energy, are treated as a separate group. 
Groups were set up for annihilations with 0, 1, 2 and 
>2 biack prongs. A final group—really a subgroup of 
the group with one black prong—included only stars 
with purely pionic products except for one energetic 
proton (T>40 Mev). Pion multiplicities and energies 
are given for each group. In some cases, the number of 
events is too small to give statistically meaningful 
results, particularly for neutral pions. 


Fic. 12. Fre- 
quency distribution 
of carbon annihi- 
lations according to 
the total number of 
charged prongs ob- 
served for (a) in- 
flight carbon stars 
and (b) at-rest car- 
bon stars. 





Number of annihilations 


i 3 64 6 10 
Totol number of charged prongs 


4 i i 4 4 


0 hein 4. 
0123456786910 
Total number of charged prongs 


Number of annihilations 








The distribution of annihilations according to the 
total number of charged prongs from the stars is shown 
in Fig. 12. A more informative prong-frequency 
distribution in which only the pions. are considered is 
given in Fig. 13. This pion-frequency distribution is 
also given in Table X, in which the x° multiplicity is 
included, showing the decrease in x mesons along with 
an increase in the number of charged pions. This was 
also noticed in the hydrogen annihilation. 

The distribution of carbon annihilations according to 
the net charge of their pion products is presented in 
Table XI. All heavy prongs were ignored in preparing 
this table. It is seen that most annihilations have a 
net pionic charge of either >> g=0 or } g=—1. This 
is to be expected for simple j-p or p-n annihilations. 
However, 25% of the carbon annihilations have 
X ¢#9 or > gX—1. Another interesting fact is that 
the surplus of negative charge is only 0.25x~ per 
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of annihilations 


Fic 13 Fre- 
quency distribution 
of carbon § annihi 
lations according to i a a 4 
the total number of 0:1 2348678 
charged pions ob Number of charged pions 
served for (a) in 
flight carbon stars 
and (b) at-rest car 
bon stars. Black 
prongs were ignored 
in constructing this 
histogram. 


Number 








Number of annihilations 


o1es45678 
Number of charged pions 








annihilation. An interpretation of these data, leading 
to conclusions about the j-p and p-n annihilation ratio 
within the carbon nucleus, is given in the next section. 

A carbon annihilation of especial interest is the 
neutron-type annihilation. We have ‘observed 40 
annihilations or carbon nuclei which simulate free 
p-n annihilations. These events, all of which were 


purely pionic and had an excess of one negative pion, 


were divided as shown in Table XII. The charged-pion 
multiplicity was 3.25+0.25 x* per annihilation. The 
average energy per pion was 362+24 Mev, including 
the x* rest mass. Eleven gamma-ray-pair conversions 
(five on 3-prong stars and six on 1-prong stars) gave 
(1.8_o.7*'4) #° per annihilation. The #° total energy 


TABLE X. Pion-frequency distributions observed 
in p-C annihilations.* 


Combined 
Number ta 
multi - 
plicity 


At-rest stars 
Number ad 
multi- of multi 
plicity stars _ plicity 


Number In-flight stars 
of Number ea 
charged of 


} pions stars 


stars 


) { 


23 48 
37 © 76 
47 ox 
37 : 70 
15 owe “ 32 
4 ve os 6 
i one bes i 


NOUS @N CO 


* All heavy-prong annihilation products were ignored in compiling these 
data. 
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Taste XI 


Distribution of carbon annihilations according to 
net charge of their pion products 


In-flight 
stars 


\t-rest 

Net charge stars Combined Predicted 
1 0 

10 5 

62 6A 

O-4 67 

24 26 
5 9 


0 0 


averaged 4444197 Mev. Combining the charged and 
neutral pions, we get 5.05_97*'4 pions for a total of 
1976 Mev per annihilation (one event giving K mesons 
was excluded). The above results may be regarded as 
giving an indication of the the 
annihilation. 


details of p-n 


A breakdown of the energy observed from carbon 
stars is presented in Table XIII. 


Interpretation of the Carbon Star 


Pion absorption. The first notable characteristic of 
the carbon annihilation is that the pion multiplicity 
is less than that observed in hydrogen. This decrease 
is not regarded as likely to be due to a significant 
difference in the primary nucleon-antinucleor annihi- 
lation, but is attributed to absorption of pions by the 
residual nucleus. This interpretation is borne out by the 


presence of the heavy prongs. 
Heavy prongs from a carbon annihilation might have 
five different origins: 


(a) The absorption of an annihilation pion in the 
residual nucleus. This is pictured as a_ three-body 
interaction—the inverse of the pion production reaction 
N+N — «+N+N. 

(b) The inelastic** or charge-exchange scattering of 
one of the annihilation pions on one of the residual 
nucleons. 

(c) The quasi-elastic scattering of a proton by an 
antiproton which subsequently annihilates in the same 
nucleus. 

(d) The evaporation of nucleons from an excited 
residual nucleus. 

(e) An annihilation that possibly involves directly 
Taste XII. Charged-pion multiplicity in neutronlike annihilation. 


Charged-pion 
multiplicity 


Number of 
vents 


* The scattering is inelastic because it occurs in the presence of 
the nucleus. Process } is intended to be the inside-the-nucleus 
version of +N — «+N 
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two or more nucleons, wherein nucleons or nuclear 
fragments may obtain annihilation energy without an 
intermediate state of real pion 

Only the first two processes are regarded as important 
to the explanation of observed 
energies of the pions prongs [process 
(d) ] can appear in association with any of the other 
interactions, and no serious effort will be 
investigate them. Processes (: i 


ind (e) 


multiplicities and 
Evapor ition 


made to 
are ignored.” 
Processes (a) and (b) can be pursued further on the 
basis of a very simplified approach. We 
pion interacts only once befor« 


assume that a 
aving the nucleus. 
This assumption is justified on the grounds that the 
mean free path for s« 
greater than the nuclear 
resonance. Moreover, the 
the report that for x 
great contrast to 
bution for inelastic 
for scattering on free nucleons.“ 
We have taken the mean free 


nuclear matter is 
except at the 2-N 
assumption is supported by 
carbon nuclei (in 
heavier nuclei), the angular distri- 
ar to that expected 


attering in 
radius 


incident on 
scattering is simil 


for pion s¢ attering 


TABLE XIII. Breakdo yn stars 


Energy expected 


Mev) 


Energy observed 


Mev 


566+47 

g* 5 ; 488+-50 

a 391+ 188 
Nucleons > > 164 
K 9+15 49+15 


Total observed > 1658+ 200 


and absorption in nuclear matt is a function of 


energy" and weighted them according to our observed 
energy spectrum of pions from hydrogen annihilations. 
This give us the relative number of pions s« attered and 
a function of We estimate 

from these calculations that absorption occurs half 
kinetic 
315 Mev, whereas 
240 M 
31 

] 


absorbed as pion energy 
and that the 
energy of the absorbed pion is (7 
for scattering the average is (T e 
An absorption of a pion it 7 5 Mev should 
release 7+M,=454 Mev to the involved. 
Furthermore, since the absorption occurs preferentially 


as often as scattering, iverage 


Ve 
nucieons 


at high pion energies, the observed pion-energy spec- 
trum will be altered by their dis ippearance. 


Further calculations show that the average change 


in kinetic energy of a pion in a scattering process is 
® Another interact 
of pions by 
500 Mev 
©S. J. Lindenbaun u Review Vuclear 
Reviews, Inc., Palo Alto, 1957 7. p. 330 
“ R. M. Frank, J. L mel, and M. Watsor 
101, 891 (1956). 


is the production 
pions which becor mportant at energies above 
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(AT)=—60 Mev. This has been weighted over the 
pion energy spectrum and averaged over the scattering 
angular distribution. 

Combining the absorption and scattering in the ratio 
of two scatterings per absorption, we expect that 80% 
of the energy given to nucleons is due to pion absorp- 
tion. This energy can not all be observed directly 
because neutrons, which are assumed to carry off half 
the energy, are invisible, and also because of un- 
observed black prongs shorter than our 2-mm cutoff. 
Thus we may only place a lower limit on the energy 
per star carried off by nucleons. We have the following 
situation for carbon stars: 


In flight 


> 106 Mev 
>212 Mev 


At rest 


>82 Mev 
> 164 Mev 


Energy in black prongs per star 
Energy in nucleons per star 


We may now compute the pion multiplicities for 
carbon stars, after correcting for absorption and 
scattering. These are: 


In flight 
((Tp)=120 Mev) 


, 412404 
f >212 Mev 
>4.5+0.5 


At rest 


4.0+0.4 
> 164 Mev 
>4.34+0.5 


Pion multiplicity (observed) 
Energy in nucleons per star 
Pion multiplicity (corrected) 


These numbers should be compared with a pion multi- 
plicity of 4.70.5 at (7p)=80 Mev for our hydrogen 
annihilations. 

Another way to determine the pion absorption in 
carbon is to consider the pion energy spectra in carbon 
and hydrogen. Because the errors on x” energies are 
large, we consider only the charged pions for com- 
parison. All carbon annihilations give average total 
energy (E)=368+9 Mev per charged pion, while the 
hydrogen annihilations give (Z)=390+14 Mev. With 
our crude model wherein absorption occurs half as 
often as scattering, a 22-Mev change in average pion 
energy is expected when 0.5 pion is absorbed per carbon 
annihilation. 

We conclude that the pion absorption in carbon 
amounts to ~0.6 pion per annihilation, which is 
obtained by subtracting the directly observed carbon 
multiplicity of 4.1 from the hydrogen multiplicity of 
4.7. This absorption of ~0.6 pion per annihilation is 
confirmed by the energy observed in black prongs 
(which is consistent with >0.4 pion absorbed) and 
with the observed average pion energy (which is 
consistent with 0.5 pion absorbed). We further conclude 
that our assumption that the primary N-N annihilation 
within the carbon nucleus has the same products as a 
free N-N annihilation is essentially correct. 

In-flight vs at-rest stars. The mean free path for 
antiprotons in nuclear matter is about 0.6K 10~-" cm 
at 100 Mev.* This means that nearly all annihilations 
occur on the nuclear surface. Previous reports, based 
on emulsion studies, have suggested that significant 


@ J. R. Fulco, Phys. Rev. 114, 374 (1959). 
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differences between in-flight and at-rest black-prong 
multiplicities stem from the surface annihilation of 
at-rest antiprotons as contrasted with the deeper 
nuclear penetration of more energetic antiprotons.’* 
An alternative explanation of in-flight and at-rest 
differences is based on a feature of the annihilation in 
flight that has escaped comment heretofore. 

We have observed that, for in-flight carbon stars, 
black prongs are more frequent and that more energy 
appears in nucleons, suggesting a difference in pion 
absorption. But we have also observed an expected 
forward-backward asymmetry (due to center-of-mass 
motion) in pions produced by in-flight annihilations. 
This observed asymmetry indicates that 1.4 pions 
emerge in the forward hemisphere for each one emerging 
backward at (7)= 120 Mev in carbon. We expect that 
1.8 pions are produced forward for each one produced 
backward, before absorption. We assume now that 
annihilation occurs at a depth such that the effective 
solid angle subtended by the nucleus approaches 2x 
(i.e., occurs near the nuclear surface). Annihilations in 
flight occur near the front surface of the nucleus, and 
the center-of-mass motion causes more of the pions to 
traverse the nucleus in these annihilations than in 
at-rest annihilations. We further assume that the 
120-Mev average kinetic energy (lab) of the incident 
antiproton should cause an increase of ~0.15 pion in 
the observed multiplicity. These two assumptions 
lead to a predicted difference in pion absorption that 
almost accounts for the energy observed in nucleon 
products for in-flight and at-rest carbon stars. Probably 
the only conclusion that can be derived from this result 
is that really significant differences in carbon nucleus 
penetration do not occur for in-flight and at-rest 
annihilations. This implies that the mean path for 
antiproton annihilation in nuclear matter remains 
short (less than a fermi) for energies up to 200 Mev. 

Pion net-charge distribution. It was pointed out in the 
preceding section that most annihilations in carbon 
have a net pion charge of either > g=0 or D> g=—1. 
This is expected on the basis of simple p-p and p-n 
annihilations within the carbon nucleus, followed by 
pion charge exchange and absorption reactions that 
obey charge independence. 

Actually, even with equal p-p and p-n annihilation 
cross sections, we do not expect the difference in 
average multiplicity to be n(#~)--n(#*)=0.5 (which 
would obtain for free protons and neutrons), for the 
following reasons: Pion absorption alone, assumed 
equally probable for charged and neutral pions, reduces 
the x~ excess to 0.4327 per carbon annihilation. Further- 
more, an original excess of #~ means that more x 
undergo charge exchange. Still another process that 
reduces the expected #~ excess in carbon annihilations 


“@ We obtain this number by assuming multiplicity varies as 
(E/E)*. This value happens to agree very well with our results, 
but our statistics do not warrant any conclusions about change in 
pion multiplicity vs total energy available. 
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Fic. 14. An antiproton enters at top left of picture and makes a 
heavy track until it annihilates into three charged prongs near 
center of picture. Directly below the annihilation is a A® — x*++27 
event. Above and to the right of the annihilation is a A® with a 
projected opening angle near 0°. Event number 28004. 


is the two-step interaction p+p— fi+n (in carbon) 
followed by # annihilation within the same carbon 
nucleus (this can even give a net pion charge }> g= +1). 
After considering all these effects, we are able to 
calculate an expected pion net-charge distribution for 
the carbon annihilations. The calculation is based on 
the following assumptions: (a) j-p and p-n annihilations 
are equally probable within the nucleus, (b) the proba- 


bilities for the various modes for p-p and p-n annihi- 
lations are the same as given in Table VII and XII, (c) 
0.6 pion is absorbed per star (absorption is assumed 
equally probable for r*, x 


, and x), (d) 1.2 pions are 
scattered per star (all processes are assumed to occur 
in the J=3 p-p charge exchange with 
subsequent annihilation occurs 0.15 times as often as 


state), and (e) 
p-n annihilation. The results of the calculation are given 
in Table XI. The predicted distribution gives a differ- 
ence in average multiplicity of n(#~)—n(x*) =0.38, and 
it fits the observed distribution with minor deviations. 
We can summarize our results as follows: 
Pion excess 
per 
annihilation Ir Combined Predicted 


flight At rest 


0.34+0.13 0.15+0.15 0.25+0.11 0.38 


These results do not allow any emphatic conclusions. 
In particular, the discrepancies are not considered 
sufficient to alter our assumption of equally probable 


et al. 

p-p and j-n annihilations within carbon, although the 
possibility of a difference d by our at-rest 
data. Such a possibility has been suggested by Amaldi,'* 
but must he verified by further experiment 


suggest 


D. Strange Particles 


The nucleon-antinucleon annil 
to produce a pair of K mesons 
well as observed.’ Our largs 

efficient for the 


mesons ; for an ¢ xample , SEC 


lation proc ess is able 

rh predicted as 
vane chamber is highly 
lived neutral K 
14. Charged K mesons 
can also be detected in long tracks under good ionization 
conditions, and of course decay 
chamber. An example of A 

Fig. 15. 

It should be pointed out that all 
(hyperons or K mesons 
event be 
indirectly, from the initial 


observat snort 


within the 
} 


is sl 


they 
rest 1own in 
strange particles 
issociated with an annihilation 
result, either directly or 
NN creation of a K-meson 
pair during annihilation. Other methods of producing 
strange particles are ruled out for reasons discussed in 
the next paragraph. 

The production of a pair of K mesons by an annihi- 
lation pion is ruled out because of the high threshold 
energy required. One must also consider the reaction 
x+N — K+Y, which might be expected to occur as 
the result of the interaction of a pion created in an 
annihilation and one of the residual! nucleons in a carbon 
nucleus. Only about 2% of the pions created in an 
annihilation exceed the 
threshold for Using a mean free path in 


can assumed to 


have sufficient 


the « 


energy to 


ase 


Fic. 15. An antiproton enters at 
heavy track until! it anr 
of the two prongs on the right 
minimum-ionizing partic 
picture. This isa K* — = 


f picture and makes a 

ihilates nea! nter of picture. The longer 

lecay, sending a 

hottom of the 
r 36046 
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Tas_e XIV. Identified strange particles associated with antiproton annihilation. 


Strange 
particle 


K + 


Identification method 


track 
Good fit to annihilation origin 
Good fit to decay kinematics 
Good fit to annihilation origin 
Good fit to decay kinematics 
Elastic K*-p scatter 


Kinetic 
ene at 
annihilation” 
(Mev) 


Kinetic 
energy 
at decay 
(Mev) 


Ionization determination over 14 cm of nee tee 74 


120 
112 
235 


Ionization decrease upon forward decay 


Decay fits kinematics for Ky 


A A® is produced by the star at end of track ee 33 
Ionization decrease upon forward Gecay of vee 
stopping particle. Kinematics uncertain 


but w-~ decay easily ruled out 
31395 


Ionization determination over 11 cm of track 


A negative track of greater than minimum 
ionization makes a star of two pions with 
total visible energy 457 Mev. The two 
pions have momenta consistent with the 
— and subsequent decay of a 


yperon. 

31978 
origin. 

32327 
decays in the chamber. 


This is a neutral K which fits annihilation 


Good fit to decay kinematics. The pion 


Good fit to annihilation origin. The tracks 
are too steep to make momentum determi 


nation. Could be either a A® or 
32913 


Track of greater than minimum ionization 


Re. 


30ST S100 


makes a star which produces well 


verified A°. 
30046 
rest agrees with K.2* mode. 
37270 
products. A A° fits the p star 
44480 
fit to decay kinematics 


The track fits stopping K. The decay at ree 43 
Stopping negative particle has no charged 46 


Good fit to annihilation point. Satisfactcry 32 


Tentative, based on ionization in 11 cm + tee 89 


of track 


A neutral K which fits annihilation. One of 


205 


the pions scatters and decay kinematics 


are not completely verified 


. The quantity ¢/r is the ratio of the life of the particular particle with respect to its mean life 
» Kinetic energy of a strang~ particle upon leaving the point of antiproton annihilation 


nuclear matter of ~210-" cm for the process, we 
arrive at the prediction that in all the p-C annihilations 
reported here there should have been only about 4 
an event. 

Hyperons can be made in carbon annihilations via an 
indirect process. The exothermic reaction K+ N — r+ Y 
can occur within the same carbon nucleus as annihi- 
lation. Hence annihilation-produced K~- or K® mesons 
may be converted into A® or = hyperons. Figure 14 
contains a A° which is presumably an example of this 
process. 

The same reaction, K+N-—>x+Y, when it occurs 
within the chamber but at some distance from the 
annihilation, is sufficient to verify the identification of a 
K~ meson. 

In our selected group of 436 annihilations, we were 
able to identify twelve as producing strange particles, 
and tentatively identify five others. These events are 
listed and very briefly described in Tables XIV, XV, 


and XVI. We believe that our scanning efficiency for 


K,°—> x++r is practically 100%, since they decay 
within a few centimeters of the annihilation, a region 
subjected to the closest inspection. Scanning efficiency 
for the charged mesons is not greater than 70%. This 
number is obtained by assuming all K* mesons with 
dip angle greater than 45 deg to be undetectable. Upon 
adopting this assumption we establish 45 deg dip angle 
as a cutoff and ignore possible charged K mesons that 
have steeper angles. We also assume that all charged K 
mesons with dip angles within the accepted values are 
detectable. Above 150 Mev, this last assumption 
becomes risky, for the K ionization drops below twice 
minimum. 

Restricting ourselves to those twelve cases in which 
definite identification could be made, we find four K,° 
(including event No. 32327), seven K+, four K~-, and 
two A°. For the four K,° observed we make a correction 
for the 32% branching ratio of the mode K ° — #°+’, 
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rasie XV. Tentatively identified strange particles 


Strange 


Event particle 


13324 


w+ 


Identification method 


Ionization decrease upon backward decay Identi 


Kinetic 
energy at 
annihilation 
Mev) 


92 


cation of w-y-e decay product 


22305 
23060 
33554 


A 
K? 
Ao 


Determination of ionization in 12 cm of track 
Determination of ionization in 17 cm of track 
Good fit to annihilation origin. Measurement of 


momentum of the pion decay product is 


uncertain. 


43349 


Taste XVI 


Kinetic 


Information about annihilations in which strange 


energy at 


Annihilation 
nucleus 


otrange 

Event particles (Mev) 

Identified: 
22758 
28004 
28432 
31375 
31395 
31978 


K+ 
4-A? 
K + 

+ K* 
+Kt Cc 
K,° H 
32327 +p? Cc 
32913 H 
36046 & 
37270 H 
44480 +4 As Cc 
45753 ‘ c 


124 
<50 
150 
71 


H 
K Cc 
H 
K Cc 
K 


K? 


Tentative: 
13324 
22305 
23060 
33554 
43349 


169 

0 
140 
108 
50 
* The symbol (*K 


»bserved 


ses snail inal dan 
which we cannot observe.“* We then again correct for 
the long-lived A," decays, giving us a total of 11.8 K® 
mesons. Still another correction should be made to the 
neutral K mesons to account for the K® absorption or 
hyperon production in the same nucleus as annihilation 
occurs. Observation of two A°® hyperons among the 
products of p annihilation in carbon indicates some 
three events (4 of the A® decay neutrally) in which 
either a K~ or a K® meson has interacted. We assume 
that 1.5 K® and 1.5 K~ mesons have so interacted. This 
yields a total of 13.3 K° mesons. 

Turning now to the charged K mesons, we apply our 
scanning correction to the 7 K+ and 4 K- to get 10 K* 
and 5.7 K~. We also add 1.5 K~- for interaction in carbon 
nuclei for a total of 10 K+ and 7.2 K-, or 17.2 charged K 
particles in all. 

Adding together charged and neutral K mesons, we 
find a corrected total of 30.5 in 436 annihilations, which 


yields (3.S5_0.87! ")% 


of the annihilations giving KA 
45 | S. Crawford, M 
G. R. Kalbfleisch, M. L 
Letters 2, 266 (1959 


Cresti, R. L. Douglass, 


Stevenson, and H. K 


M. L. Good 
lic ho, Phy s. Rev 


annihilation 


but 


Determination of ionization in 18 cm of track 


parth 
I 


Other visible Appr 


annihilation 
produc ts 


yximate 
issing energy 


Mev 


, ka, 1 
, 1(p 
, Ix* 


Pat 


rK)*, 


dat 


l(rA 


wn <400 
<400 
7<300 


w 


300 
1000 


750 


particle identificat 
pairs. The error stated is statistical ana based on the 17 
This result be 
lower limit. If we inspect the 17 events 
XIV, we see eight 
seven with § 
is undefined. 
If include 
particles (Table X\ 


observed events regarded as a 
listed in Table 


particles with strangeness 


may 


=+1, 


—1. and two K,°, for which strangeness 


we the tentatively identified strange 


in our calculations, then we 


—identified ks 
k's 


---Possible 


80 20 


Number of K mesons 


~ 240 280 


K-meson kinetic energy (Mev) 


Fic. 16 
association 


A kinetix energy? histogr 
with antiprot 

rected for charged-K scanning 

be 100% below 100 Mev and | 
energy. 
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obtain the result that 4.54+0.9% of the annihilations 
produce KK pairs. 

In view of the uncertainties in scanning, and recog- 
nizing that some of the tentatively identified K mesons 
are probably valid, we feel that a best estimate is that 
4.0+ 1.0% of all annihilations produce KK pairs. 

In Fig. 16 we present the kinetic energy spectrum of 
all the K mesons observed. 
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High-Energy Neutron Beam of 45° Polarization* 


Dovucias MiILiter AnD Russet K. Hossret 
Cyclotron Laboratory, Harvard University, Cambridge, Massachusetts 
(Received January 11, 1960) 


A beam of polarized neutrons has been produced by allowing the 164-Mev internal proton beam of the 
Harvard synchrocyclotron to strike a beryllium target. The neutrons produced in the forward direction are 
then polarized by scattering from carbon at 15°. When neutrons of energy greater than 110 Mev are selected 
by the detection process, an average beam energy of 124-Mev results. An intensity of 2.9 10* neutrons/in.? 
min through 2 in. by 6-in. collimator has been obtained, with a polarization 0.447+40.020. Tne shielding 


techniques are also discussed. 


INTRODUCTION 


REVIOUSLY, high-energy polarized neutrons have 

been produced’ by allowing the internal unpolar- 
ized proton beam of a cyclotron to strike a target and 
by collimating neutrons which are emitted at about 26° 
from (p,m) reactions in the target. In this way beam 
polarizations ranging from 0.08 at 95 Mev to 0.16 at 
350 Mev have been obtained. Such a low polarizing 
efficiency limits the ultimate accuracy of a double 
scattering experiment. Observed left-right asymmetries 
in the second scattering can never exceed the polarizing 
efficiency. However, errors in geometrical alignment at 
the analyzer contribute an absolute error to the asym- 
metry measurement. The result is, that when the data 
are expressed as the asymmetries resulting from a fully 
polarized beam, the alignment errors are amplified. 
This type of error, rather than statistical uncertainty, 
has limited experiments to date. 

The work of Harding’ suggested that it is possible 
to obtain a less intense beam of higher polarization by 
scattering an unpolarized neutron beam from a carbon 
polarizer, and such a beam has been produced at the 
Harvard cyclotron. 


* Supported by the joint program of the Office of Naval Re 
search and the U. S. Atomic Energy Commission. 

t National Science Foundation Cooperative Fellow 

' G. H. Stafford, C. Whitehead, and P. Hillman, Nuovo cimento 
5, 1589 (1957) 

*R. S. Harding, Phys. Rev. 111, 1164 (1958) 

*R. T. Siegel, A. J. Hartzler, and W. A. Love, Phys. Rev. 101 
838 (1956) 


BEAM PRODUCTION 


A plan view of the arrangement is given in Fig. 1. 
A beryllium target (A) 2-in. high, 1-in. wide and 20 
Mev along the beam is placed at 414-inch radius in the 
vacuum tank of the machine, where it intercepts the 
un-regenerated beam of maximum energy 164 Mev. 
Neutrons produced at zero degrees travel 57 inches 
and strike a carbon polarizer (B) 2 in. wide by 6 in. 
high by 10 in. along the scattered beam, situated just 
outside the cyclotron tank. Protons are prevented from 
reaching the polarizer by the magnetic field and shield- 
ing at (C) and (D). A beam pipe 2 in. by 6 in. pierces 
7 ft of iron and lead shielding and accepts neutrons 
scattered at 15° by the polarizer. An additional 4 ft of 
collimator 4 in. wide serves as an antiscattering slit 
near target (E). The height of the beam pipe was made 
small enough so that the target (E) could not view 
neutrons scattered by the pole tips of the cyclotron 
magnet. The 15° scattering angle provides a reasonably 
high beam polarization without allowing excessive dilu- 
tion by inelastic scattering. 

A large amount of shielding is necessary to reduce 
the neutron flux in the experimental area to a value 
low enough for neutron detection. The shielding de- 
scribed here has proven adequate for measuring recoil 
protons from a liquid hydrogen target and for measur- 
ing neutrons scattered by a carbon analyzer. Additional 
shielding is ‘planned for measuring neutrons scattered 
from hydrogen. The amount of shielding required was 
calculated by assuming that a neutron which undergoes 
interaction is lost. A linear absorption 
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coefficient, u was calculated from the inelastic cross 
section.* To determine whether a proposed portion of 


the shielding was sufficient, the following procedure 
was employed 


(1) By consulting a scale drawing, a portion of the 
shielding which might scatter neutrons from the beryl- 
lium target into the counting area was located. 

(2) An arbitrary small volume of this potential 
scatterer is selected, and, using solid angles and elastic 
scattering cross sections, the flux of neutrons in the 
counting area due to a unit flux leaving the beryllium 
target was calculated, assuming that there no shielding 
existed. 

(3) This result was then multiplied by e~*, where 
a= f udx for the path through all shielding from beryl- 
lium to scattering volume to counting area. 

(4) These steps were repeated for adjacent volume 
elements, and the result is added to the background 
flux already obtained. It was found in practice that 
there were usually one or two volume elements for 
which the shielding was much less effective than for 
others, and that only had to be 
considered. 


these elements 

(5) Finally, shielding was added to the design as 
necessary to reduce the background flux to the desired 
value. 


The goa! of the shielding installation was to reduce 
the flux at the target area to 0.1% of the beam flux. 
Sufficient shielding was placed on the north side of the 
beam pipe to protect against scattering of the primary 
neutron beam as it interacts with the existing quadru- 
pole magnets (H) and the cyclotron vault in the region 


*R. G. P. Voss 
A236, 41 (1956) 


and R. Wilson, Proc. Roy. Soc. (London) 
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(I) of Fig. 1. It was then necessary to place shielding 
at (D) and (C) to reduce scattering by the walls of the 
beam pipe and by the sh in region (I). Next, 
shielding had to be plac ed in region J to attenuate the 
neutrons coming directly from the beryllium target as 
well as those scattered by the shielding at (C) and (D). 
A vertical. section through the beam pipe is shown in 
Fig. 2. The shielding was i 


ielding 


extended above and below 
the median plane to provide a long attenuating path 
for neutrons scattered in region (K). The coils of the 
cyclotron magnet also protect against scattering in the 
vertical plane. 

‘he amount of shielding which 
(C) and (D 
maintained for the ion source probe and for the polar- 
indicated that 


could be placed at 
was limited because clearance had to be 


ized proton regenerator. Calculation 


t } 


Fic. 2. Vertical section through the : 1 neutron beam 
pipe. (B) polarizer; (K) vault wall; (L) pole piece; (M) magnet 
coil. 
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filling the available space with lead would provide 
insufficient attenuation, and it was decided to face this 
shielding with sintered tungsten* on the small radius 
side. The tungsten bars were 1 in. square and from 2 in. 
to 8 in. long. Their density was 17.9 g/cm’, giving 


an attenuation coefficient ~=0.226 in.-', compared to’ 


u=0.139 in. for lead. The tungsten bars were placed 
in the bottom of a mold which was then filled with 
molten lead. When the mold was removed, the solidified 
lead held the tungsten in place at one edge of the 
block. Shielding (D) is left in place at all times. Section 
(C) interfered with the polarized proton beam, and 
was placed on a track. A shaft extending from the 
shielding through a window in the wall of the vacuum 
tank allows the shielding to be positioned or retracted 
without opening the tank. A similar shaft controls the 
beryllium target, so that changeover to the polarized 
neutron beam can be accomplished in ten minutes 
without a tank opening. 

The bulk of the shielding consists of iron bricks 2 in. 
by 4 in. by 12 in. piled as shown in Figs. 1 and 2. 


LIQUID 
YOROGEN 


Fic. 3. Recoil proton telescope for measuring 
beam energy distribution. 


Where the magnetic field is appreciable, lead bricks 
have been used in place of iron. 

Measurements with a neutron counter® of the neu- 
trons with energy greater than 100 Mev indicate that 
6 feet from the wall the background flux is 0.003 times 
as intense as the beam at the analyzer. Closer to the 
wall, the ratio is less, because the protection of the 
shielding in the vertical plane is more effective. Pro- 
tection equivalent to an additional three feet of iron 
should be sufficient to allow measurement of neutrons 
scattered from a 2-inch diameter hydrogen target. 


BEAM CHARACTERISTICS 


The flux and energy spectrum of the beam have been 
measured by observing recoil protons at 30° in the 
laboratory system when a 2-inch diameter liquid hydro- 
gen target is placed in the beam. Differential range 
measurements were made by varying the thickness of 
* Sintered tungsten was obtained from Sylvania Electric Com 
pany, Towanda, Pennsylvania. 

*D. Miller and R. Hobbie, Rev. Sci. Instr. (to be published) 
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Fic. 4. Energy spectrum of polarized neutron beam and 


effective spectrum when using neutron detector. 


the polyethylene absorber in the proton telescope 
(Fig. 3). The spectrum is given approximately by the 
following equation: 


(1) 


R(E+AE)— R(E— AE) A 
n(E)= ( . ) 
2AE 


o(E,p)QupLe 


where R(£)= counting rate observed with neutron cut- 
off energy E, A=atomic mass number of target, p= 
target derisity, 2=solid angle subtended by defining 
counter at target, »= target volume, o(£,#) = laboratory 
n-p differential cross section, Lo= Avogadro’s number, 
and n(£)=neutron flux. Values of the cross section at 
various energies were obtained from the center-of-mass 
cross sections given by Hess.’ The energy spectrum is 
given in Fig. 4. For a minimum energy of 110 Mev, the 
flux is 2.9 10° neutrons/in.? min through a 2 in. by 
6 in. opening. The internal cyclotron beam is about 1 
microampere. The lack of a peak® in the energy dis- 
tribution is attributed to the presence of lower energy 
neutrons which have undergone an inelastic interaction. 

The scanning device shown in Fig. 5 was used to 
verify that the transverse beam distribution is sym- 
metric and that its centroid coincides with the optical 
axis of the beam collimator. A threefold coincidence 
between counters A, B, and C is interpreted as a recoil 
proton from the interaction of a neutron with the 


7W.N. Hess, Revs. Modern Phys. 30, 368 (1958). 
*T. C. Randle, J. M. Cassels, T. G. Pickavance, and A. E. 
Taylor, Phil. Mag. 44, 425 (1953). 
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tical center line, both at the analyzer and at the posi- 
tion of the counters used for asymmetry measurements. 
The beam polarization has been measured by double 
scattering from carbon. The neutron counter used has 
been described elsewhere®; its cutoff was such that the 
average beam energy was 124 Mev. The counter was 
mounted on a pivoted arm which can be swung from 
one side of the beam to the other. The pivot was 
aligned with the centroid of the beam distribution, 
while the zero degree position of the arm was deter- 
mined by sweeping the neutron counter through the 
beam in J degree steps. Zero degrees was identified 
4 with the centroid of the distribution thus obtained. 
bef J Additional shielding was provided by the blocks shown 
Vee in Fig. 7. Monitoring was done with a BF; proportional 
i counter located outside the cyclotron vault on the 
south side. This type of monitor was unaffected by the 
Fic. 5. Arrangement of counters for determining beam profile removal of the polarizer 
A direct subtraction of the background cannot be 
hydrogen in plastic scintillator A, whose dimensions used to isolate the scattering from the carbon analyzer, 
are 5 in. by 6 in. by } in. transverse to the beam. since the background is attenuated in passing through 
Polyethylene absorber placed between counters B and the analyzer. If the superscript i refers to the counting 
C restricts the neutrons to energies above 110 Mev. 


The entire telescope is swept through the beam on the 


bed of a small milling machine in } inch steps. The 
dimensions are such that counters B and C never enter 
the direct beam. A typical scan is shown in Fig. 6. The 
centroid of this distribution is computed by numerical! 
integration, and is found to lie within 0.01 in. of the op- 





rate observed with the analyzer in place, o refers to the 
rate with the analyzer removed, and a refers to that 
portion of the rate i which is due to the scattering from 
the analyzer, then the counting rates observed with a 


neutron counter on the north and south may be ex- 


pressed as follows: 


(ARBITRARY UNITS) 


N oe BwN®, 


5S”. (2) 


INTENSITY 


Here @y and sz are the fractions of the measured back- 
grounds which reach each counter when the analyzer is 
installed. The desired asymmetry is then given by 


NEUTRON 


Although these transmission coefficients were not 
determined accurately it is possible to place limits on 
them which in turn set limits on the asymmetry of the 
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BEAM CENTER LINE analyzer scattering. 
SIT) Yc rT = > 1 | : od 
POSITION ACROSS BEAM The transmission coefficient would have its minimum 


6. Typical beam profile. value if all the background neutrons were to pass 
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through the analyzer when it is in place. Calculations 
based on the inelastic cross section for neutrons scat- 
tered by carbon‘ show that, for the analyzer used, 
0.8<8< 1.00. In order to restrict even further the range 
of values which 8 might assume, it is necessary to con- 
sider possible sources of the background. The back- 
ground may be divided into two components: (1) neu- 
trons from general leakage through the shielding; (2) 
neutrons which have travelled down the beam pipe and 
scattered from the collimating or antiscattering slits 
(Fig. 7). The first type of background is not attenuated 
by the analyzer. Only a portion of the second type will 
be attenuated, but a lower limit on 8 can be established 
by assuming that all of these neutrons are attenuated 
by the analyzer. 

The fact that the intensity of the second type of 
background depends on the number of neutrons scat- 
tered into the beam pipe by the polarizer, while the 
first background component is independent of changes 
of the polarizer, enables the two types of background 
to be separated. Some neutrons will be scattered into 
the beam pipe by such things as the up-stream end of 
the collimator and the cyclotron tank walls when the 
polarizer is removed, so that it does not suffice to simply 
measure the background without the polarizer. If the 
flux of neutrons in the beam pipe were zero, then the 
neutrons measured would all be of type 1, and the 
counting rate would be the same with and without the 
analyzer. Assuming that the neutron flux in the beam 
pipe is a linear function of the number of scattering 
centers in the polarizer (i.e., neglecting self absorption) 
a plot of counting rate vs polarizer volume may be 
extrapolated to the point where the analyzer in rate 
equals the analyzer out rate. This rate is then the type 
1 background rate. The remainder of the background is 
assumed to be attenuated by the analyzer. Since leak 
through is not the same on north and south, this de- 
termination is made separately for the two sides. The 
lower limits on the transmission coefficients now become 
By > 0.92, Bs >0.94. 

The neutron beam consists of neutrons scattered by 
elements other than carbon. Therefore it is not correct 
to apply directly the relationship e= P?, for it is valid 
only when the two scatterings are identical. By making 
asymmetry measurements with the polarizer in place 
and removed, it is possible to calculate an asymmetry 
due to double scattering from carbon. From this asym- 
metry, ¢., the carbon analyzing efficiency is obtained 
as P?=e,. The beam polarization ; P», is then calculated 


TABLE I. Values of carbon polarization and beam polarization 
obtained by assuming -the limiting values on the transmission 
coefficients. Errors reflect counting statistics only. 


8. ~0.92; 8, =1.00 
> =0.657 + =1 


8. =1.00; B, =0.94 

~+ «0.657 + =i 
0.46420.010 ©47620010 046920010 0480+0.010 
043820010 042629010 042620010 041740010 
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Fic. 8. Plot of polarization vs energy for nucleons 
scattered at 15° from carbon 


by using the equation 


Pecan 


Cream P.. (4) 


The inelastic component of the beam has been esti- 
mated to cause an error of less than 0.01 in the beam 
polarization. 

As in the case of the analyzer background subtrac- 
tions, the attenuation of background in the polarizer 
must be considered. Only a fraction, y, of the neutrons 
scattered into the beam pipe when the polarizer is re- 
moved, are transmitted through the polarizer when it 
is in place. Limits are placed on y by assuming that ail 
or none of these neutrons pass through the polarizer. 
A calculation based on the inelastic cross section‘ gives 
the lower limit. The result is 0.657<y<1. The results 
of this calculation, for the various limits on the trans- 
mission coefficients, are given in Table I. The resulting 
beam polarization, taken as the average of these four 
possibilities and corrected by 0.02+0.02 for energy 
spread and inelastic contribution is 


P,=044740.034. 


The error in P, reflects the uncertainty in the trans- 
mission coefficients, alignment errors, energy spread, 
multiple scattering and inelastic contributions as well 
as counting statistics. 


CONCLUSION 


A polarized neutron beam has been produced by 
double scattering from carbon. A fivefold increase in 
beam polarization has been realized at the expense of 
a reduction in beam intensity. This method should be 
particularly effective at higher energies, where a greater 
beam polarization could be realized. Calculations based 
on inelastic cross sections have proven quite satisfactory 
for designing neutron shielding. 
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TABLE II. Values of carbon polarization and beam polarization 
obtained for different average beam energies. Standard deviations 
include all known sources of error. 


Energy, Mev 


124+1 
128+1 


Pearton (15°) Proeam 
0.447 +0.034 
0.498-+0.051 


0.474+0.020 
0.502+0.040 


The polarization is a rapidly increasing function of 
energy. Measurements were made with different cutoff 
energies in the neutron counter, and the results are 
displayed in Table IT. As a check on the method, it is 
interesting to compare the value of P, obtained with 
the p-carbon’-” and n-carbon’ polarizations measured 
at other laboratories. Figure 8 shows this comparison. 
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All errors have been increased to include the uncer- 
tainty in beam polarization. The n-carbon result of 
Harding has been shown as originally reported, and as 
corrected for a higher beam polarization.” 

It is also clear that neutron shielding can be designed 
with accuracy. Calculations based on inelastic cross 
sections have been shown to be adequate. 
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The scattering of plane electromagnetic waves by the gravitational field of an isolated physical system 
is studied. On the level of the geometrical optics approximation the general theory of light rays is formulated 
In particular, the generalized formula for the Einstein deflection of light rays is obtained. On the level of the 


vectorial optics the problem of polarization is examined in detail. The formula obtained 
rotation of the plane of polarization due to the presence of the gravitational field, admits a direct 


des ribing a 
geometrical 


interpretation. The theory is applied to the rotating body and a system of point masses. The physical results 
established concerning the asymptotic behavior of the electromagnetic waves are independent of the coor 


dinate system used in the computations. 


1. INTRODUCTION 


HE aim of this paper is to investigate the scatter- 

ing of electromagnetic plane waves due to the 
gravitational field of a general isolated physical system, 
e.g., to the field of a rotating body or the field of a 
system of masses carrying out the motion according to 
Newton’s laws (a double star, for instance). Generally, 
by “gravitational field of an isolated system” we under- 
stand the metric tensor gas in an arbitrary coordinate 
system, this metric being induced by matter in motion 
which during the motion is concentrated in a somewhat 
finite 3-region 2 of the spatial coordinates x*. We 
assume the deviations of these quantities from Galilean 
values ‘as Noa=9, nas=—5as) defined 


(noo= 1, as 


* On leave of absence from the University of Warsaw, Warsaw, 
Poland. Now at Department of Physics, University of California, 
Los Angeles 24, California 


Agas= £as—Nag to vanish at infinity together with their 
derivatives at least as O(r~), r= (x*x*)!. 

We will also assume that the influence of the electro- 
magnetic field on the metric field can be neglected. 
When the intensities of the waves scattered by the 
g field are small, the last assumption is certainly physi- 
cally correct. We should like to mention here that the 
scattering of electromagnetic waves by the field of a 
rotating body has been recently examined independently 
by Skrotskii,' and Balazs.? In the center of interest of 
this paper, however, is the behavior of electromagnetic 
waves in the presence of a gravitational field induced by 
an isolated system when this field is as general as pos- 
sible, consistently with it being physically reasonable. 
The solution of our general scattering problem, how- 
1G. B. Skrotskii, Doklady Akad. Nauk S.S.S.R. 114, 73 (1957) 
[translation : Soviet Phys.-Doklady 2, 226 (1957)] 

2N. L. Balazs, Phys. Rev. 110, 236 (1958) 
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ever, will provide us also with a new approach to the 
interesting case of the rotating body. 


2. MAXWELL’S EQUATIONS IN GENERAL RELATIVITY 
THEORY AS ELECTRODYNAMICS IN A 
MACROSCOPIC MEDIUM 


The basic equations of our problem are of course: 


fot.g=(4x/c)j%, ftasri=0, (2.1) 


where the skew-symmetric fag is the electromagnetic 
field tensor, j, stands for 4-current vector, [ |] denotes 
alternation symbol, and semicolon stands for covariant 
differentiation. When j*=0 the conventional energy- 
momentum tensor, 


1 
§28 = - 


WC 


(— fo fetta i” fr), (2.2) 


fulfills in virtue of (2.1): 


&%.,=0, (2.3) 

For our purpose, however, it will be convenient to 
rewrite these basic equations in another form (i.e., in 
a noncovariant notation), in which they will be formally 
equivalent to the equations of electrodynamics in a 
macroscopic medium in the case of the flat space-time.’ 
As is well known, (2.1) are equivalent to 


4n . 
[(—g)*fe*].6=—(—g)'j*, fiaan=0. (2.4) 
c 


(A comma stands for ordinary differentiation.) There- 
fore, if we introduce 


E.= fa; Ba= eade foe, D.= (—g)*f%, 


Ha=}een-(—g)'f", (2.5) 


(€as- is the three-dimensional Levi-Civita symbol), we 
can rewrite (2.4) as 


4 
— Daot €ar-ll = —ta, Be,o+ €atcle p=9, 
c (2.6) 


D, a= 4p, Ba.=9 


’ 


where ig= (—g)'j*, p= (—g)*j*/c. The relations between 
D, B and E, H (corresponding to the material equations 
of the Lorentz theory) can be obtained from 


(—g)*ft=(—g)gr fon fon= (—8)*Braea(—8)*f*. 
(2.7) 


A simple computation (in which it is convenient to 
use the properties of the 3-dimensional metric 
Cab = — £ab+ Za08s0/Z00) shows that those relations have 


t pointed out 


* The possibility of such an interpretation was fi 
2-3, 284 (1924). 


by J. E. Tamm, J. Russ. Phys.-Chem. Soc. 56, 
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the simple form, 


Da= Eqt €asEot €ad-80H «, 


, (2.8) 
B= Het éarll ,— €abefole, 

(—g)! Bao 

és=—-— -g— 5°, £.=— 


£00 £00 


(2.9) 


At infinity, where gag tends to nag, both ¢q) and g, vanish 
so that there D coincides with E and, respectively, B 
with E. 

The “mixed” energy-momentum density (—g)*8&s* 
can be easily expressed in terms of our “macroscopic” 
quantities as 

4nc(—g)'&=4(D,E,+B.H,), 
4rc( — g)'8o* = Cabell ¢, 
4nc(— g)'8.° = Cadel »B,, 


4rc(—g)*8,°= —45,°(D,E,+B,H,)+DeEot+BeHs, 


(2.10) 


and (if j.=0, ie., p=0, i,=0) the equations 
L(—g)*8.°},5=C(—g)'S."),s—bbm.a(—g)'8*=0 (2.11) 


are the conservation theorems in a convenient form. 

The equivalence of (2.1) and the “macroscopic for- 
mulation” described by (2.6) and (2.8), where ea and 
ga are given by (2.9), holds in any coordinate system. 
The analogy with macroscopic electrodynamics makes 
sense, however, only if the coordinates used correspond 
to the Cartesian ones. In this paper we will limit our- 
selves just to such coordinates. 

Now, we are sufficiently prepared to formulate our 
scattering problem more precisely. Let us treat the gag 
field and therefore ¢.s, g. a8 given functions in coor- 
dinates corresponding to Cartesian coordinates, those 
quantities being induced by the matter moving in some 
finite region of «*, say 2. Suppose now that at “time” 
x/=—o a plane wave with given wavelength, direc- 
tion, and polarization is propagated towards the gravi- 
tational field due to the matter in 2. When #=+ 0 
our wave certainly might be observed by observers at 
infinity “on the other side of 2.” The question arises 
as to what differently located observers can measure? 
How will the direction of the wave, and its polarization, 
be changed after scattering due to the gravitational 
field? The aim of this paper is to give a general answer 
to these questions. 


3. QUANTITIES ¢., AND g, IN PRACTICAL 
APPLICATIONS 


The general feature of the g’s induced by real matter 
in motion is that its deviations from Euclidean values 
are extremely small, provided that we use a physically 
reasonable coordinates system. Indeed, even in Q 
(assuming a continuous distribution of matter) the 
Agas=£as—Nes are of order O(R,/L), Rz==kM/2, M 
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being total mass of the system, & the gravitational 
constant, Z a constant of the order of magnitude of the 
radius of 2. Because of the smallness of k/c* in all 
practical applications R,/L<<1. Moreover, as is well 
known, the theory involves an other parameter of 
smallness, viz., 8=v/c, v being a characteristic velocity 
of the matter, The “oa” and “ab” components of the 
matter tensor are, respectively, of the type O(8), O(*) 
and therefore the terms induced by them in Agag in the 
case of small 8 are much smaller than these induced by 
the “oo” components. Therefore, in all practical appli- 
cations, it is certainly reasonable and justified to take 
for gag (which we need in order to know €,, and ga), 
some approximate values given by an approximation 
method which takes into account the smallness of the 
parameters mentioned above. 

In the case of small 8=v/c, we can certainly use for 
the g’s the expressions of lowest orders of the E-I-H 


procedure,** according to which 


2k 1 
Roo 1 — fe e = x’ .x°) 
Ce x— x’ 


tO(A®), A=c 


fase T™( x’ x°) 
Cc oy 


The matter tensor 7 which occurs here is that which 
arises from the original 7® by the substitution gas — nas 
in the latter. 

Using (3.1) in (2.9), 


+O0(A‘), 


1 (3.1) 


? 


+-O(r*). 
x—x’| 


we easily get 


€ab* — Agobart O(n), ga= Agat+O(A'), 


2k 1 
Ago fax T(x’ x°)— 
( ; 7 x’ 


4k 1 
fa x’ T(x’ x”) 
» a x— x’ 


( 


(3.2) 


where 


Aga 


In the case of relativistic velocities, i.e., relatively 
large values of 8, we can use for gas the lowest approxi- 
mation terms in the framework of the fast motion 
approximation method which is essentially an expansion 
in powers of k/c® (see Bertotti,’ Havas,* and Plebanski 
and Bertotti’). According to this method we have 


*A. Einstein, L 
(1938). 

5 A. Einstein and L. Infeld, Can. J. Math. 1, 
*L. Infeld and J. Plebanski Warsaw, 1960 
The details concerning E.1.H 

T@* are given here 
7B. Bertotti, Nuovo cimento 4, 898 (1956 
* P. Havas, Phys. Rev. 108, 1351 (1957) 
* J. Plebanski and B. Bertotti (to be published) 


Infeld and B. Hoffmann, Ann. Math. 39, 66 


209 (1949 
to be published). 
method in the case of continuous 
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+-0( k*/c*), 


where Droy(x) = 6 (x Using it in (2.9), we get 


€ap== — Ago’ bart A’ east Ag,’ +0O(k/c*), 
(3.5) 
where 


Ag,'= 


2k 
far Drer(2 
2 


; 
A €ab 


Aga = fe! Dew x—x')T(x’ 
2 


) 


[Of course, if we neglect in (3 
higher order in A\=c7! we 
(3.3). ] 

Finally, one may try to use | as was 
1 and 2] Landau’s formula 
distances from physical system 


3.6) terms of 
would return to (3.2) and 


and 


done in references 


for the g’s,” valid for large 


2k M 
g00= 1— ’ 


where M denotes the total 
sidered and /* its classical angular momentum vector. 
Using (3.7), however, it is important to remember that 


mass of the system con- 


the goa have here the meaning of time averages of the 
original go, over the period of tl 
and that (3.7 


e motion of the matter," 


is valid for large r only. 


®]7,. Landau and E. Lifshitz ical Theory of Fields 
(Addison-Wesley Press, Cambridge , p 328 

(3.7) can be easily « fror 3 ubstituting, in 
T= m,d;(x—a), 7™ he matter is 
posed to be distributed in the form of material points 
the expression so obtair 


3.1), 
sup 
and taking 


i! 


- 
2k a Me 


go0= 1— 


so that 
we get 
witht he assump- 
lations of motion 
tween (3.7) and Landau’s 
ptation of the latter to the 
which we are using in this paper 


Now, choosing the origir 5 

> m,a*=0) and taking the time average value of 
(3.7), where M= m, ' 

tion, of course, that ir rT e of the e 
The difference i SigT 
original formulas arises from the 
signature (+ — 


J*=const ) 
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Using (3.7) im (2.9), one gets 


€ab = — badge” +O0(r 3) ga= Ag.” +O(r *). (3.8) 
where 
2kM 1 2k 1 
Ago” a . Ag." = ss 


. 
Cr cr 


wets". G9) 


From the discussion given in this section an im- 
portant conclusion can be drawn: ¢,» and g, in all prac- 
Thus, terms involving €» 
and g, in (2.6), i.e., those describing the influence of 
the gravitational field on the development in time of 
E and H, are in practice extremely small. This implies 
that the physically most important gravitational cor- 
rections will be of the first order in €,, and g,. Therefore, 
from the physical point of view we can be interested in 
solutions of (2.6)-(2.8) only with an accuracy up to 
terms O(¢€.»), O(g.) inclusive, which of course remark- 
ably simplifies our mathematical problem. Moreover, 
as we have seen in this section, the most important 
contributions to «» are diagonal (when 8<1). Hence, 
for a large class of physical phenomena it will suffice 
to adopt ¢. and g, in the form 


tical cases are very small. 


é4=— barAgo, g.™ Aga, (3.10) 


where the Ag, together with their derivatives are to be 
treated as very small. 


4. THE LIGHT RAYS THEORY 


The study of light rays in a general (weak) gravita- 
tional field which will be given here, should be 
sidered from the point of view of Maxwell’s equations, 
(2.1), as a study of curves orthogonal to the charac- 
teristic surfaces. In the last sense, the results of this 
section will be later applied on the level of the vectorial 
optics. 

As is well known, the fundamental eikonal equation 
has the form, 


con- 


(4.1) 
3 let 


e%S 5 5=0. 


Now, according to the considerations of Sec. 
assume that” 


q” { — gig = 9+ Ag”, (4.2) 


where Ag” is small in comparison with 1. Using it in 
(4.2), one gets 


$4 Ag®)S 5 s=0. (4.3) 


This equation, however, can be easily solved with 


accuracy up to O(Ag”*) inclusive. Indeed, let 
S=nask*(P—P)+AS, (4.4) 


where r* are arbitrary constants and # is an arbitrary 
‘“‘minkowskian” null vector: 


napk*kh = kP—k? =0. (4.5 


“In the first part of this section, it is more convenient to use 
4Ag* instead of ¢.s, g.. Later we shall return to those quantities. 
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Substituting it into (4.3) and neglecting terms of the 


type O( 4’), we get 


R*AS + 4Aq”*kskg=0. (4.6) 


(The indices with bars are indices lowered by 9 metric, 
e.g., ka=n,sk*.) 
Now, introducing 


1 


n@ ke [.— —| [i,n*], m*n*=1, (4.7) 
k, (k*k*)* 


one can ¢€a sily check that 


ko 7* 
AS (2° ,x*) = — f dx”X 
> Jre 


Ag” (x, x*—n*(x°—x"))myn,, (4.8) 


is the solution of (4.6) which vanishes for #°=9°." 
Hence, we have at our disposition the approximate 


solution of the eikonal equation, 


ko 5 
S=k;5(x’—?r’)— f 
iy 


Ag” (x" 


dx 41) x 


—n"(x°—x"))ngng, (4.9) 
which depends on the three arbitrary parameters k* 
[keeping in mind that ko=(k*k*)t, m*=k*(k*k*)-}; 
terms connected with r* have an additive character, so 
that they are not important from the point of view of 
the Hamilton-Jacobi formalism. On the other hand, 
they are r, S is ks(x’—?r’) coin- 
ciding therefore with the classical phase of the plane 
wave | 

Having the explicit expression for the S, equating 
8S/dk* to constants (we these constants to be 
zero), we will get equations determining light rays as 
x°=x*%(2°). As easily seen, these equations are: 


Ps) 
=* rte (er if ax a/grnms) 
re 


so chosen that if 2° 


{ hoose 


+ (§%°— n°n" |) if 4 x'°( x — x") AQ” engny 


+f “act sgn} (4.10) 


, and Aq” mean that 


where the primes attached to Aq” 


in these quantities the arguments 2’, x* should be 


3 Indeed: AS o== —4koAg™(2*, 


Hie fas 


On the other hand 
ky p* 


AS == + J. dx Ag” (x, x 


x gms 


Ag n(x, xt—n* (x —x”) nnn, 


n* (x°— x") ngng. 


Substituting it into 


4.6) and remembering the notation (4.7), 
we verify that 


(4.8) is really a solution of (4.6). 
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replaced by the arguments x”, x*—mn*(x°—x”), respec- 
tively [as in Eq. (4.9) }. 

This equation has the form x*= r*+-n*(2°—9r°)+O(A). 
Therefore, preserving accuracy up to O(A) inclusive, 
we can substitute in place of x", where these enter as 
internal arguments of Aq’s, simply r*+n*(x°—?r’). Doing 
so, we get our light rays in the final form, 


z 
xo = x2(x°) = 79+ n(2-r if dx" 


K Ag”*(x”, r?+-n*(x—P) Ynons) 


yr? 
+ (5%—n*n? ff dx! (x8 — x) 


« Ag” s(x”, r°+-n*(x— 9°) neng 


+f 


Into this formula there enter as arbitrary quantities 
the vector m*=[1,n* jand the parameters r’, r*. One 
can easily find their meaning. First of all, we have 
obviously x*(r°)=r*, so that r* is just the initial position 
of the ray at the “time” r°. On the other hand, as 
follows from (4.11), 


ro 


dx’ Ag’?(x”, r*+-n*(x°—f*) yn} (4.11) 


dx* 


rv (x) = n° 1— Ag” (2°, r°+n*(x°—9°) )ngn; | 
ax 


+ (69>—n*n {af 


Ag” (x, r*+-n'(x°—r) ng 
+ Agr?(%, r* tn(at—1)) fo, (4.12) 


re 


dx” 


so that the unit vector /*(«°) tangent to the ray is given 
as 
t®(x°) 


n*+-the second line of (4.12). (4.13) 


Denoting the initial direction of i*(x*), ¢*(r°) as °t*, we 
find from (4.13) that 
n® = %9— (§9>— 02 7) Agr(p? v2) %,, %e=[1,%°), (4.14) 


which explains the geometrical meaning of n°. 
Eliminating m* in (4.13) with the help of (4.14), we 

obtain: 

{*(x°) 


Oge-4- (9? — 4a vm] age, r°+-%"(x°—7°)) ts 


r 
7 Aq”*\ r°r*)%5+4 f dx”X 


“rr 


Aq” of y/0 r*? 4-048 ( x0 — r)) %, “| (4.15) 
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This formula enables us to find the relation connecting 
the initial and final directions of a light ray which 
“enters” into the gravitational field at “time” 
from infinity, and “leaves” it at «=-+ 0. In order to 
get such a relation by a limiting process let us decom- 
pose the initial position r* into the parallel and orthog- 
onal parts with respect to °/*: 


v=—w 


7e=%*7,,+7,°, tr,e=0. 


(4.16) 


Now, keeping the r,° constant (but arbitrary) let us 
put 7,,=9°. According to (4.11) and (4.14) our ray has 
now the form, x*=°*x°+-7r,*+0O(A). On the other hand, 
the equation x*=*zx"+-r ,* just describes a classical ray 
having the direction %* at #°=— © characterized by 
the “impact vector” r,*. We will get the direction of 
the corresponding “relativistic” ray by substituting 
(4.16) into (4.15), where r;, is understood as r and 
tends in the so-obtained expression with r° to —«. 
This direction is given as 


t9(x°) = 2+ (§*>—%2 | a0” O, s+?) Us 


r? 
+ sf dx” Ag” (x, 1*+-%'x”) 1, Cs | (4.17) 


x 


[The limit lim,»_,. Ag”®(r’, r.*+-9r° *) ts vanishes be- 
cause when (x*x*)'—+ «© according to our assumptions 
Aq (x’,x*) + 0.] Now, letting 2 here tend to + 


and denoting /*(+ « {*,, we get 


+20 


1%, — 04a 4. } ( §2>— %e Ofb dX 


e L 


Aq” (a? 9 24-7 % x0) %, O%;. 


(4.18) 


This formula, which solves the problem of Einstein’s 
deflection of light in the general case, has a very simple 
structure. First of all, it is evident that only the com- 
ponents Ag™, Ag®*%*, Ag*°%*% are active in the 
process of deflection. (If the coordinate system is so 
chosen that °* =[ 1,0,0] the “active”? combination of 
components of Ag® is Ag’* %; °tg= Ag®—2Ag"+ Ag".) 
Secondly, the ray in approximation of classical physics 
is x*=7,°+%*x"; therefore, in order to get the final 
direction one has to add to the initial direction °t* that 
part of the gradient of the “active” combination of 
Aq’s which is orthogonal to °*, taken along the classical 
ray and integrated over the whole history of the ray. 

The formula (4.18) is invariant under coordinate 
transformations of the type «’*=2*+Aa*(2*), where 
Aa*s vanishes for (x*x*)'—+ ©. [Thus, one can show 
that (4.18) is invariant with respect to the substitution: 


Ag”* — Ag’*+n**Aa’ ,+-7*Aa* ,—1"*Aa’ ,; 


the contribution from the Aa’s form an integral of total 
differential which vanishes because limAa* ,=0 when 
(x*x*)i§—> w.] 
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The “impact vector” 
some sense “ 


r,* entering into (4.18) is in 
the vectorial parameter of collision” with 
respect to the center of coordinates which we are using 
(see Fig. 1). In applications the origin of quasi-Car- 
tesian coordinates is supposed to have been chosen 
conveniently, e.g., as identical in the classical approxi- 
mation with the center of mass. 

The formulas obtained in this section are often too 
exact to some extent. Namely, in a large class of appli- 
cations we have 


g£ooex1+ Ago, £00 Aga, Sat—= — 5.n(1— Ago), (4.19) 


so that formulas for «» and g, have form (3.10). But 
if (4.19) is true, then 


Ag’—2Ago, Ag’*Ag,, Ag?’0, (4.20) 


so that 

Aq”* "ty "tg — 2(Agot Age %*) = —2dg, 
(this explains, incidentally, why it makes sense to 
introduce the formal “vector” Ag,=[Ago,Ag, |). There- 
fore, in this case we have, instead of (4.18), 


(4.21) 


+@ 
t*,= %e— (§%°—%49 w) f dx? Ag, (2°, 7,°+%'2*). 


(4.22) 


At the same time, Eq. (4.17), which is of importance 
subsequently, takes the form, 


x 
12( x) = 0ja__ (§0b_ 070 | f dx’ Oye 


—o 


XK Ag,.o(x, 71°+%*x’?) — Ags (2°, 7,°+-%*x*) |. (4.23) 


5. THE “VECTORIAL” OPTICS 


Throughout this section we shall treat E., H, as 
fundamental field variables. 

Let us assume that ¢» and g, have the form (3.10). 
Under this assumption we can write instead (2.6)—(2.8) : 
—[(1— Ago) Eat ear AgeH «| .ot+ €arcll n= (44/c)ia, 

[(1— Ago) Fat earcAge . |.a=4ep, 

[ (1— Ago) H. —™ €abe AgrE «).0t €abelé «b= 0, 

c( 1— Ago \H.- ead Agee. |a=0 


(5.1) 


We are interested in solutions of (5.1) [when i,=0=p | 
which when Ag, tends to zero correspond to a plane 


Fic. 1. A schematic illustration of the meaning of vectors 
r,*, ?, t/*. 
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wave with well-defined polarization; we will take such 
an “unperturbed” wave in the form 
& = Re & | exp(ikdo) 
= Re (au* + ibv*) exp(ik t»x’), 
exp (ik@o) 
= Re (av*--ibu*) exp(ik tsx’), 


5.2 
X.= Re XK, (5.2) 


where (*=[1,°*], * is a unit vector indicating the 
direction of propagation of our wave; u*, v* are unit 
vectors forming together with %* the “dreibein” 
(1% = egy -t?0®, U°= Eqn.” L°, 1° = ean, t**); a@ and 6 are 
the axes of the “‘electrical ellipse” (the upper sign cor- 
responds to the “right” elliptical polarization); k=we, 
where w is the frequency of the wave.” 

The most obvious method of attacking Eqs. (5.1) 
would consist (from a .physical point of view) in an 
adaptation of the idea of ‘“‘Born’s approximation.” In 
other words, one can decompose the solution of (5.1) 
into the unperturbed and the scattered wave [of order 
O(A)}: 


E.=8:+A&, He= Ket+AKe. (5.3) 


Substituting (5.3) into (5.1) and neglecting terms of 
order O(A?), one gets linear inhomogeneous equations 
for A&,, AX, with known inhomogeneity. These last 
equations can be easily solved in the framework of 
standard methods."* 

Solutions of this type might be interesting in the case 
of small k. However, in the optical domain (& very big) 
the mathematical form of solutions obtained in the 
way discussed above is unnecessarily involved from the 
point of view of physical interpretation: a much more 
convenient approach consists in the application of the 
method of “vectorial optics.” "* According to this 
method we consider solutions (5.1) of the form, 


E,= Re (&,+AE,) exp(ik[¢o+4¢@ ]), 
He= Re (Ke-+AH.) exp(ik[o4-A¢), 


where &, K,, ¢o correspond to the unperturbed 
solution, complex AZ,, AH, are analytic in 1/ik, A@ is 
real and independent of k. When k is very big 

AE, #~A6&, = lim AE,, 


kon 


4H, AX, = lim AH,. 


The expression (5.4) with ME,, AH, replaced by 46,, 
4k, form just the field in the “vectorial optics” 


“In this section the gravitational constant will never enter 
into our formu‘as explicitly, so that the same symbol for we and 
the gravitational constant cannot lead to any misunders 

ub Particularly convenient would be the method of “Hertz 
vectors.’ ’ Namely, one can easily show that 

3B be ™ tte4Z, w™ +AZ6 00 — AZnte™ 
AK y= — €6t-4Z. wo + AZ, 00 ~ AZ an, 
where the “Hertz vectors” 4Z,"), 4Z,® are solutions of 
[ J4Z,% = - Age be +es-Agi Ke, (J4Z,® = — AgoKe— eateAgs be. 


The retarded solutions of these equations should be taken. 
1 A similar method was used in reference 1. 
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approximation. In practical applications this approxi- 
mation is fully justified.” 

Substituting (5.4) into (5.1), neglecting terms of 
order O(4*), and omitting the symbol “Re,” one gets 
after simple computation : 


(a) tk( AE gt €ane AH .+°°AL, 6, 
+ &,AO)+AE, o— €as AH cs 
"Ag, 084 0 $l*Agy ob, 
(b) th( AH a— ave PAE. +ALL KR, © 
+ Hq AO)+AH oot €ar AL,» 


—14Ag, 9 Ha +2 Ags oH,” 


(c) —ik(t*AE,+Al.8.)+AEo,o—Ago.c8a 


+ (Agy.a—Aga.r) %*S, =0 


’ 


(d) —tk(l*AH,+Al,.He+AH oe a— Ago,aHe™ 


+ (Agn.a— Aga b) 1250, =0 


’ 
where we have denoted 
AO=t?Ad ,— WV Ag,, (5.6) 
(5.7) 
Before proceeding with expansion in powers of 1/ik, 
we shall deduce from an important equation 
(exact from the point of view of the parameter &). 
First of all, let us de ompose 


AF.= AEgit+°AE;;, 
AH, 2 AH, : tT "2A ,,, 


Ala= Aga— Ada t+°t*(Ago—Ad,0). 


(5.5) 


AE. “46 Q, AE» %t* 
AH,,°t*=0, AH, t* 


AFu, 
AH ,,. 
(5.8) 


In a similar way one can decompose the left-hand 
members of (5.5) (a)-(b). Their parallel and orthogonal 
parts must vanish separately. Now, replace in the 
orthogonal part of the left-hand member of (5.5a) the 
free index a by d. Next, multiply the left-hand member 
of (5.5b) by ear %". The difference between the two 
expressions so formed must vanish because of (5.5). 
A simple explicit computation therefore gives 


2ik8 4 AO+-" (AE ai — €abe AH. 1), 
— 28, Ag,» l’+ €are UAH. 
§2>— 72 OP)AF,, ,=0. 


(5.9) 


Now, let us consider Eqs. (5.5), (5.9) from the point 
of view of the de pe ndence on &. First of all, Eq. (5.9) 
has two important consequences: because SE, and AH, 
are analytic in 1/ik, the vanishing, in (5.9), of coef- 
ficients of terms of order O(k) and O(k°) implies that 
AO 0, 


Ve L 0 
"t Aéai € 


tare PAK 


PAX 
(5.10) 
On the other hand, the terms of order O(&) in Eq. 


1? The validity of this approximation in some practical cases is 


evident in Sec. 7. 
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(5.5) (c)—-(d) imply that 


A&,,“ Ai,é AK Al,3 


‘ava 


(5.11) 
Moreover, considering in (5.5 i)—(b 


O(k) and taking into account AQ 
see that 


terms of order 
0 and (5.11), we 


AGo 1+ ease PAR,: 0, AZ 


The set of Eqs. (5.10)—(5.12) solves our problem in 
the approximation of Indeed, the 
fundamental equation, 


, s ; 
vectorial opt S. 


AO="Ad ,— "Ag, =0, (5.13) 


is essentially equivale nt to Eq 4.6) for the correction 
to the eikonal [kA¢ should be identified with AS, 
moreover in the present assumptions (4.21) is valid; 
°” in (5.13) corresponds to n* in (4.6) defined as k*/k® ]. 
It can be solved in the identical way": 


Ad f dx’ 


* 


Substituting (5.14 


Al, ~ (§2% — ja 07>) Ag 


Y— x" } 5.15) 


Therefore A&,,, Ad 
treated as known 


5.11) can also be 
As far as the orthogonal components 


5.12 ind the 


i t 


de rine d by 


are concerned, we have Eqs 
Eqs. (5.10). This last equa ion an be considerably 
simplified. Eliminating Ad in it with the help of 
(5.12) and using for the | components the ex- 
pressions (5.11), where Aj, is given by 5.7 , it follows 
that it reduces to” 


Se¢ ond of 


%°AS ok ATS 5.16) 


where 

Ar - Ag, 

AP=} I*e,,-Ag 
5.16 


Integrating 
we get? 


18 The ger 
if %* is ident : » form 
Ao = AF (x y) where AJ x,y) is an arbitrary function. If 
for r =f the ™ | T 
accept it in the 

19 Tt is sir 
components in the se 
dinates 

a The 


me must 


e+ ' arallel 
piest ing parauel 


expucit coor 


solution © choosen that it vanish for ® =r 
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46,4= -{ dx” AT (x, x*- 1" (x°— 2°) ) 8, 


x 


+ €are lS, »| dx’ AP(x", x*—%'(x°—x”"®)), 
(5.18) 


and finally, using (5.18) in (5.12), we obtain 


zr? 
AX= -{ dx” AT (x, x*—%*(x°— x”) ) HK, 
r® - 
+ are UR, mf dx’® 
rn 
KAP (x, x*—%"(x°— x"). 


Collecting our results, we can write the field i 
approximation of “vectorial optics” as 
E, Re (6,° + ¢€,,A2,6,.@ ) 
Xexp[ik (%s2”+ A) — AP ]+0(1/k, 4°), 
H,=Re (Ha + €e5- 4%KH,.) 
X exp[ik (%sx”+ Ao) — AP]+O0(1/k, A*), 


where A@ is given by (5.14). AI stands for 


Af= f dx” AT (x, x*—%"(x°—x"")), 


and 
AQ, = AP o+ Awe= AP 19+ €,5. Al, 


re? 


AP= if dx! f%¢ 4 Age (x, x*— 8" (x°— x”) ); 
r? 


Al, is given by (5.15). For =? this solution reduces 
to the unperturbed wave (5.2). 

All quantities appearing in (5.20) have a direct 
physical interpretation. First of all, let us observe that 
the amplitudes, 


8a’ = 84 + €on-A%E., Re’ = Ke +€.5- ARK, 
(5.24) 
fulfill 
8.'+ €abl’ HK,’ =Q= Ky’ — éant’&.’, 
where 


{2 Ofe4 At, = e+ (§2>— 2 07) 


|e. f 


The relations (5.25) are characteristic of amplitudes of 
a plane wave with direction vector /*. Therefore ¢* from 
(5.26) must be identified with the direction of the 
perturbed wave of event 2’, x*. The characteristic term 
‘¢.p-AQ...”” appearing in the expressions for perturbed 
amplitudes has a simple meaning: geometrically speak- 
ing ‘these terms describe the fact that &,',.%,’ are 
derived from &,, 5¢, through the small rotation AQ). 


re 


dx” Ag, (x, s°— 9" (2° —% »| 


(5.26) 
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This small rotation is the sum of two independent 
rotations: the rotation caused by Aws= éase Al, must 
be interpreted as due to the change of direction of the 
propagation vector (under this rotation °* transforms 
into *). The rotation AP,= AP AP should be 
interpreted as the rotation around the propagation 
vector ¢* by the angle AP. Thus, AP is the angle of 
rotation of the plane of polarization. The 4@ quantity 
describes the correction to the phase ; the real factors 
exp — AI} describes a sort of “damping” or “absorp- 
tion” of electromagnetic waves by the gravitational 
field. Physically speaking, this is due to the nonclassical 
form of the laws of conservation in the gravitational 
field [see Eqs. (2.10)-(2.11) ]. 

Our solution (5.20) is valid for arbitrary values of r’. 
In order to establish the correspondence of the results 
of this section with our theory of light rays we must 
go to the limit r° When r°=— in (5.20), the 
solution (5.20) for 4° —+ — tends to the unperturbed 
wave.”! 


—2, 


Moreover, our solution with PY=—o has an im- 
portant property. When the argument 2* is divided into 
xt'=x,"+%'x,,, x," and 2” are kept constant but arbi- 
trary, and x,-—+ —®, the expressions (5.20) again 
tend to the classical unperturbed wave [i.e., the 
operation limz,,—--« lim,*—-—« performed with respect 
to Ad, Af, AQ, gives in all cases ]. This property can 
be interpreted as meaning that our solution (5.20) 
satisfies just the correct boundary conditions: on the 
plane at infinity (*,,= — *) which is orthogonal to the 
“unperturbed” direction %* (5.20) reduces to the 
“unperturbed” wave. 

Now, when our wave arrives from the plane x,,= — « 
at x" at the time 2”, then according to (5.26) it has the 
direction 


- Ofe 4 6% {2 076 | a0 #8") 


and, according to (5.23) its plane of polarization in 


comparison with the initial situation at #’=—@ is 
turned around /* through the angle 


ad 


dx °~Ag, w(x”, xt — "(xo — oy] (5.27) 


a 


x 


AP (2 ,x*) if dx” %eq,-Ag- (x, xt —%4*(x9— x/9)), 
(5.28) 


* One should mention, however, that there exists a difficulty 
here; namely, because in practical applications for big r= (x*x*}h, 
Ago~r' the limit of 4¢ from (5.14) (Le, lim’... 46) is di- 
vergent. This difficulty being rather of mathematical, nonphysical 
origin, can be avoided in a formal way, e.g., by introducing some 
kind of convergence factor into (5.14). The physically much more 
interesting quantities such as AP, AT’, At, behave, however, in a 
regular way, ¢.g., lim,*._. lim/._. AP =0 

2 Ad is understood here as involving some 
securing the existence of lim’... Ad 


‘convergence factor’’ 
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At the same time the “absorption factor,” exp[— AT’], is 


zx 
exp| — f dx” AT (2°, (e291 (5.29) 


Now, let us study the quantities along the light ray 
starting from the plane x,,= at 2°=—o in the 
direction °* and with “impact vector” r,*. Such a ray 
is given by x*=%*x"+-r,°+O(A). Substitution of it into 
(5.27) gives 


— © 


{2(.°) = %e +. (§2>—%e vm) ae x. 04*x9-+-9 ,@) 


-f dx” PAg, 4(x”, r.*+%*x"?) | (5.30) 


0 


which is identical with (4.23), as it should be. Therefore, 
all previous conclusions from Sec. 4 concerning the 
deflection of the direction of a geometrical ray can also 
be interpreted as true with respect to the direction of 
the wave.” 

Taking AP along the ray, we have 


re 


AP (x) = if dx” t%ea4-Age.y(x, ry°+%'x"). (5.31) 


When the ray leaves the gravitational field the plane 
of polarization is therefore turned through (in com- 
parison with the initial situation at x”=— ) 


+2 


AP; = if dx 16.5 -Age,p| x, r,° -+-04#40) | (5.32) 


2 


Let us examine (5.32) from the point of view of 
coordinate transformations. Under the transformation 
x* — x*+ Aa*(x*) the quantities Ag, ~Ago, transform 
into Ag+ Ade,o+ Ado, where Ada=a,Aa’. The gradient 
Ado. cannot contribute to (5.32) because Ag, enters in 
(5.32) in the form of a rotation. However, the formula 
(5.32) is based on the assumption that the metric has 
the form (4.19). Transformations induced by Aap 
preserve this form, while those induced by Aa, do not. 
Therefore one cannot demand from (5.32) the in- 
variance with respect to transformations generated by 
arbitrary Aa* which produce off-diagonal Aga». 

One can, however, generalize (5.32) to the case of 
a metric of the more general form (i.e., the case of €45 
having in general off diagonal elements). The gener- 
alized formula must fulfill two conditions: (1) When the 
metric has the form (4.19), it must go over into (5.32); 
(2) it must be invariant under general coordinate 
transformations. 


® The direction of a wave is here understood to be the direction 
of the Poynting vector associated with it. 
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We claim that 


+m 


AP,;=} f dx? t%655-AQ"* 4(2°, 72+"), (5.33) 


x 


fulfills these conditions. Indeed, when the metric has 
the form (4.27) we have, according to (4.28), Aq” I; 
=Ag,. On the other hand, under x*— x*+Aa* che 
Aq” quantities transform according to 


Ag’* — Ag”’*+n”*Aa’ ,+7"°Aa* ,—1’*Ao? ,. 


Thus, under the influence of the coordinate transfor- 
mation AP; from (5.33) changes into AP; plus 


+00 
, ease f dx[n* Aa’ os (xo r t+ 07240) 


—@ 


+7? Aa® p(x, 7 °+%"x°) 


— "Aa? pp(x°, 72+ x) |] %s. (5.34) 
The first term here vanishes as it is the rotation of a 
gradient. The last term vanishes because 7”¢ °t;=°t* and 
€abe L* *t°=0. The remaining term vanishes because 


dx°n’? Aa® pp (x?, 71° +x”) Ls 


d 
- an(- ace, x. 7 *-+-%*x) 
r BD 


forms a perfect differential; Aa*, must vanish for 
(x*x*)t—>+ o in the case of a transformation tending to 
the identity at infinity. Therefore all terms in (5.34) 
vanish. 

Summarizing, (5.33) must be regarded as the formula 
describing the rotation of the plane of polarization in 
the general case, the case of arbitrary small Agag. If 
there exists a coordinate system such that the metric 
has the form (4.27), the AP; reduces to (5.32). 

For the sake of completeness we will find also the 
final value of Af taken along our ray. This value, ATy, 
obtained from (5.29) is 


+2 


ary= f dx® AT (x°, r.*+ 2°), 


2 


(5.35) 


where AM is defined by (5.17). Under the assumptions 
(1) that Ag. vanishes when (x*x’)i—> «, (2) that the 
d’Alembertian of Ag., Aga’’,,, vanishes or is negligible 
along the path of the ray,™ and (3) that the coordinate 
condition 2Ago,o— Ag.,.= 0 is valid, the expression (5.35) 
can be computed to be 


Ary= -{ dx[ Ago x, r,° 4 0740) 


+3 Ag, o(x°, rs*+%x*) ]. (5.36) 

*% According to any reasonable approximation procedure []Ag, 
is proportional to the 7% components of the tensor of matter— 
this assumption means that the ray does not enter into the region 
Q where matter is present. 
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6. GEOMETRICAL INTERPRETATION OF THE 
ROTATION OF THE PLANE OF 
POLARIZATION™ 

In this section we shall give some geometrical inter- 
pretation of the formulas (5.32), (5.33). 

Let us consider a light ray starting at the time r° from 
the point r* with initial direction °*. Such a ray is 
given explicitly by (4.11) where m®* is given by (4.14). 
Now, at time r° let another ray start from the point 
r°+-dr* with the same direction °*; dr* is assumed to be 
orthogonal te °t*. Let us call this second ray x’*(x*). 

Consider the difference 52*(x°) = x’*(x°) — x°(x°). Using 
(4.11), (4.14) one can easily show that 


bx*(x*) = dr*— (5% —%2 %) Agr ¢(r°,r*) p(x? —9°)dr* 


z 


~4% f dx! Ag’. ty “tgdr® 


z 
+4(§%—% ) f dx’? (x°— x’) 
x Ag’ a. %, °tadr°+- (6% —% 04>) 
= 
xf dx” Ag’ .%sdr*, (6.1) 


where the prime over symbols Ag indicates that they 
should be taken with the arguments x°— x”, x*-—> r* 
+%*(x"°—9r). According to (4.15) the unit vector tan- 
gential to x*(x°) can be rewritten in the form 


19 (x9) = 49+ At,(x°) = 12+ (5o>— Ope 046) 


x [ance r*-+-04*(x9— 90) %4,— Agr(r,r*) 4, 


z 
+f dx® Aq’* » %, “s} (6.2) 


Now, let us decompose the vector 5x*(x*) joining the 
fundamental ray with the second ray into two parts, 
respectively, orthogonal and parallel to /*(z*): 

bx*(x°) = 5x ,°(x°) + t*(x°)bx1, (2°), 


(6.3) 
bx ,*(x°)t*(x®) =O. 


Remembering that dr* is orthogonal to %*, one can 
easily find that 


Sx, (x°) = [Ag”’(x?, 1°" (a? — 9°) / 
-- Ag’*(r°,r*) ] tedr’. 


This enables us to compute 4x ,*°=62*—/*6z|| as 


(6.4) 


* The author owes the idea of the application of the methods 
of Sec. 4 to the problem of this section to Professor John A. 
Wheeler. 
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bx ,*(x9) = dr®—%* At.(x°)dr*-+ } (59> — 942 Of») (Sed — Ope Ops) 


z 
x{ f dx’? (x°— x") Ag’ na Cs %, 


x 


+2 fae aginans 
— 2(x°— 9) Ag” 4(9,r*) a (6.5) 


where Af, is defined by (6.2). This formula has the 
structure 5x,°=dr*+Aw*dr’. Let us decompose Aw* 
into symmetrical and shew-symmetrical parts. A 
straightforward computation enables us to rewrite (6.5) 
in the form, 


bar ,°(2) = dr*+ e4p-ARs(2°)dr°+ADadr’, (6.6) 


where 


ARyg (2°) = eayq “PAl, (2°) + AT (2°), (6.7) 


x 
AT (x)=) f dx” 1¢5,,Ag""* 5s 
"(2° —H8) egnegr o(r9,r*) ty, 
ADu= } (§2¢—%o Ope) (§o4 — 04d 0/4) 


(6.8) 


Sad 


x f dx’?(x°— x’) 1 oe 


d 
hie (aga a9.) | (6.9) 
dx” 


These formulas, together with (6.4), explain entirely © 
the geometrical situation: the part of 5x*(x*) orthogonal 
to the tangent to «*(2”) is according to (6.6) the result 
of the deformation (due to the symmetric AD.) and 
of the small rotation around the direction AR, through 
the angle (AR,AR,)' performed on the initial value of 
5x,*(x*), i.e., dr*. This rotation can be considered as 
the superposition of two independent rotations: The 
first rotation characterized by e», °t”Al,(x*) is due to 
the change of direction of the tangent to the ray (under 
this rotation °f* goes over into (*=°f*+ Af,). The second 
rotation "*AT=/*AT is a rotation around the tangent 
t*(x°) through the angle AT. 

Now, let us examine the AT quantity when the 
initial point r* is decomposed as r*= r ,°+-°t*r*, "f*7 ,¢= 0, 
and r tends to — «. In other words, we will consider 
the case when our two rays start from the plane at 
infinity z,=—© at the time r'=—o., In this case, 
according to (6.8), AT (z*) is given by 


z 
AT (x)= if dx” %e.4 Ag”* y(x”, 71+ x") ty 
™ +=} Jim (2°—) 004 


Ag’? o(7, rs°+FP) ty. (6.10) 
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However, because in the case of the gravitational field 
of an isolated system deviations from Euclidic ity behave 
at infinity, like f(a°—r 
derivatives Aq®*,(9’, r," 
r’ as {* [r— 
The factor 
butions ~ °°. Hence, 


r {| where {(2”) is bounded }, the 
+r’) will behave for large 


9 (ro +- pf”) +7). 
however, kills here the contri- 


the limit in (6.10), which can be 


(rei+r (ry 


l* €a) 


written as 


—} lim 


ro +— 


g”) f%e.4.X 


fact (p2 


vanishes. Thus 


(6.12) 


Now, the final angle of rotation around the tangent 
when the rays leave the gravitational field follows on 
setting °=+ in (6.12), ie., 


AT, if dx” "1% €,) Ag’? (2°, 72x”) ts. 


© 


(6.13) 


One can also mention here that the corresponding 
limiting transition in (6.4) gives 


lim 6x,,(a°)=0. (6.14) 


» rt» 0 


| 
im 
ze» } 


Therefore at the end of the history of our two rays bx* 
is orthogonal to the final direction of the tangent to the 
fundamental ray. The formula (6.13) is evidently iden- 
tical with (5.33 , guessed from (5.32) by the use of the 
condition of to 
transformations. 

It follows that the total rotation of the plane of 


invariance with respect coordinate 


polarization of a wave observed along the light ray x* 
is identical with the rotation of the infinitesimal vector 
éx* joining x* and a second ray «’* when the tangents 
to «* and x’® are initially parallel to 5x* initially normal 
to both rays. 


7. APPLICATIONS 


In this section we shall apply the general results of 
the previous sections, that is the general formulas (4.18) 
and (5.33) for the deflection of a ray and the rotation 
of the plane of polarization along the ray; in a few 
concrete cases 

Before doing so we would like to mention, however, 
that the substitution into (4.18) and (5.33) of Aq® in 
the form (3.4) leads to some general results. Namely, 
substituting Aq® into (4.18), which according to (3.4) 


1 


can be written in the form, 


tk [6 (x°— | x-—y 
A¢ x8 4 fe y 
C x-y 


PL 
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and interchanging the order of partial differentiation 
0/dx* and integration dy3y, 


2k p** 
Ce * 


one get 


oa 


where 


However, observing that 


d r— Vi 
(-—*): 
dx® ] 


integral over dy is 


Now, if the 
one can interch 


iniformly convergent 
integration and the 
differentiation d/dx°, so the int 
Again in the 


we can interchange the order of 


ange the wrder of dey 
t { egration over dx 


can be performed ssumption of uniform 


limz?— + « 
ipper limit the 


to 2 and for x°— —« 


convergence 
and dzy integration. But because in the 
factor 1+ (*#°—y 7 is equal 


vanishes, and because limz oe (x°—« Yu, we 


7 get 


simply 


4k p** r,° 
{*,=%,— . f as { as 1 
C 2 ry 


“by “tg. (7.6) 


In the particular ca singularity at rest, 
we have 7”=mé;(x), T . T?=(), 
mula gives 


so that our for- 


which coincides with Einstein’ rmula for the deflec- 
tion of a ray in tl hild’s metric. 
Now, substitutin 


7.1) into (5.33 
and using exactly ts as previously 
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(e.g., Eq. (7.4) ], one can find that* 


4k +. 
AP;= - : eae f ast f ay, 
c L 


x T?(#, yi" 4-072 x0) Of. 


r,°—y,° 
(ri— y.)* 
(7.8) 


Now, let the gravitational field be induced by a 
rotating body; the speed of rotation we assume to be 
small. It therefore makes sense to assume that the 
deformation caused by rotation is negligible and that 
the body has spherical symmetry. For simplicity we 
will also assume that the density of our rotating sphere 
of radius / is constant and that the body rotates uni- 
formly with angular velocity w*. The terms due to 
pressure in the energy momentum tensor as proportional 
to c* can be neglected. Hence, the energy momentum 
tensor of the rotating body can be taken in the form, 


T%=pv*F for (x*x*)' <i, 


T#=0 


‘ (7.9a) 
otherwise, 


where 


p=const, v=[1,v°], v°=(1/c)enaw’x’. (7.9b) 


Since we are dealing in this case with small velocities, 
we should limit ourselves to the approximate formulas 
(4.22), (5.32) in which the quantities Ag. are to be 
taken simply in the form (3.3). An elementary com- 
putation gives 


2km 1 =e 1 |x|? 4 
2 |x| €\26 2.6 x| 


' ' ' 


xO(l—|x}), (7.10a) 


2km x? 2km 
Aga= ———€abe——J °— ane" J* 
e x|* 3 


23 3 ist..5 
x( aan saeenieeden ;)ea— |x ); (7.10b) 
2h 2 |x|? 


where 6(u) is defined as 1 for «20 and equal to 0 for 
u<0, m= fdsxp is the total mass, 


J¢= few P€aboX*v* 


is the angular momentum (J*=mw*X $F). These for- 
mulas coincide in the external region (x\>/ 
Landau’s formulas (3.9), so that the results which we 
are going to get by applying (7.10) will cover also 
Landau’s approximation. Substituting (7.10) into (4.22) 
and (5.32) and performing integrations, one gets 


with 


% Both formulas (7.5), (7.8) hold only under the assumptions 
mentioned concerning the correctness of interchanging the order 
of integration, differentiation and taking limits when 2 — += 
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4km r,* rZi\! 
“fo — {100-1 (1-—) 
Cor, P 


Skr, r, 
= Cied J¢ 1—@(/—r;,) 
ar, rs | 


ri! oy 2 4R éane tS * 
-) (EE 
P 2h rg r? 
r?\! 
x} 1 0d-ry(1- )}. (7.11a) 
P 
10k “J ry! 
(: ) o0-r) 
aa ? P 


km riy! 
£ %f%y*— (.- ~) 6(l—r,). (7.11b) 


Oyd 


iy 
tf 


In order to find the physical interpretation of this 
result, let us introduce the unit direction u*=r,*/r, and 
another unit vector w*= ¢,».4° °°. The triple %*, «*, w* 
forms a “dreibein”; let J*=a t*+Aw*+yu*. Now, 
(7.11a)—(7.11b) can be rewritten 


{ 4h 1 rit 
2 = — u*; [ —O(1 ro(i “s ) | 
| Cc v; P 


4k8 r\! r,* 
fe nn(-) (of 
cr? P P 
tky rey! 
+w* : (1 At ~ )} (7.12a) 
cr 2 i? 
10ka r?\! 
= (:- ) or). 
cr P 


AP; (7.12b) 


Therefore, in the deflection of a ray only the “orthog- 
onal” part of J* (components 8, y) are active; the 
polarization can be influenced only by the component 
of J* which is parallel to °t*(a). 

The term is (7.12a) which is proportional to m 
describes the Einstein deflection of light ; this deflection, 
of course, is a deflection in the plane of the %*, 7,* 
vectors. The component of angular momentum which 
is orthogonal to both °f*, r,*, i.e., Bw*, causes some 
correction to this deflection. If r,>/ the angle of this 
deflection is given as Ag=4km/r,c7—4kB/r 2c. The 
component of angular momentum along r,*, however, 
induces a new deflection in the direction w*= €q,4° I. 
The corresponding angle (for r,>1) is A0=4ky/r 2; 
see Fig. 2. 

For the values of r,</, (7.12a) describes the deflec- 
tion of the ray which in a part of its path penetrates 
through the rotating body. Of course, it does not make 
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Fic. 2. An illustration of the meaning of the angles Ay, Ad. 


any sense in the case of a star. However, in the case of 
a rotating cloud of intersiellar matter with very low 
density, a ray which penetrates through the cloud will 
be only partly absorbed, so that the problem of its 
deflection due to the gravitational field of the cloud 
makes sense. 

In the limit r,*—> 0 (a ray going through the center 
of the cloud), the formula (7.11a) gives 


10k 1 4km 
——~Eabe 07d Je -== Ojo __ —€abe Ofbye—, 
cA P cA 


(7.13) 


lim f= %— 
r4-0 


The ray is therefore deflected in the plane of %* and 
the direction orthogonal to %* and J* through angle 
10kJ/ AP. 

As far as polarization is concerned, (7.12b) says that 
in the case of r,>/ the polarization of the wave of the 
end of the history of the ray remains unchanged in 
comparison to the initial one.2” However, for r,</, in 
the case a “rotating cloud,” (7.12b) gives nontrivial 
AP;, which depends on r, by the interesting factor 
(1—r,2/P)!. Of course, the polarization of a wave going 
through the cloud will be affected by the interaction 
with matter. Our AP; can be only treated as a small 
correction to ‘classical’ rotation of the plane of 
polarization due to this interaction. 

As the next application of our formulas, let us 
consider the deflection of light rays and the rotation of 
the plane of polarization due to gravitational field of a 
system of stars in their motion. Because the motion of 
stars in astronomical practice certainly can be treated 
as “slow” (v/c small), we should again use the formulas 
(4.22), (5.32) where Aga are to be taken simply in the 


" This result differs from the corresponding result of reference 
2. [According to reference 2 AP; #0 for r,>/ in the case of the 
rotating body. ] One can check the correctness of the statement 
that AP; vanishes for r,>/ simply by substituting (3.7) into (5.32); 
the corresponding integral vanishes. 


form (3.3). Assuming in (3.3) 


N 
T®= > md3(x— a(x*)), 
aml 
(7.14) 
» 
T%* =>" mb3(x— a(x”) )a* o(2°), 
a~l 
where m, denotes mass of the ath star (a=1, 2---, N) 
which motion is given as a*=a*(x"), we get 


mis 9 
ye=%— a maf dx " . 
C o=t - [ (x°— a), (2°) P+r 2}! 


x (1 _ 2a,;(x”) 0), 


(7 ,°—a,°(2°)) 


(7.15a) 


2k N +a 
et mf dx® 
a=! 


c 


ss] 
Se .n(7 °— a ,°(x) Ja*s,0(x°) 
[(e— @,,(x°) ¥ +r}! 


where @,,(x°) =%*a*(x°), a,°(x°) = a*(x°) —%*a,,(x°). The 
origin of coordinates in these formulas is supposed to 
be identical with the classical center of mass of the 
system. In the case of a double star (direction %* 
orthogonal to the plane of motion), AP, is different 
from zero. 

It might be of some theoretical interest also to 
investigate the case of a rotating body when its angular 
velocity is so big that terms of higher order in c are 
important. The formulas (7.6), (7.8) valid for arbitrary 
velocities of matter could be applied in this case. The 
energy momentum tensor can be taken here accordingly 
with the results of Salzman and Taub.” 


(7.15b) 
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In order to establish the extent of the disagreement between 
the pion-nucleon forward-scattering-amplitude dispersion rela- 
tions and experiment in a statistical sense, the uncertainty in the 
dispersion integrals and S-wave scattering lengths is systematically 
included in the analysis. To accomplish this, we fit the total cross 
sections below 335 Mev by a Chew-Low P-wave resonance, 
phenomenologically modified, and calculate the error matrix for 
the parameters. Our fit to the total cross sections is statistically at 
least as good as the Anderson parameterization used in previous 
work. Ignoring forward scattering amplitudes above 220 Mev 
because of D-wave uncertainties, we still find that there is less 
than a 44% probability that the published data are compatible 
with a unique value for the pion-nucleon coupling constant f*, and 
that no adjustment of the S-wave scattering lengths can remove 
the discrepancy. However, if the x~ forward-scattering amplitudes 
measured by Ashkin ef al. at 150 and 170 Mev are abandoned in 
favor of the values recently obtained by Kruse and Arnold at 
130 and 152 Mev, the probability rises to 47.2% for our param- 
eterization, or 8.6% for the Anderson parameterization. 


I. INTRODUCTION 


S was first noted by Puppi and Stanghellini,' the 

pion-nucleon forward-scattering-amplitude dis- 
persion relations’ are in apparent disagreement with 
experiment. Since a rigorous derivation of these rela- 
tions has been given,’ and electromagnetic corrections 
have been shown to be probably less than 5%,‘ con- 
firmation of this result would show that at least one of 
the basic postulates of local field theory is incorrect. 
Re-evaluation of the integrals occurring in the dispersion 
relations using new low-energy total cross sections gave 
corrections which reduced the original discrepancy, 
but a residual discrepancy remains.*:* We fee! that this 
discrepancy is best exhibited by asking the question 
whether the pion-nucleon coupling constant /*, as 
defined by the dispersion relations, is consistent with a 
unique value. For this purpose, therefore, we syste- 
matically include in the analysis the statistical un- 


* This work was performed under the auspices of the U. S 
wry Fae 4 Commission. 
i and A. Stanghellini, Nuovo cimento 5, 1305 (1957). 
2 Of. A Goiduenges H. Miyazawa, and R. Oechme, Phys. Rev. 
99, 986 (1955). 
iN. Bogoliubov, B. Medvedev, and M. Polivanov, Institute for 


Advanced Study Notes, Princeton, 1956 (unpublished) ; 
Symanzik, report at the Seattle Conference, 1956 (unpublished) ; 
H. J. Bremmermann, R. Oehme, and J. G. Taylor, Phys. Rev. 109, 
2178 (1958). 

4A. Agodi and M. Cini, Nuovo cimento 6, 686 (1957); A. 
Agodi, M. Cini, and B. Vitale, Phys. Rev. 107, 630 (1957); G. F. 
Chew and H. P. Noyes, Phys. Rev. 109, 566 (1958). 


5 J. Hamilton, Phys. Rev. 110, 1134 (1958); H-Y Chiu and J. 


Hamilton, Phys. Rev. Letters 1, 146 (1959). 
* H. J. Schnitzer and G. Salzman, Phys. Rev. 112, 1802 (1958). 


Cini et al. have pointed out that the conventional analysis of 
the low-energy data to obtain the S-wave scattering lengths does 
not satisfy crossing symmetry, and a re-analysis by Hamilton and 
Wooicock gives a,=—0.083, a.=0.088, rather than the con- 
ventional values of —0.110 and 0.077. We obtain some inde- 
pendent evidence in support of this conclusion by using the dis- 
persion relations to determine a,, a., and f* simultaneously. 
We find: 


Energy dependence f 
Anderson 0.0752-0.018 
Modified 

Chew-Low 


a, a. 
—0.08640.025 0.071+40.020 


0.0864-0.019 —0.101+0.026 0.0854-0.020 


It is clear that a better theoretical description of the energy de- 
pendence of the total cross sections will be required before further 
progress can be made on this problem. 


certainties due to the S-wave scattering lengths and the 
integrals over total cross sections, and explicitly exhibit 
the dependence of /* on these quantities. We also discuss 
the use of the dispersion relations to determine the 
S-wave scattering lengths simultaneously with f*. 


Il. EXPERIMENTAL QUANTITIES 


In order to calculate /* at a given energy, we must 
know (a) the real part of the forward-scattering ampli- 
tude at that energy, (b) two integrals over the total 
cross sections, and (c) two subtraction constants which 
can either be taken to be two values of the scattering 
amplitudes at some energy (usually the S-wave scatter- 
ing lengths) or treated as two additional constants to be 
fitted simultaneously with /*. Our selection of the data 
is given below. 


(a) Forward-Scattering Amplitudes 


As noted by Puppi and Stanghellini,' it is possible 
to use the observed angular distribution for elastic 
scattering toegther with the total cross section to 
calculate the forward-scattering amplitude without as- 
suming charge independence, by using the relation 


Re f(0)=+[A+B+C+- ---— (goun/4a)*}, 
where 


o(6)=(Ref(6) P+(Im/(6) P 
=A+B cosé+C cos*6+ - 


(1) 


(2) 
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Taste I. Forward-scattering amplitudes, in units of 
h/mc) =1413K10™" cm. 


Energy 


(Mev) Reference Re /f* (0) Ref (0 


41.5 ‘ 0.102+0.034 0.104+0.014 
80 | 0.261 +0.065 
98 0.434+0.011 
100 0.4134-0.031 
113 0.476+0.054 
114 0.528 +0.070 
120 0.584+0.048 
124 0.507 +0.075 
150 0.466+0.019 0.258+0.017 
170 0.266+-0.027 
217 0.221+0.077 
220 f 0.536+0.061 0.134+0.051 


0.195+0.006 


*S, Barnes, B. Rose, G. Giacomelli, J and K. Miyake 
ot ‘Rochester Report N YO-2170 
Anderson and W. Davidon, Nuov 
of work by Puppi et al 
«Dp. Edwards, S. G. F. Frank, and J. R. Holt, Proc. Phys. Soc. 
(London) 73 856 (1959) (1I-). D. N, Edwards, S. G. F. Frank, J. R. Holt, 
and Massam (to be published) (I*) 
4H. L. Anderson, EF. Fermi, R. Martin, 
155 (1953) 
* ], Orear, Phys. Rev. 96, 1417 (1954) 
t }. Ashkin, J. P. Blaser, F. Feiner, and M. O. Stern, Phys. Rev 
(1956); 105, 724 (1957 
«H, D. Taft, Phys. Rev. 101, 


Ring, 
ung yublished). 
» cimento $, 1238 


+, University 


(1957): analysis 


and D. E. Nagle, Phys. Rev. 91, 


101, 1149 


1116 (1956). 


included in the 
work, it has been 
be done without assuming 
charge independence, except for small correction terms 
of order (e/hv)*; in fact, the Coulomb interference term 
can be used to give an independent measurement of 
Ref(0). As noted in previous analyses.®* values of the 
forward scattering amplitudes calculated from published 
data above 220 Mev are unreliable because the angular 
distributions do not go to small or large 
to give accurate determination of the D waves. We 
therefore limit our considerations to data below 220 
Mev. The experimental values we have selected are 
given in Table I 


Although Coulomb terms must be 
angular distribution for accurate 
that this can 


shown’ also 


enough angles 


(b) Total Cross Sections and Dispersion Integrals 


The choice of total cross sections is mainly determined 
by the most accurate experiments in any particular 
energy At low energies we have 
cross sections derived by integration of angular dis- 
tributions, 


region. chosen total 


because up— e+v+37 decay S$ necessitate 
corrections to transmission measurements below 
50 Mev. At energies greater than 220 Mev we 
have used only transmission measurements, 
of doubts about D waves. In between we have tried to 
strike a balance between integration and transmission 
measurements. Where possible we have avoided total 
charge-independent 
analysis, as they may be in error due to: (1) slight 
energy differences be and x~ beams, (2) con- 
sequences of deviations from charge independence,® 


large 
about 
because 


cross sections derived from a 


tween 7 


7H. P. Noyes, 
§ DPD. Greenberge 
nolocy, Cambridge 
Energy Nuclear Physics 


Phys. Rev. 111, 944 (1958). 

r, thesis 1958, Massachusetts Institute of Tech 
*; reported in 1/958 Annual Conference on High- 
at CERN, edited by B. Ferretti (CERN 
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and (4) 


inelastic 


(3) neglect of higher partial waves, 
that phase shifts are real threshold. 
The mean energy spread of the beam is measured 
either by the range of the particles or by inference from 
the curvature of a current-carrying wire in the magnetic 
fields through which the beam passes. The two methods 
are known to agree to within 1%. The energy spread 
can be corrected for explicitly when the energy de- 
pendence of the total cross section is known. In recent 
experiments, where the accuracy 
rections have been made. 
in Table IT. 

Although we have settled on the experimental values, 
it is still not an easy matter to decide on how to evaluate 


assuming 
above 


justified it, such cor- 


The values chosen are given 


? 


the dispersion integrals themselves, and, in particular, 
to assign an experimenta! uncertainty to them. If we 
make our subtractions at 
have the form 


zero energy, the se integrals 


v=1+(Ti/mc); mc?=139.63 Mev. 

The difficulty arises, of course, because of the principal- 
value integral. While one can subtract out the singu- 
larity and obtain a reasonably value for the 
integral, as was done by Puppi and Stanghellini, this 
method does to cal error. In 
order to calculate the error it is necessary to fit some 
analytic form to the total cross section by means of 
adjustable parameters and evaluate the error matrix 
for these parameters. The error in S is then calculable 
if one evaluates the derivatives of S with respect to 


accurate 


not allow one ulate the 


these parameters, as can now be done 
av uilable 


total cross sections is due to 


The most extensive parameterization of the 

Anderson.” Although he 
quotes an error matrix, this has negative elements on 
the diagonal, a lack of 
his matrix inversion routine, 
our purposes. As a first have, instead, 
assumed that the total fitted by 
a constant S-wave cross section and P-wi uve resonance 
of the form given by Chew and Low," i. 


showing sufficient precision in 
and hence is useless for 
tempt we 


cross sections can be 


P.I-,R 


+- Sar (hi / mre 


Information Service, 


Scientific 
Division of Physical Sciences, “es artment of 


Geneva, 1958), p. 100 Preprint, 
Defense, College 
Park, Maryland, 1959 (unpublis 

+S” Lindenbaum and L we Phys Rev 

”H. L. Anderson, Pr ceedings of the Sixth Annual Rochester 
Conference on High-Enerey Nuclear Physic Interscience Pub 
lishers Inc., New York, 1956), p. 1-43 

uG. F. Chew and F. E. Low, Phys. Rev. 101, 1570 


100, 306 (1955) 


1956). 
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Tasxe Ii. Total cross sections. 


Energy a e Energy o 
(Mev) Reference (mb) (mb) (Mev) Reference (mb) 


41.5 a " 9.03-40.18 8.12+0.73 256 . 


37.5% 19 
58 b 15.8 +1.5 270 85.2+3.0 
65 b 15.3 +1.6 307 65.742.2 
98 c 55.6 +0.5 2 +-0.7 335 n 53.04+5.0 
113 79.0 +50 335 g 
120 +3 363 g 
133 +2 393 Z 
135 126.0 +40 450 o 24.8425 
143 140.5 +5.0 500 oO 
144 151.0 +40 550 o 16.142.5 
150 55.. 550 o 
162 170.5 +3.5 610 Oo 
164 199.0 +5.0 670 o 14.54-2.0 
165 7 700 n 
170 194.9 +5.5 790 °o 19.5+2.0 
170 198.0 +3.5 840 p 
173.5 193.5 +3.5 860 oO 
176 199.4 +49 900 0 
177 198.0 +5.0 970 o 
183.5 192.0 +3.5 1000 0 23.5414 
184 1070 o 27.34:3.7 
189 194.1 +5.2 1080 0 
195 174.0 +40 1150 o 31.341.7 
195 : 1250 0 38.842.5 
200 177.9 +3.7 1350 0 
205 178.0 +4.5 1380 0 41.5430 
209 d 1476 o 
216 B d 1500 o 35 342 5 
220 j 140.9 +42 q } 1670 o 32.6418 
240 125.6 +2.5 1779 o 31.742.4 


=—S 2BO~wODaS 


ra rs eo rm 
NS = POV NV SNHNHKMUSS NO SUNS ee 
Come e~ o~nwen~Oe Oo 


*S. Barnes, B. Rose, G. Giacomelli, }. Ring, and K. Miyake, University of Rochester Report NYO-2170 (unpublished). 
> D. Bodansky, A. M. Sachs, and J. Steinberger, Phys. Rev. 93, 1367 (1954) 
¢D. N. Edwards, S. G. F. Frank, ard J. R. Holt, Proc. Phys. Soc. (London) 73, 856 (1959) (I~). D. N. Edwards, 8. G. F. Frank, J. R. Holt, and 
T. Massam (to be published) (1*). 
4 J. Orear, Phys. Rev. 96, 1417 (1954). 
H. L. Anderson, E. Fermi, R. Martin, and D. E. Nagle, Phys. Rev. 91, 155 (1953) 
J. Ashkin, J. P. Blaser, F. Feiner, J. G. Gorman, and M. O., Stern, Phys. Rev. 96, 1104 (1954) 
4. E. Ignatenko, A. |. MuKhin, E. B. Ozetov, and B. M. Pontecorvo, Doklady Akad. Nauk. S. S. S. R. 103, 45 (1955) 
S. Lindenbaum and L. Yuan, Phys. Rev. 111, 1380 (1958). : 
' ‘ EF ignatenko. \. 1. MuKhin, E. B. Ozerov, and B. M. Pontecorvo, J. Exptl. Theoret. Phys. U. S. S. R. 30, 7 (1956) (translation: Soviet Phys. 
JETP 3, 16 (1956) ) 
iJ. Ashkin, J. P. Blaser, F. Feiner, and M. O. Stern, Phys. Rev. 101, 1149 (1956); 105, 724 (1957) 
* H. Anderson and M. Glicksman, Phys. Rev. 100, 268, 279 (1955). 
'A. E. MuKhin, A. I. Ozerov, and B. M. Pontecorvo, Soviet Phys.-JETP 4, 237; 373 (1957) 
= M. Glickeman, Phys. Rev. 94, 1335 (1954). 
® S. Lindenbaum and L. Yuan, Phys. Rev. 100, 306 (1955). 
®* R. Cool, O. Piccioni, and D. Clark, Phys. Rev. 103, 1082 (1956) 
e A. M. Shapiro, C. P. Leavitt, and F. F. Chen, Phys. Rev. 92, 1073 (1953). 


. 
t 

. 
h 


where The S-wave constant contribution to the cross section 
F(¢,1,R)=¢'/Lg'+ (3w*I (1— Rw*)/4)*]; is assumed known from the scattering lengths (see Sec. 

g?= (0° —1)/(14+20m/M +m?/M?); IIc below). After this term has been subtracted, the 

w'=1+¢?; m/M=0.14882; data up to 335 Mev in rable If are then fitted by the 

method of least squares. The parameters and error 

8x (h/ me)’ = 501.88 mb ; matrices are given in Table III, and the x’ values in 
w*=w+[(M/m)+¢ }'—(M/m). Table IV. To take partial account of possible departures 


Taste III. Parameterization of the total cross sections 


A. Chew-Low shape 
A(mb) I R (6/6R 


a 3.04+0.23 12.28+-0.14 0.4680+-0.0010 0.000110 
o 5.88+ 1.48 12.60+0.33 0.4639 4-0.0023 0.000584 


B. Chew-Low shape+B¢* 
A(mb) I R Bimb) 4]6R 5/6B 


3.04+0.23 11.39+0.16 0.4641 +0.0012 ~0.6344+4-0.0082 0.000144 — 0.000711 
5.88+ 1.48 11.47+0.47 0.4590+0.0034 —0.1264+0.0050 0.00142 0.001692 
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from charge independence,* we fit the positive and 
negative cross sections separately. We see from the 
goodness-of-fit parameter that the Chew-Low shape 
is not a good representation of the data. This is due to 
the well-known fact that the cross section given by 
this formula does not fall off rapidly enough beyond the 
first resonance. If the discrepancy were in the opposite 
direction, we could ascribe it to nonresonant P states 
and account for it by adding a term proportional to ¢. 
As it is, we are forced to subtract such a term and refit 
the parameters. Adding additional powers of ¢ does 
not improve the fit or change the sign of the ¢ term. 
The fit is still not good in a statistical sense, but this is 
due to inconsistencies among the data themselves, as 
can be seen from a glance at Fig. 1. For comparison 
with other analyses that make use of the Anderson 
curve, we also give the statistical comparison of his 
curve with the data. Although that formula has 15 
parameters, our 6-parameter fit is better statistically. 
This is due to the fact that we have used more recent 
data than Anderson, and have not attempted to readjust 
his parameters to fit them. In particular, the poor fit of 
his formula to the r~ data is due almost entirely to the 
335-Mev point. If this is dropped (figures in parentheses 
in Table IV), the fits are comparable. 

We now calculate the contribution to S* below 335 
Mev, and the error, by numerical integration. This is 
done with a 1-Mev grid after all singular terms have 





CROSS SECTION (MILLIBARNS) 








1 1 ] | | 1 
50 100 150 160 170 160 


LABORATORY ENERGY (Mev) 





Fic. 1. Comparison of curves fitted to the r*+> total cross 
sections with the experimental points. A =Anderson parameter 
ization; CL=Chew-Low+const; MCL=Chew-Low+const + B¢. 


NOYES AND D. N. 


EDWARDS 


been subtracted out and evaluated analytically; this 
integration routine was shown to be accurate to at 
least 0.01%. Above 335 Mev we simply use trapezoidal 
integration on the experimental points, and assume the 
cross section constant above the highest value. Previous 
discussions®* have shown that the discrepancy is in- 
sensitive to this region; data showing the higher J=4} 
resonances” also introduce negligible changes in our 
region of interest. The trapezoidal integration we have 
used is adequate for the purpose of this paper, but the 
reader should be warned thai it rapidly becomes un- 
reliable for evaluating the principal-value integral when 
the singularity lies much above 220 Mev. This is 
particularly true for S*+ because of the large experi- 
mental uncertainty in the total section for 
x*+p scattering at 335 Mev and the absence of data 
between 335 and 450 Mev. For example, if we try to 
use values of St and S~ computed by our prescription 
at 310 Mev, we obtain /?=0.04, rather than the value 
of f?=0.08 obtainable by integrating under a reasonable 
smooth curve drawn between 335 and 450 Mev. It is 
clear that the parameterization must be extended to 
give an accurate representation of the fall of the positive 
cross section and the beginning of the second resonance 
in the negative cross section before accurate values of 
f? can be computed from forward scattering amplitudes 
in the 300-400 Mev energy range. The values of the 
integrals for various shapes are compared in Table V. 
As will be seen in detail in the next section, an error of 
2 to 3 millibarns in S would not prevent us from making 
a significant test of the dispersion relations, but the 
difference in the integrals of up to 17 milliberns for 
different forms for the resonance-energy dependence 
is serious. Although it would not prevent us from 
establishing the existence of a discrepancy, it makes the 
value of f? calculated from any individual experiment 
untrustworthy. 


cToss 


(c) The S-Wave Scattering Lengths 
Since experiments at very low pion energy are 
difficult, it is customary to obtain the S-wave scattering 
lengths by assuming an energy dependence for the 
phase shifts, and charge independence.* The most 
recent analysis of this type gives a, = —0.110+0.004 


TaBie IV. Comparison of different shapes with experiment. 


Shape x’ Expec ted (x?) . Expected 


Chew-Low 
Chew-Low+ B¢* 
Anderson 


49.3 
36.8 
111.8 
(32.4 


166.9 22 
69.5 21 
84.0 16 


2H. C. Burrowes, D. O. Caldwell, D. H. Frisch, D. A. Hill, 
D. M. Ritson, R. A. Schluter, and M. A. Wahlig, Phys. Rev 
Letters 2, 119 (1959); R. R. Crittenden, J. H. Scandrett, W. D. 
Shephard, W. D. Walker, and J. Ballam, Phys. Rev. Letters 2, 121 
(1959) 

3 J. Orear, Phys. Rev. 96, 176 (1954 
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Taste V. Values of the dispersion integrals for various parameter- 
izations of the total cross sections. 


A. Parts of S* in millibarns 
(3.04 +0.23) 
*~ hew-Low (3,04 40.23) Anderson Trapezoidal 
Energy te +Chew-Low to 335 above 335 
(Mev) 335 to 335 Mev Mev Mev 
22.28 +0.52 
22.89 +0.56 
23.24 +0.59 
23.28 40.59 
23.59 +060 
23.61 40.60 
23.77 40.60 
23.88 +0.61 
24.70 +0.66 
28.64 +091 


144.93 
174.46 


“1438 97 +242 
181.9442.42 
193.40 42.05 
193.98 41.99 
192.21 4141 
191.59 +1.39 
186.05 41.13 
175.23 41.11 
103.39 +2.01 
220 —122.27 40.85 


143. $041. 74 
183.12 41.83 
197.14 41.55 
198.07 +1.48 
198.62 + 1.08 
198.72 +1.03 
194.60 20.91 
189.94+0.85 
114.92 41.99 
—121. 28. +0. +9 
B. Parts of S~ in millibarns 
(5.88 + 1.48) 
+Chew-Low (5.88 41.48) 
+ rhe +Chew-Low above 335 
335 to 335 Mev Mev 
67.02 +2.42 06.70 42. 20 22.69 +0.54 
80.30 42.17 81.29 42.06 23.62 +0.58 
72.67 +2.09 76.04 +t 83 24.38 40.62 
§2.7442.91 56.51 42.20 24.86 40.62 
49.97 43.13 $5.61 +2.22 24.94 +0.62 
24.09 +3.08 26.21 +2.28 25.47 0.64 
—22.90 42.02 —23.16 +1.83 27.41 +0.73 
—24.2442.02 —2445 +183 27.56+0.71 


Trapezo d 
Energy 
(Mev) 


(h/mc).“ Since we wish to avoid the assumption of 
charge independence, we take the value of a.=0.077 
+0.011 (h/mc) from an analysis of 10-30 Mev elastic 
scattering data,’ rather than using }(a;+2a,). The 
constants in our fit to the total cross sections are 


At=4ra,?=3.04+0.23 mb 
and 


1-= 4n[ }a_*+}(a_—a,)* ]=5.8841.48 mb. 


The constant A~ is poorly enough known and makes so 
small a contribution to the dispersion integrals that we 
need not fear the charge-independence assumption 
used in evaluating it. As was pointed out by Cini et al.,"* 
the conventional analysis is incorrect in that the 
assumed S-wave energy dependence does not satisfy 
crossing symmetry. Hamilton and Woolcock"’ have 
recently carried out a reanalysis of the low-energy 
scattering data along these lines, and found a, = —0.083, 
a_=0.088. We will return to this point in the next 
section. 


Ill. COMPARISON OF THE DISPERSION 
RELATIONS WITH EXPERIMENT 


(a) Calculation of f? 


It has been customary in discussions of the Puppi- 
Stanghellini discrepancy to assume that the dispersion 
relations predict a value of Re/(0), and to compare 


“4S. ane B. Rose, G. Giacomelli, J. ping, and K. Miyake, 
and K. Kinsey, 45 Rev. 117, 226 (1960 

6D. ELN jie, R > a Hildebrand, and R. J. Plano, Phys. Rev. 
105, 718 (1957). 

‘© M. Cini, R. Gatto, E. L. Goldwasser, and M. Rudermann, 
Nuovo cimento 10, 243 (1958). 

7 J. Hamilton and W. S. Woolcock , communication to the Kiev 
Conference on High-Energy Nuclear Physics, 1959 (unpublished) ; 
I am indebted to Dr. Hamilton for private discussions and per- 
mission to publish these results. 
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Fic. 2. Uncertainty in f calculated from +* data due to un- 
certainties in the scattering lengths poe dispersion integrals. 
ba= ((a,5a,)*+ (a_da_)*)*; 5S = ((6S)*)); E j~Dodilome be 
tween Hamilton and Barnes scattering <b MCL—A my 
ence between S evaluated using the modified Chew-Low or the 
Anderson shape. 


this with the experimental value. Although the influence 
of uncertainties in the scattering lengths and coupling 
constant have been discussed qualitatively, it is not 
easy, in such a comparison, to see their effect simul- 
taneously at different energies. We therefore propose, to 
take the point of view that the dispersion relations 
define a value of /* at each energy in terms of the four 
experimenta! quantities given in the last section, and 
ask whether the values so determined are consistent 
with a unique /*. That is, we write the dispersion rela- 
tions in the form 

P=a,a,+a_a_+8,S*+7,4 Ref*(0), (6) 


where 

a, = (1+m/M)(F0-—-m/2M)(1+0)/4F, 

a_= (1+m/M)(Fo—m/2M)(1¥0)4F, 

Ba = (F0+m/2M)/82*(h/mcy, 

4= — (F0+m/2M)/2kg(h/mc), 

P=—1, 
and + refers to positive and negative pions, respectively. 
We can now see clearly the effect of the experimental 
uncertainties in § and the scattering lengths by plotting, 


as a function of energy, the errors in these quantities 
given in Sec. LI, as is done in Figs. 2 and 3. Taking, as 
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Fic. 3. Same as Fig. 2, except for x~ data. 


an example, the scattering of negative pions at 150 Mev, 
we find that the combined uncertainty in S and @¢ makes 
f? uncertain by +0.0065. By computing y— at this 
energy, we find that a measurement of Ref~(0) to 
better than +0.015 cannot appreciably increase our 
knowledge of /* at this energy. We note that if this were 
the only source of uncertainty, a significant test of the 
dispersion relations to a few percent accuracy would 
be possible with the present data. 

Unfortunately, there is another source of uncertainty 
which is not statistical. As already noted, the energy 
dependence assumed in evaluating the scattering lengths 
can change their values appreciably. In Figs. 2 and 3 
we plot the difference between the contribution of /* 
computed from Hamilton and Woolcock’s'’ values for 
the scattering lengths and the contribution computed 
from Barnes’ values, we see that, although insignificant 
for negative pions, this difference could significantly 
lower the value of /* computed from positive-pion data. 
We also plot the difference between the values of 8S as 
computed from the Anderson curve and as computed 
from the modified Chew-Low curve, and note that in 
the resonance regions this can change f* by as much as 
0.03! Clearly a theoretically reliable energy dependence 
for the S-wave phase shifts and for the total cross 
sections must be derived before individual values of f* 
can be considered reliable. For convenience in calcu- 
lating f* from our integrals, we also give plots of 8S for 
both. cases, in Figs. 4 and 5. 

Fortunately, although individual f* values are un- 
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reliable, we can still obtain significant statistical infor- 
mation. The values of f* computed from the data given 
in Sec. II are plotted in Fig. 6, and the x* computed 
from their least-squares adjusted average values are 
given in Table VI. We see from the table that even if 
the uncertainties in the scattering lengths and the dis- 
persion integrals are included in the analysis, the value 
of x? is 25.50 as compared with an expected value of 14. 
This corresponds to a probability of only 44% that the 
discrepancy is due to statistical errors. If we leave out 
the errors in the scattering lengths, the results shown 
in the and third Table VI are 
obtained. Treating the scattering lengths as free param- 
eters by the method described in the next section and 
adjusting them to give a best fit leads to a x? value of 
24.47 in the best case, compared to an expected value 
of 12. Since this corresponds to a probability of only 


second columns of 


2.87%, we conclude that no choice of scattering lengths 
could reconcile this set of data with the dispersion 
relations. We therefore confirm the existence of the 
discrepancy discovered by Puppi and Stanghellini. By 
examining Fig. 6, however, we note that, as in previous 
discussions, the negative-pion values at 150 and 170 
Mev are most out of line. If these are dropped, the 


remaining data are statistically consistent with a 


unique f*. We conclude that either these points are in 
error, or that there is at best a 44% probability that the 
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Fic. 4. Contribution to 7 from the scattering lengths and dis 
persion integrals for r* data. B 0.110, a. 0.077: H: 
a,=0.085, a_=0.085;: A=Anderson parameterization; MCL 


= modified Chew-Low parameterization 
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Pas_e VI. Comparison of the dispersion relations with experimental data below 220 Mev 


a, 
a. ~0.110+-0.004 
Energy dependence of the 0.077+0.011 


total cross sections f? x* % Prob 


" 0.0844-4.0.0033 
0.0829 +0.0033 


30.49 


27.67 


Anderson 1.04 

Modified Chew-Low 

Modified Chew-Low 
including parameter error) 


0.0832 +0.0034 


25.50 4.54 


forward-amplitude pion-nucleon dispersion relations are 
in agreement with experiment. 

After the completion of this analysis, we learned of 
two new measurements of Re f—(0) at 132 and 152 Mev, 
by Kruse and Arnold."* These values are 0.243+0.015 
and 0.218+0.016, respectively, in clear disagreement 
with the older values. If we abandon the old values at 
150 and 170 Mev and substitute these two measure- 
ments, the probabilities rise to 8.65% for the Anderson 
curve, 43.5% for the modified Chew-Low curve, and 
47.2% if the parameterization error is included in the 
latter case. We therefore agree with. Kruse'*® that the 
pion-nucleon forward-dispersion relations are now in 
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Fic. 5. Same as Fig. 4, except for x~ data 


*U. E. Kruse and R. ( 1959 
We are indebted to Dr 
publication and for interesting discussions. 


Arnold, Phys. Rev. 116, 1008 


Kruse for receipt of this data prior to 


-0.110 

0.077 

f? % Prob f? 
0.0832+-0.0023 
0.081340.0023 


— 0.085 
0.085 


% Prob 


0.18 
0.46 


0.0790+0.0023 
0.0771+0.0023 


0.0818+0.0026 0.97 0.0768+40.0026 


agreement with experiment, with the reservation that 
more theoretical work is needed on the energy depend- 
ence of the total cross sections before all lingering 
doubts can be removed. 


(b) Calculation of a,, a_, and f? 


As has been pointed out," it is possible to consider 
the dispersion relations as defining the three parameters 
a,. a_, and f? rather than f? alone. Schnitzer and Salz- 
man” have carried through such a calculation by fixing 
f? and adjusting a; and a,. They obtained f*=0,08 
+0.01, a;= —6.089+0.048, a,—0.193+0.050 (or a, 
= —(),089, u_=0.099). This method conceals the corre- 
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Fic. 6. Comparison of values of /* with the average value. 
Circles give values for the modified Chew-Low parameterization, 
and triangles for the Anderson parameterization. 


” H. P. Noyes and D. N. Edwards (unpublished). 
*” H. J. Schnitzer and G. Salzman, Phys. Rev. 113, 1153 (1959). 
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Tase VII. Values of f* and x? for various scattering lengths, using the Kruse data at 130 and 152 Mev 


a, 
a Best fit 
Energy dependence of the 
tota! cross sections Lf x? 
25.30 
14.89 


Anderson 

Modified Chew-Low 

Modified Chew-Low 
(including parameter error) 


0.0755 
0.851 


0.0861 14.45 


0.085 
0.085 


0.110 
9.077 
& Prob. f? x? f? 


2.16 
22.2 


28.03 
16.37 


0.0862 
0.0841 


0.0824 
0.0802 


25.4 0.0800 15.89 0.0847 


Tasie VIII. Values of f*, a_, and a, and their errors for best fit to the data below 220 Mev, 
using the Kruse data at 130 and 152 Mev 


Energy dependence of the 
total cross sections f? a a, 


0.0714 
0.0854 


0.0755 
0.0851 


Anderson 
Modified Chew-Low 
Modified Chew-Low 


(including parameter error) 0.0861 0.0861 


lation in error between the three parameters, so we 
prefer to adjust all three simultaneously. The values of 
f? and x* for the Barnes, Hamilton, and best-fit values 
for a, and a_ are given in Table VII, and the param- 
eters and error matrices in Table VIII. We note that the 
Anderson curve favors the Hamilton rather than the 
Barnes value for a,, as is also true of the values found 
by Schnitzer and Salzmann, but that with our assign- 
ment of errors, does not give a good statistical fit. Con- 
versely, the modified Chew-Low shape gives a better 
fit, but a higher value for a,. This again points up the 
need for a better parameterization before further pro- 
gress can be made. We also note that when the correla- 
tion in error is included, the present data do not deter- 
mine these three quantities well enough to allow a 
definite conclusion as to the values of a, and a. 


IV. CONCLUSION 


We have evaluated the statistical uncertainty in the 
dispersion integrals by parameterizing the energy de- 
pendence of the total cross sections. The uncertainty 
from this cause is shown to be small enough to allow a 
significant comparison of the forward-amplitude pion- 
nucleon dispersion relations with experiment. Although 
individual values of /* are sensitive to the parameteriza- 
tion, we show that the published data have at best a 


—0,0861 _ 
0.0990 


—0.1007 


Error matrix X 10* 
ba? (6 fa 


3.44 
3.44 


6 fsa, 


—4.33 
~4.33 


6.21 
6.21 


6.74 3.70 


44% probability of being consistent with the dispersion 
relations, even if we ignore measurements of the forward 
amplitudes above 220 Mev because of uncertainties due 
to D waves. However, the discrepancy is removed com- 
pletely for one assumption as to the energy dependence 
of the total cross sections if the values of the negative- 
pion forward-scattering amplitudes at 150 and 170 Mev 
are abandoned in favor of the values recently obtained 
by Kruse and Arnold at 130 and 152 Mev. Calculation 
of the scattering lengths, as well as /*, from the dis- 
persion relations gives some slight evidence for a value 
of a, lower than the value —0.110 given by Barnes.” 
Unfortunately, the uncertainty in this result is too 
large to allow a definite conclusion to be drawn, and, is 
sensitive to the parameterization. We conclude that 
additional theoretical work on the energy dependence 
of the § phases and the total cross sections will be 
required in order for further progress to be made. 
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The perturbation series for the ground-state energy of a many-fermion system is investigated to arbitrary 
order for the “‘isotropic” case. This is the case of over-all spherical symmetry, both in the interaction and in 
the unperturbed single particle energies. It is shown that for spin one-half fermions the Brueckner-Goldstone 
perturbation series is valid to all orders in the perturbation. For spins greater than one-half it is in general 
incorrect even in the isotropic case, unless the interactions are spin independent. 

The discussion to arbitrary order in the interaction is carried out by means of a Feynman-like propagator 


formalism, which is developed in detail. 


lL INTRODUCTION 


N a previous paper’ it has been shown that the usual 
Brueckner-Goldstone (BG) perturbation series for 
the ground-state energy of a system of interacting 
fermions is not valid in general. By a direct calculation 
to terms of the second order in the strength of the 
perturbation, it was found that unless the unperturbed 
energies of the particles and also their interactions were 
spatially isotropic, then there were corrections to the 
BG series which could not vanish. This left open the 
question of whether or not the BG series is valid to all 
orders of perturbation theory in the totally “isotropic 
case’ mentioned above. In this paper we shall show 
that in fact the BG series is valid for the isotropic 
case, for fermions of spin }. 

In I, the method of calculation was the following. 
We computed the energy as a function of temperature 
(via the grand canonical distribution), and then went 
carefully to the limit 7=0, in order to find the ground- 
state energy. The actual calculation of the grand 
partition function followed the method of Bloch and 
De Dominicis,? which expresses it in terms of linked 
diagrams analogous to those used in the BG theory. 
Whereas this formalism is perfectly well suited to a 
second order perturbation calculation, it becomes very 
awkward for general discussions to arbitrary order. 
In particular the discussion of the anomalous contri- 
butions (see I) turns out to be very closely related to 
the discussion of “self-energy” effects. As is well known 
in field theory, such effects are dealt with conveniently 
by means of a Feynman-like “propagator” formalism. 
Such formalisms for the many-body problem at non- 
zero temperature are enjoying a very considerable 
vogue these days. * Their charm lies in their simplicity ; 


* This work was supported in part by the Office of Naval 
Research. 
*W. Kohn and J. M. Luttinger, Phys. Rev. 118, 41 
ee Oe ee ee 
2 C. Bloch and C. De Dominicis, Nuclear Phys. 1, 459 (1958). 
*E. W. Montroll and J. C. Ward, Phys. Fluids 1, 55 (1958); 
E. S. Fradkin, Nuclear Phys. 12, 449 (1959); AA Abrikosov, 


(1960). 


they represent a trivial modification of the usual 
Feynman technique. In Sec. II we shall develop a 
version of this formalism particularly suited to our 
problem. In Sec. III we shall show how to describe 
“self-energy” effects. By means of a theorem of Lee 
and Yang,‘ we express the grand partition function in 
our propagator language. Finally, in Sec. IV, we put 
this all together to construct a proof of the BG series 
for the ground-state in the isotropic, spin 4 case. 


Il. PROPAGATOR FORMALISM 


Our object is to calculate the grand partition function 
Zq. This is defined by 


= Tr (eP-0N)), (1) 


In (1), 8=1/kT, w is the chemical potential of the 
system, N is the operator giving the number of particles, 
and H is the Hamiltonian of the system. In the notation 
of second quantization we may write H as 


H= +H’, (2) 
Ho=>_, €-4,'4,, (3) 
H =} > a/a,aya,y(rs|v\r's’). (4) 


rer’a’ 


In (3) and (4), «, is the energy of the unperturbed 
single particle states; a,, a,' are the corresponding 
destruction and creation operators, respectively, and 
finally (rs|v|r's’) is the ordinary matrix element of the 
two-body interactions between any pair of fermions. 
The index r is a shorthand index for both the momentum 
of the particle and its spin state. It will be convenient 
to take the direction of quantization of spin along the 


L. P. Gorkov, and I. E. Dzyaloshinskii, J. 
: SS.R. 3%, 900 Bg kar gage Bans ys. JETP TET? 368), 
3% (1959)]. P Martin and J. Schwinger, Phys. Rev. 11 
1342 (1959); A E ‘Glassgold, W. Heckrotte, and K. M. Watson, 
Phys. Rev. 115, 1374 (1959). 
‘T. D. Lee and C.N. Yang, Phys. Rev. 117, 22 (1960). We are 
indebted to these authors for sending us a copy of their work 
before publication. 
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momentum of the particle; then r stands for (p,m), 

where m is the projection of the spin on p. (We take 

units such that h=1.) Finally it will be assumed that » 

is proportional to some small dimensionless parameter X. 
If we write Zg in the form 


Za= exp{ —62(8,n,V)}, (5) 
then all the thermodynamic properties of the system 
may be derived from 2, which we shall call the thermo- 
dynamic potential. The chemical potential is determined 
by solving 

N=—d0/du, (6) 
where N is the mean number of particles present. The 
entropy S is given by 

S=-—o00/dT, (7) 
and the mean energy (£) by 


E=04+uN+TS=0(80)/a8+Nu. (8) 


From (8), since S approaches zero as T does, we 
obtain for the ground-state energy (Eo) 


Ey= lim (0+4N). (9) 
To 


We now have to obtain an expression for 2 in terms 
of propagators. To do this we write 


F(8)=exp{ —8(Ho—pN+H’")}. (10) 
Since 

OF (8)/d8B= — (Hy—uN+H’)F (8), (11) 
the quantity U(8) defined by 


F(8)=(exp{ —8(Ho—pN)} JU (8) (12) 


satisfies 
ou (g) 08 
In (13) 


—H'(g)U(g), U(0)=1. (13) 


H’ (8) = A * oH’ eh, (14) 


since VN commutes with H7’. 
Now 


Za=e = Tr Lexp{ —8(Ho—pN)}U (8) | 


= ¢~%/(T7(B)), 


(15) 


where Q is the thermodynamic potential for the un- 
perturbed system, evaluated for the true chemical 
potential uw. As is familiar from field theory, (13) may 
be solved in terms of the Dyson ordering operator 


e (—)* 8 8 
U(s)=1+ ¥ —- f cof dys dy 
n= gn! v5 0 


< PCA’ (u:)-+-H'(u,)], (16) 


where the operator P means that the largest is always 
placed to the extreme left, the next largest ui 
immediately to the right of it, and so forth. Equation 
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(15) then becomes [ using (4 


exp{—8(Q2—2)) 


4 


(—)* 8 f 
f tof dys din 
n! 9 0 


< (PLA (u;)-- +H’ (tt,) | 


f du,:+-du, 


< (Part (ua u 1 (44 )ar 1 (t4)° ++ | (17) 


In (17) 


,uH tH totr 
’ 


a,'e a,'e (18) 


a,(u) = e~*r“a,. 


(18’) 


In connection with the evaluation of expressions 
like (17), Bloch and De Dominicis? have shown that 
the value of the indicated average (for fixed , 
téo, ***t,) may be obtained by simply taking the 
average of all possible pairings of creation and de- 
struction operators, and then adding the results with 
the proper sign. This sign is determined by the following 
rules. (a) To each pairing associate a plus sign if the 
creation operator belongs to a larger w than the de- 
struction operator, and a negative sign in the opposite 
case. (b) Assign to the entire term a sign given by 
(—1)": where m; is the number of “closed loops” 
associated with the pairing. The number of closed loops 
has a very simple geometrical significance when the 
different possible pairings are represented by diagrams. 
This is done as follows h interaction in (17) 
associate a wiggly line, and let the creation operators be 
represented by lines leaving the two ends, the de- 
struction operators by entering lines. Then all possible 
pairings come when all lines leaving interactions are 
identified in all possible ways with lines entering 
interactions. (See Fig. 1.) Clearly an mth order term 
will have (2m)! possible pairings (any creation operator 
can pair with any of 2m destruction operators), and 
there will therefore be (2m)! diagrams representing the 
nth order term in (17). The number ; just represents 
the number of closed loops or paths that exist in the 
diagram. These numbers are given for the diagrams of 
Fig. 1 immediately below them 

With each line in a diagram one must associate a 
factor coming from the averaging of the creation and 
destruction operator, with the proper w-ordering and 
sign. This factor is 


WIth eat 


gr(u,u’) = e(u,u’)(P(a,'(u)a,(u’))) (19) 


for a line bearing the index r and going from an inter- 


action associated with mu to one associated with w’. 
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Je 
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(b) 
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(c) 


Fic. 1. Graphical representation of terms in grand partition 
function. (a) Representation of the interaction (rs|v|r’s’). (b) 
The possible first order diagrams. (c) Typical second order 
diagrams. 


As usual 
u>u' 
u<u’. 


e(u,u’)=1, 


ick (20) 


If we write out (19) a little more explicitly we obtain 
[using (18) ] 


u> tu’ 


u<u'. 


~ 


g-(u,u’) = g,(u—u')(a,ta, eer”), 
i ae tee (21) 
_ — (a,a,'\e*" u—wu ) 
Now 
(a,'a,)=1/ (AO +-1)= f,-, (22) 
and 


(a,a,')= (1—a,ta,)=1— f,-= f,* (23) 


Therefore we may write (21) 


gr(u—u')= foe"), udu’ 


=—>_— f tetrle—w") (24) 


u<u'. 


There is actually one small ambiguity about (24): 
it is not determinate when w=w’. This latter case 
occurs whenever the pairings are associated with the 
same interaction. Going back to the original interaction 
(4) we see that in this case the averaging is always 
taken with the creation operator to the left. That is, 
for g-(0) we must take f,- [or what amounts to the 
same thing g,(0*), where O* is an infinitesimal positive 
number ]. 
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When we compute 2 we have to take the In of the 
right-hand side of (17). Now it is a matter of straight- 
forward and very simpie combinatorics to show the 
only effect of taking the In is to eliminate all unlinked 
diagrams from consideration (the proof is essentially 
identical with that of Bloch and De Dominicis). By 
linked diagrams we mean those which consist of a single 
piece, while by disconnected diagrams we mean those 
that fall into two or more pieces. In Fig. 1, all the 
diagrams but the last are linked, and the last is un- 
linked. Therefore (17) becomes 


we (—)* 1 
2=H%+ ¥ - 
na~i Bn! 2° 


n 8 4 
x II (rs, elrisi) f bs f du,: . -dtt, 
wl 0 0 


K (Part (143) eg! (14) ery (14; Jar (143) - ° x, (25) 


where the subscript 1 means that we are to take only 
those pairings which lead to linked diagrams. 

The thing which makes a propagator formalism 
possible and useful is that there exists a very simple 
representation for g-(w—«’) which allows the integrals 
over u; in (25) to be done at once. This representation, 
is the following i 


— gh unt ), 


B ! fin & 


(26) 


(27) 


J=0, +1, +2, +++, +0, 


The proof of (26) is elementary and is given in 
Appendix A. If we insert (26) into (25) for any particu- 
lar diagram, we see at once that the integrals may be 
done. In fact, since every line starting or ending at a 
given interaction corresponds to the same #, the 
dependence of the integrand in (25) on that will be 
be of the form 


exp{u(fatfn—fha—-fh)}, (28) 


where (1, {% are associated with the lines leaving the 
interaction at u, and {l,, {4 are associated with the lines 
entering it. If a line leaves and enters the same inter- 
action [as in, say, diagrams like those of Fig. 1(b)], 
then the corresponding {’s are the same, and such a line 
gives no contribution to the exponent in (28). From 
(27) we have for this factor 

exp{u(lh+Ah—l,—l)29i/p}. (29) 
Integrating (29) over u from 0 to B gives 


faotla= Catt. 


This has a certain analogy to the energy conservation 
theorem, if we think of ¢ as a kind of energy associated 
with each line. 


(30) 


Bdij4 12.1444 OF 
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Putting all these results together, we may summarize 
the rules for computing the corrections for 2 to Q»: 


(1) Draw all possible mth order linked diagrams. 
(2) With each such diagram associate a factor 


1 (- wt 1 
— ——-(-)" I] (ress\0| ri si). 
B mn! (2)* 


(3) For each line labelled by r associate a factor 
1/ (¢t,-— €,)=S,(f1,). 


We shall call the quantity S,(¢;) the free propagator 
for a particle in state r. 

(4) Restrict the number of independent {’s by the 
conservation theorem (30), which is equivalent to 
putting the total ¢ in lines leaving any interaction, equal 
to the total ¢ for lines entering it. There will in general 
be m-+-1 independent {’s in an mth order diagram. 

(5) Lines labelled by r entering and leaving the same 
interaction give a factor of 


[1/(f1-—€-) ] exp{t1,0*} 


i.e fl, being freely summed over. 

(6) Sum over all the indices 7, s etc. and over all the 
independent {’s. 

As examples of these rules we give the contributions 
of some of the diagrams of Fig. 1: the contribution to 


og pS 


(b) 


2a 


Fic, 2. Diagrams for the propagator. (a) Zeroth order diagram. 








(b) All possible first order diagrams 
diagrams. 


(c) Some second order 
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WARD 


Q of the first diagram of Fig. 1(b) and the first 
third diagrams of Fig. 1(c) are, respectively, 


and 


1 exp{f10*} exp{f1,0*} 
—— PF X (nir2|0| r271) . 
28? i112 rire 5a— Cl, 


1 


22188 ” 
Ulolglg rirerars 


— €r2 


+l, 


(fuer) (Ph— err) (Pe— err) Lla— ere) 


1 (7374) | Teo) (Tare! | Ty73)bU le 


27 6:8 — : , 
2°26" iy lelsls rirorars (Fly — €r1) (Cla €ra) 


exp({1,07) exp({u0") 


x — 

({lg— era) (Cla— era) 

In (33) if we assume isotropic, translationally invariant 
forces between the particles, r;= 7. by momentum and 
angular momentum conservation, and the expression 
simplifies somewhat. 

The sums over / which come into © are actually not 
difficult to do explicitly. If one does them, one recovers 
the general formulas of Bloch and De Dominicis in 
terms of energy denominators and /,* functions. The 
usefulness of the formalism, however, lies in just 
avoiding this summation now, and first grouping 
together self-energy terms before we carry it out. 


Ill. REDUCTION OF SELF-ENERGY DIAGRAMS 


In considering the expression for 2 we have only had 
to deal with linked closed diagrams. In considering 
self-energy effects it is convenient to study another 
class of linked diagrams: those for which a particle 
line enters, things of arbitrary complexity happen, and 
then a single particle line emerges. To avoid compli- 
cations which are unnecessary in the establishment of 
at the 


invariant 


the BG series, we shall assume outset that the 


interaction is translationally and isotropic. 
Then, by conservation of linear and angular momentum, 
the emerging line must represent the same state as the 
entering line. We call the object 
calculating the all such diagrams 
according to the rules® (1) through (6), the propagator 
S,'(£1)* for a particle in sta 


which is obtained by 
contribution of 
te r. In Fig. 2, some diagrams 
contributions of 
2(b) and the first diagram of Fig. 2(c) 


contributing to S,’ are given. The 


Fig. 2(a), Fig. 


* Rule Q) has to be multiplied by (—8) to correct for the factor 
—1/8 which comes from the definition of Q. 

* This quantity is exactly the single particle Green’s function 
(in the momentum-energy representation) for our problem, in 
the sense of Fradkin, Abrikosov et al. For many purposes it is 
very convenient to make use of its definition as a Green’s function, 
but not in the present context 
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Fic. 3. Structure of propa- 
gator. (a) Structure of a general 
diagram for the propagator. 
(b) Structure of a proper 
propagator diagram. 


are, respectively, 
1 ({i-— €) 
1 1 ; 
——— — FE [rn | 0} 971) + (rr) 0 rir) 
(fie)? 28 ni 
exp({1;0*) 
—(rr,\ 0 ry7)—(ry\v| rr.) }— = 


th- ér) 
1 ( 1 ) s s: 
({:—e,)? 2!2°6? r.rorg lylolgl, 


(ryro|0| 773) | "Bt, +12,19 +4 
————__—_——_—_-———_-—-—,_ (36) 
(fu— err) (fta— ere) (Tigp— €r3) 


(35) 


The general structure of the diagrams contributing to 
S,’ is given in Fig. 3(a). Such a diagram will be called 
improper whenever it can be made to fall into two parts 
by cutting a single particle line. It is called proper when 
this is not so. Thus in Fig. 2(b), 2(c), all the diagrams 
but the last are proper, and the last is improper. The 
contribution of improper propagator diagrams is 
easily expressed in terms of proper ones. By their 
structure the contribution of all possible proper dia- 
grams [ Fig. 3(b) ] to S,’(¢,) may be written, 


1 1 
——G,($i)——. 
fi €& fi € 


(37) 


The quantity G,(f,) is called the proper self-energy, 
for reasons which become clear below. In terms of 
G,({1) we may write for the entire propagator 


1 1 
+——G, ($1) - 


S,/(t)= 


S13 €, Si €r 


i, 

1 1 1 
fit Ep Sh... 
fi- €, fi- & fi €, 


Summing (38) we obtain 


S60) =1/Ci- 4 -G,(6) 
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If we regard G,({1) as a modification of ¢,, then (39) 
has the same general form as the expression for S,({1); 
hence the name proper self-energy for G,(¢;). 

The G,({:) are given by diagrams which have the 
structure of a closed linked diagram with one line 
simply removed. Now let us call a diagram that has no 
self-energy insertions a skeleton diagram. Then clearly 
all diagrams for G,({,) may be obtained by drawing 
all skeleton diagrams and then inserting all possible 
proper self-energy parts. This is equivalent to 


G,(¢,)=(All possible skeleton diagrams with 
S, replaced by S,’.] (40) 


Equation (40) is actually an implicit equation for 
G,(f,) since the S,’ also contain the G,. 

We now come to the question of expression the 
thermodynamic potential in terms of the propagators 
or the proper self-energies. At first glance one might 
think that all that is necessary is to write down all 
skeleton closed linked diagrams, and replace S, by 
S,’ everywhere. This is not so, however, since it would 
result in an overcounting of diagrams. The reason is 
that the prescription for computing Q is to take each 
possible closed linked diagram that can be drawn just 
once. However, if we insert self-energy parts into all 
closed linked skeleton diagrams, we get the same 
diagram several times. This is illustrated in Fig. 4 in a 
very simple case. Inserting a self-energy part into the 
line r of Fig. 4(a) gives 4(b); inserting it into the line 
S of 4(a) gives 4(c). However, this closed linked 


diagram occurs only once and not twice. Another way 


of saying this is that the reduction to skeleton diagrams 
for closed linked diagrams is not unique; we can regard 
either the upper or the lower interaction line in [say 
Fig. 4(b) as contained in the self-energy part. This 
nonuniqueness does not enter into the expression for 
G, since some interactions (the ones at which the lines 
enter and leave | are singled out and are by definition to 
remain in the skeleton diagrams. Hence we have no 
such counting difficulty for G,. 

To get a correct expression for & we proceed as 
follows. Suppose we consider any mth order diagram 
for 2. If we break open any of its 2n lines we obtain a 
possible mth order diagram (not proper in general) for 
the propagator. Let us call G,»’(¢,) the total self-energy 
part of the mth order, proper or improper. Then we may 


(2) (bd) (¢) 


Fic. 4. Effect of inserting self-energy parts in skeleton diagram. 
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write that the mth order contribution to the thermo- 
dynamic potential (Q,,) is 


LJ 1 
= a > . Gra’ (f1). 
2n ee fi— €, 


8 
sin 


(41) 


The factor 1/(2n) is due to the overcounting difficulty: 
we get the same closed linked diagram 2n times when 
we close all possible mth order propagator diagrams. 
Equation (41) may also be easily established directly 
by combinatorics on the numbers of different possible 
diagrams. The factor 1/(2n) in (41) makes it difficult 
to carry out the summation over n. As is usual in such 
cases, we employ the following artifice. Imagine that 
we compute everything for an interaction strength \’ 
instead of \, but imagining the chemical potential yu as 
given. Then 
Ny 
(1/m)Gra'(61;0)= fF Goa! Ea; NCNM»). (42) 


0 
Using (42) and (41) we obtain 


1 a , dn’ 
2=h+— >> f - Gi’ (fi;')—, (43) 
28 - 2 0 [i €, ’ 
where G,’ is the sum of all possible self-energy parts, 
proper or improper. This is in turn given by 


1 
G,'=G,+G, G,+G,- Gy——G, + ::: 


Si € fi €e Sie 
(¢i— €)G, 


ti-«—G, 


Therefore we obtain 


1 ger dy’ ; 
QQ = Qo + 28 x ~ f Tu G,-(o1; NS, (FaN’). 
“ , t 0 


We may also write 


Ts 
" DL Gr(F1; A)Se ($4; A). 
OX’ W2BWr iit 


(46) 


The expression (45) for Q is still very awkward 
because it contains an integration over the interaction 
strength. We now transform this into a formula much 
more convenient for our (and many other) purposes. 

Consider the fellowing expression’ 


I 
y=— 
B 


> ¥ exp(¢0){In(e-+G,(¢.)—f)) 

, Ss 

(47) 
? The argument of the In in (47) is a complex number in general. 

We mean by it that branch of the In which is real if the argument 

is a real positive number. 
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Contribution of all closed linked skeleton | 

: 
diagrams computed rules | 
\(1)}-(6) but with S,(¢; 


V'= according to (48) 


ré plas f d by S,'(e | 
The quantity Y may be regarded as a function of all 


the numbers G,(¢,). Suppose we consider 
oY 1 

7 nes. 

0G,(fy) oe 3 


. oy’ 
Gf) (49) 
0G,(¢1) 

To compute oY’ OG-(C1) we proceed as follows. Call v 
the number of interactions which appear explicitly in 
some skeleton diagram corresponding to Y’. Then by 
the same reasoning that leads to (41), we may write 


. ts) 9 
TU —S/(tdGn"(tD. 
Br eri 2s 


y’ (50) 


Gr’ (f1) is the total vth order self-energy part 
according to (40), where only the A occurring in the 
explicit interactions of the skeleton diagram are used 
to determine the order. Differentiating (50) with 
respect to G,({,) has the effect of “opening” any of the 
2v lines of a vth order diagram Each will give the same 
contribution after summation on r, so we obtain 


oy’ 1 
——=-5 Fy ([S; 
OG(f1) Br + 


Combining (51) and (49 


0Y /dG,(E; 0. 

If we make any first order change in the G,(f,) 
around their correct values, the quantity Y does not 
change, i.e., Y is stationary with respect to changes of 
the G,(¢;). [It can also be shown to have its maximum 
value for the correct G,({;). We may also say that the 
condition (52) gives us the Eq. (40) for G,(f1), so that 
(52) provides us with a variational principle for 
determining G,(t)). We shal 
properties here. | 

Now consider \(0Y/dA), 
stationary property (52 


| not, however, exploit these 
with uw held fixed. By the 
we can ignore the dependence 
of the G,(¢;) on A. Therefore we only obtain something 
from the \’s in licit interactions in Y’. By (50) 
this is 


ie 


the expli 


oY 
Or 
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from (46). On the other hand, 


Y=(A=0)=—(1/8) £ ¥ exp(t*) ln(e,—f1) 
* & 


1 exp(30*) 
--—E f #fm-1—— 
2mi ” ro 


eow+) 
= fa 
ro 


=— (1/8) >, In(1i+e%"r™) 


exp(30*) 


f—€, 
XIn(i+eé*-*’) 


Qo. 


(See Appendix A for the discussion of such contour 

integral techniques.) From (53) and (54) we see that 

Q=/, (55) 

which is the desired expression. It is just the translation 

into propagator language of a theorem of Lee and 

Yang* which expresses 2 in terms of mean occupation 
numbers. 


IV. PROOF OF THE BRUECKNER-GOLDSTONE SERIES 
FOR THE ISOTROPIC CASE 

It will be recalled that in I the BG expression was 
established for the isotropic case to the second order 
in \ by showing that the modifications of the ground 
state energy which arise from changes in the chemical 
potential are compensated for by the contributions of 
certain “anomalous” diagrams. In order to extend this 
proof to arbitrary order it is necessary to have an 
expression for the shift in chemical potential to arbitrary 
order, and also to have a general classification of 
anomalous contributions. 

To obtain an expression for the chemical potential 
shift, we make use of (6) for determining yz. If we use 
(55) as our expression for 2, then we must be careful to 
distinguish several sources of » dependence. There is, 
first of all, the dependence which arises from the 
various {; which occur explicitly in the G, and in the 
propagators of Y’, and which must be summed over. 
Differentiation with respect to » for such terms is the 
same as differentiation with respect to the corresponding 
t:. Secondly, the various G,({;) really have an additional 
dependence on yu since they in turn were obtained from 
diagrams containing propagators depending on yu. Now 
in differentiating 2 with respect to u we may neglect 
this second dependence, since by the stationary 
property amy first order changes in G, do not affect Q. 
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Therefore we may write 


dQ 


1 
a 


0 
CDC | — fe +60) -$1) 
1 r Ot 


0 
+—{G.(f)S,'(t)]} exp({") 
ey; 


1 8S,’ (ti) 
+ - >» G-(f.)}———-_, 
Bir or 


(56) 


the last term arising from the usual argument of 
opening 2» lines, similar to that leading to (51). Com- 
bining, we get 


i 
N=-—=-5 


0 
= Sang infe-+G-(f)—f1] 
Op Bt 


oT 
3G 
+5: G—— — pexp({M*). (57) 


v1 


To analyze (57) further, we need to know just a little 
bit about the analytic properties of G,({1) viewed as a 
function of ¢), in the limit of zero temperature.* 

From the definition of G,(¢,) it follows at once that it 
is regular everywhere except on the real axis. Im- 
mediately above the real axis let us write 


G,(x+i0*)= K,(x)—iJ,(x); K,, J, real. (58) 


Then from the definitions it also follows that 


G,(x—i0*) = K,(x)+iJ (2), (59) 


so that in general G, has a jump when we cross the real 
axis. Further it is not difficult to see that 


J (x20 (60) 


Lastly, inspection of the perturbation series for 
indicates that, as x approaches yu, 


J A(x)=CA(z—p?, C,>0, (61) 


which arises from the fact that the exclusion principle 
severely limits the possible momentum space regions 
that can give rise to singularities, when x is near yp. 

Now let us consider the second term of (57). In 
passing to the limit 7=0 here, we can simply make the 


replacement 
1 1 
o=— far 
8 21 


where C is the vertical line from p—-i~ to pti~, 
since the separation between different {; values is 

* Some of the properties which follow are particularly easy to 
obtain from the Green’s function point of view. See for example, 
Fradkin, reference 3. The analytic ay expressed in (61) 
has been noticed by several authors. N. M. Hugenholtz, Physica 
23, 533 (1957) (for somewhat different propagators). D. F. 
DuBois, Ann. Phys. 8, 24 (1959). We to return to a complete 
demonstration (in the sense of perturbation theory) at a later time. 


(62) 
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2ri/8. In general a great deal of care must be exercised 
in using (62) [we shall see below that the existence of 
the anomalous terms is just connected with corrections 
to (62) ] when the integrand can have singularities on 
the path of integration. However, in the second term of 
(57) there is at most a simple pole [from S,’(f); 
8G,({)/dt is regular on C) and it is easy to see that this 
leads to no difficulty.* Therefore for this term we may 
write 


1 aG,(f) 
errr > fa S,'(§)- 
2mi + Cc 


= 


1 dS,'($) 
=— > | o& G,($)—_, 
+ tesa 


2ni + 


(63) 


if we integrate by parts. This is exactly the same as the 
last term of (56), if we had used (62). Therefore (63) 
represents the result of differentiating Y’ with respect 
to every explicit {; and then replacing the sums by 
integrals. In other words, we need to differentiate 
every skeleton diagram with respect to all explicit 
f,’s, and replace sums by integrals. From this point of 
view we see very easily that (63) is in fact zero. The 
result would be trivial if all the ¢)’s were independent ; 
then integration by parts on any of them would give 
the desired result. Therefore we need only consider 
those {,’s which are connected by the “energy conser- 
vation” condition (30). In the integrals this is equivalent 
to factors of 6({:+f2—fs:—{4) for each explicit inter- 
action. Now if we integrate the corresponding term of 
(63) by parts with respect to {1, fe, {s, and {4 we will get 
a factor in the integrand of 


0 0 0 0 
(_- + —+— \altrttete-td=0. (64) 
8, 2. Ws Ws 


Therefore (63) yields nothing. 
We are finally leic with 


1 
N=-L 2 
Br I 


re) 
— In(er+6u(5)-t0} exp({,0*) 
a 


1 
=— > fa exp({0*) 
2mi + re 


0 1 
x | Inle-+G(0)—-] .. —— (65) 
a Plea | 

*Consider for example (1/8) 2; exp(¢*)[1/(%:—e,)]=f--. 


If we evaluate this for 7=0 by using (62) we obtain 


1 1 
Ini fa exp (¢0"* F 


since we can always close to the left. However this is just the limit 
of f-- as T approaches zero. 


= 1, e-<u 
é LO, €->,»’ 
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from Appendix A. Integrating by parts, we obtain 


1 
-—E f demo) 
dni + Sro " 


XInle-+6,(0)—£] —, (66) 

Pt +1 
For ¢ on the real axis the last factor becomes, in the 
limit T=0, simply 6(¢{—) and therefore we have 


1 
N=> —({in[e-+K,(u)—wt+in]—c.c.}, (67) 
* wi 


where 7 is an infinitesimal positive quantity, and we 
have made use of the properties (58)-(61). Since we 


are on the principal branch of the In, we may write 
lim In(a+in)=Ina, a>O (68) 
ro 


=Inla|+ix, a<0. 


Using (6%), (67) becomes 


fa es, 
K, 


(u) >0 


(69) 


se 


as the equation for determining yu. 
Now the unperturbed chemical potential (yo), is 
determined by 
N= > 1. (70) 


r 
peer >0 


Since by isotropy e, depends only on the magnitude of 
p, this determines a certain momentum p, (the Fermi 
momentum) up to which we sum, given by 


(71) 


€p r= Ho. 


Compaiison of (69) with (70) shows that to get the 
same number of terms we must sum (69) to the same 
fr. Therefore we obtain (again by isotropy K,(u) 
doesn’t depend on spin direction”) 


epr+Kpr(u) =u," 


b= u—wo= Kpr(u)=Grr(y). (72) 


We now return to the consideration of the ground- 


” This is only true for spin less than or equal to 4. There is no 
symmetry reason why X,(x) cannot depend on an even power of 
m, and in general it will, as direct calculation shows. For spin 4, 
however, m= +4 so that any dependence on an even power of m 
means no dependence on m at all. The proof of BG we are giving 
therefore is only valid for fermions with spin <4. One sees easily 
by a second order calculation (as in I) that in fact for spin greater 
than 4 BG is not even valid in the general isotropic case. It is 
valid, however, if the forces are spin-independent. 

" Formulas of this type have been given previously by L. Van 
Hove and N. M. Hugenholtz, Physica 24, 363 (1958). Their 
propagator, however, has a different meaning than ours. 
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state energy. By (9) this is 


1 
Eo= lim [-- > E exp(¢O*){infe-+G+(0,) —f1) 
Tm B ay 2 


+G6-(F)S_'(F)} + v'+Ne| (73) 


It is easy to see (Appendix B) that an alternative 
expression for N is 


exp({*) 


1 
N=-5> —, 
Gta) 


Brit M—-e— 


(74) 
Therefore we may write 


Eo = lim 
T-~ 


1 
|-; Xx T= exp(¢{Ot){In[e-+G,(0) — £1) 
P 28 


+5606 (8)—B))+¥" +R (75) 
Let us put 
f:=Zrtw, Zi=(21+1)xi/B (76) 
In every propagator in (75), only the function 5S’ 
occurs, and therefore only combinations like 
€-+G,($1)—$1= 6 +G,(Z:4+- 4) -—Zi— 
os €-+G,(Zit pw) —ip—Zi— 
= é-+G,(Z:)—Zi—po, 
G,(Z:)=G,(Zi+-u)—Su 
=G,(Z:+u)—Gor(y). 


Therefore we may write for (75) 


Eo= lim Q(y0,4)+Nuo, 
T-0 


(77) 


(78) 


(79) 


where 2(u0,@) means we are to calculate @ using yo as 
the chemical potential, and @ as the proper self- 
energy part. 

From (78) and (79) we obtain the following alter- 
native way of computing Q(uo,G: write down all closed 
linked graphs for 2 as a power series in \, using as free 
propagators 1/(Z;+uo—e,). Whenever a diagram has a 
self-energy part, however, simply subtract from that 
self-energy part its value at p= pr, Z;=0. 

The importance of this formulation is that by means 
of it we see at once that (79) can no longer contain 
any “anomalous” terms. The anomalous diagrams 
(in the graphical representation of Bloch and De 
Dominicis) were those which gave rise to contributions 
of the form 5(u—e,), 5’(u—e,), etc., in the zero tem- 
perature limit. In our propagator formalism, where all 
possible yw orderings of the interactions have been 
summed over, there is no longer in general a distinction 
between anomalous and regular diagrams. Rather a 
general diagram when evaluated will give rise to both 
regular and anomalous contributions. It is easy to see 
where the anomalous contributions come from. Con- 
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sider, for example, the third diagram of Fig. 1(c). 
From (33), with isotropy, the /+-sums to be performed 
are 


1 1 i 


exp(f1,'0*) 1 exp(f{w°0*) 
8 h (n° —en)?8 lo (fi er2) B ty (St? — ers) 


fP=Zrt+wuo. 


(80) 


The second and third factors of (80) just give fri, 
frat, respectively. These factors are discontinuous in 
the zero temperature limit, but they contain no 6- 
functions. They may be obtained by using (62), i.e., 
there is no trouble in going to the zero temperature 
limit. On the other hand, the first. factor gives (using 
Appendix A) 


1 1 1 1 
3 Ge ArH 


B ~ (¢P— . 
“(1 | o wey 


eo 


~ (ater ve) 4 1)? 


= —5(¢,— yo) (81) 
in the zero temperature limit. If we had used (62) 
immediately, we would have gotten 


1 1 ad 


Ini Jo (te) 


1 
8 i (¢{f-— é,)* 


—— =0 (82) 


2m 


by closing either to the left or the right, there being no 
simple pole within the integration contour. The result 
(82) is incorrect, as is seen from (81). It is correct, 
however, if ¢, is not right in the neighborhood of jo. 
The mistake in using (62) comes because when e¢, is 
near we the integrand becomes too singular for {* near yo. 
The anomalous contribution (81) therefore comes from 
the region where ¢,=o (or p= pr) and Z==0. This is 
clearly general: when m self-energy parts are present 
in a line of a diagram there will be a factor in the 
denominator of ({/—«,)**', which will give anomalous 
contributions up to the (m—1)st derivative of the 
function 5(€,—j»), these contributions arising from the 
neighborhood of p= pr, Z=0. Therefore we see that 
with the prescription given immediately below (79) 
there are no anomalous contributions, since the self- 
energy parts always have their values at p= pr, Z=0 
subtracted from them. In other words, a factor of 
(¢{f—.«,)**' in the denominator always comes with a 
factor [G,(Z,)]" in the numerator, so that we have 
from (78) at worst a simple pole in the summand. 
However, for a simple pole we may use (62) and never 
get contributions of the form (say) of (81). 
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We have shown that the thermodynamic potential 
when expressed in terms of yo, has no anomalous 
contributions. In order to establish the BG series only 
one point remains: we must show that the only effect 
of replacing G by G is to remove the anomalous contri- 
butions. In other words, we have shown that we may 
use (62) in the evaluation of the thermodynamic 
potential; we now must show that after this is done we 
get in fact no contributions from the du corrections to 
the self-energy parts. This is not true if we consider 
the effects of du in a single diagram; if we expand out 
(G,}"=[G,—du]" we get in general nonvanishing 
contributions from all the terms, whereas what we 
want is the contribution from the first term only. On 
the other hand, the total effect of the du shift must be 
zero after we have used (62). This comes about as 
follows. Clearly, the effect of the du correction to G, 
may be described by saying that we are modifying the 
chemical potential from » to wo, but not taking any 
anomalous contributions which arise due to this modifi- 
cation. On the other hand the only effect of modifying 
the chemical potential is just to produce anomalous 
contributions. The chemical potential only occurs in 
expressions like /,*(u). Consider say 


fe (u) =I (wot bu) 
Of, (po) 


= fe (wo) +5 —+ 
Opo 


(du)* 3? £5 (po) 
+ 


2! One? 


This becomes, in the zero temperature limit, 


fe (u) = fe (uo) + (6u)5 (uo— €-) 


+-[ (5u)*/2! 8" (wo er)+-++. (84) 


Therefore the effect of a shift in chemical potential is to 
produce anomalous contributions. We saw, however, 
that there are in fact no anomalous contributions to the 
thermodynamic potential, and so all these corrections 
from du must cancel out against each other. (One can 
actually see how this happens in detail by studying 
some low order diagrams. To get the cancellation one 
must add together diagrams which have the same self- 
energy insertions put into each line in all possible ways.) 
Thus we may write 


Eo=Qo(u0)+Nuo Qpe (po), (85) 


where Qpa(uo) is just the contribution of all diagrams 
leaving out anomalous contributions. As already 
discussed in I, and as may very easily be seen again in 
our propagator formalism, this gives rise exactly to the 
BG series. 

In summarizing, we can say that we have shown that 
for the totally isotropic case and for spin 4 fermions, we 
have established the Brueckner-Goldstone form of the 
perturbation series." For spin not equal to 4, or for a 
non-isotropic situation the series is not valid in general. 


* The theorem is also true formally for spin zero fermions, but 
they do not exist in nature. 


C. WARD 
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APPENDIX A. THE PROPAGATOR REPRESENTATION 
Eq 


nen we 


(26). Let first 


may write 


In this appendix we 
consider the case u—u’>0. 1 


prove us 


1 1 
> 

Bi fi—€, 2m 

where I is the contour indicated in Fig. 5, since the 
function [&*-*+1}"' has simple poles at the points 
t=¢, with residues —1/8. Since u—w’>0, T may be 
deformed into I’, of Fig. 5. Using the Cauchy theorem 
and noticing that the only singularity inside YT» is a 
simple pole at {=e 


| 


- > i 
Bt 


we obtai 


On the other hand, if 
write 


1 
-> aie vw") 
Bt Ci— €, 


=f 
2ri - 


I 


dt, (A.3) 


since this again allows us to deform the contour [ 


into Ip. Cauchy’s theorem then gives 


1 1 
> a u’ 
Bt 


ti- €, 


, u<u’, 


(A.4) 


Comparison of (A.2) and (A.4) with (24), establishes 


(26). 











(a) (bd) 


5. Contours for propagators. The indicated points 


are the points ¢;=[ (2/+-1 


Fic 


ri/B \+n 
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APPENDIX B. ALTERNATIVE EXPRESSION FOR N 


Consider the expression for Q, 


2=%+ ¥ 2, (B.1) 
co | 


where the Q, are given by (41). If we differentiate this 
with respect to » to obtain N, we see at once 


IAQ 1 
f--—--5y ¥ Gn a 


Op Bure Ou fi- & 


(B.2) 


since in differentiating a closed linked mth order dia- 
gram is equivalent to differentiating any of its 2m lines. 
When we sum over r, all of these give the same contri- 


PHYSICAL REVIEW VOLUME 


OF 


MANY-FERMION SYSTEM. II 


bution. Therefore 


N= 


exp({0*t)——— 
oi €, 


) > & 
- 


1 
B 


G,($) 
——-, (B3 
te) bi— a G-(g1)) 


1 
+-2 2 expC ary 
B - 2 

using (54) and (44). Combining 


1 
N=-> FE exp(ts"*) 
Brit 


tr =o G.(ty) 


This actually corresponds to the result that the mean 
number of particles is just the sum of the mean occupa- 
tion number of each state. 


(B.4) 
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Example of a Soluble Field Theory with Finite Charge Renormalization 


Herpert M. Friep 
Depariment of Physics, University of California, Los Angeles, California 
(Received January 11, 1960) 


A soluble field theory suggested by the Lee and Machida models is described in which coupling constant 
renormalization arises from a dressed boson and is finite if the contributing fermions are assumed non- 


relativistic. 


For the unrenormalized charge to be real, the renormalized charge must satisfy a certain 


inequality depending on the boson and fermion mass ratios; if this inequality is violated a single boson 


ghost state occurs, as expected. 


1. INTRODUCTION 


VER since the appearance of the Lee model! 
there has been much interest in obtaining examples 

of field theories wherein quantities of interest may be 
derived in closed form; and of those theories which 
have been found, several** are essentially extensions of 
the Lee model. A variation of Lee’s procedure was 
discussed by Machida‘ who considered the soluble 
problem of a dressed boson, rather than a dressed 
fermion; and more recently Goldstein® has presented 
a sort of combination of the two models. In each of 
these theories the renormalization constants are 
infinite, i.e., cutoff dependent, implying an imaginary 
value for the unrenormalized coupling constant (charge) 
as the cutoff exceeds a certain critical value. For this 
latter situation, the analysis of Kailén and Pauli® 
indicates that a ghost state is to be expected. 

iT. D. Lee, Phys. Rev. 95, 1329 (1954). 
_*U. Haber-Schaim and W. Thirring, Nuovo cimento 2, 100 
OL Van Hove, Physica 25, 365 (1959); Th. W. Ruijgrok and 
L. Van Hove, Physica 22, 880 (1956); Th. W. Ruijgrok, Physica 
24, 185 and 205 (1958) and 25, 357 (1959). 

‘Ss. Machida, Progr. Theoret. Phys. eget 14, 407 (1955). 

$j. S. Goldstein, Nuovo cimento 9, 504 (1958). 


*G. Kallén and W. Pauli, . Danske "Videeckab. Selskab., 
Mat.-fys. Medd. 30, No. 7 (1955 


Although nothing basically new is to be learned from 
the following discussion, it may nevertheless be of 
some interest to examine an exactly soluble theory with 
finite charge renormalization. The rather trivial remark 
to be made in this connection is the observation that in 
ail such previous models infinite renormalization 
constants are obtained as a result of adhering to the 
relativistic energy-momentum relation for that particle 
whose momentum appears as the variable of integration 
in the definition of the renormalization constants. In 
the original Lee model, for example, replacing the 
boson energy w(k)=(k’+ y*)' by u+k*(2y)" when 
integrating over the boson momentum k, yields a 
finite value for Z;~'; and similarly the replacement of 
E(p)=(p’+m*)' by m+p*(2m)" provides a finite 
value for the renormalization constant Z;* of Machida. 
Since one has already mutilated the physically correct 
interaction Hamiltonian in order to obtain a set of 
exactly soluble equations, little further rigor is lost in 
assuming nonrelativistic particles in intermediate 
states; and the advantage of doing this is that one may 
then obtain, within certain well-defined limits, a quite 
respectable field theory (at the possible risk, of course, 
of being even further removed from physical reality). 
These statements will be illustrated briefly by consider- 
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ing a slight variation of Machida’s model, such that the 
method of presentation and the notation closely follow 
that of Lee and of Killén and Pauli. 


2. DETAILS OF THE MODEL 


Consider two distinct fermions N and V, with 
respective masses my and my, interacting with a boson 
6, of rest mass uw and energy w(k) = (k’+-y")!, according 
to the reactions 

2N+V. 


In order that the boson be stable, it will be assumed that 
my+my > pu. 

The Hamiltonian for this system, composed of the 
unrenormalized operators yw(p), yv(p’), a(k), their 
Hermitian adjoints, and the unrenormalized charge go, 
is given by 
H=Hot+H', 

Hy »m En(p)wnt( pn p)+ iz Ev(p)vv't(p)Wv (p) 


. P 
+>° w(k)at(k)a(k), 
x 


gof(p,p’ ; k) 
(vv'(p)yv'(p’)a(k) 
pp’k (QwV)! 


. 9 


ju’ 
tyv(p’ Ww (pial (k)}6,, i —3 —al(k)a(k), (1) 
k 2w 


where {(p,p’;k) represents a cutoff function inserted 
for generality, and du? denotes the boson mass renormal- 
ization. The commutation properties of the fermion 
and boson operators are the familiar ones, specified for 
example, in reference 6. 

Again, as in the original Lee model, there are two 
constants of the motion, which for this system are 


ny + nNe= constant, 


(2) 


nn-+ne= constant, 


where the individual m represent number operators for 
the respective fields. Equation (2) states that the 
total number of particles in any given situation is 
finite, and exact solutions may be expected of the 
corresponding Schrédinger equation. 


3. EXACT EIGENSTATES 
To determine the eigenstate 6) of a physical 6 
particle of momentum k, one utilizes the eigenstates of 
the bare particles which satisfy the relations 


Ho O, Hyat (k) 0 =w(k) 6,), 
Ho| \ p Ho n'(p) Q)= En(p) N, , 
Hy| Vy Hoby'(p’) 0 Ey(p’) Vy : 


Examination of the complete Hamiltonian indicates 
that the physical V and V states are identical to the 
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corresponding bare states, 


IN,)=|N, 


i 


but that the physical @ state will 
form 


have a structure of 


lo.) =Zs4[ |0,)+ + O(p,p’ ;k)wy' (pvt p’) 0 
pp’ 


Applic ation of the S« hrédinger ¢ quation 
H | @,)=w(k) | 6, 


together with the orthonormality of the bare eigenstates 
and a normalization condition for the dressed 6 state, 
then yields 


©(p,p’ ; k)=go(20V)*f(p,p’ ; k)b p+ p-— 
<(F P,P ) w(k) ] .. 
x E(p,p’)—w(k) } 
X| E(p,p’ wW k) | . © 
where E(p,p’)=En(p)+Eyv(p’). With a 
fermion energy spectrum, Ey y(p 
67 and Z;~ are strongly d 


relativistic 
+ p*)*, both 
onrelativistic 
spectrum, Ey vy(p)=my,y+p (2my ensures 
vergent for Z till infinite 
(if f 1). As previously mention latter 
tive will be employed to tair heo with a finite 
charge remormalization. It d that 
quantities depend on the momentum of the @ particle.’ 

Passing from the discrete fermion momen- 
tum of Eq. (6) to the corresponding with 
f=1 one obtains 


Nin yy 
veTryent ; ital 
i con- 

»eni lt 
result 


ilterna- 


these 


integral, 


where M=my+my and 
interesting to note that Z 


its limiting forms: Z x 


m my '+-my, 


varies 
1 and 


re 
u U |. 


go >0, that the 


smoothly between 


indicating, for usual probability 
interpretation of Z; is possible for any k value. 

To determine the significance of Eqs. (7) and (8), 
one may calculate the scattering amplitude for the 
process VN+V—N-+V. Expressing the physical NV 


7 The same conclusion may be reached by means of a standard 
graphical analysis, which illustrates that the reason for the 
momentum dependence of Z; and 6,? is the iack of fermion Lorentz 
symmetry. I am indebted to Dr. D. Pursey for this remark. 





EXAMPLE OF 


State as 


N+V)= & F(p,p’)bw'(pv'(p’)|0) +20 G(k) |), 


PP’ k 
one then applies the Schrédinger equation 
H|N+V)=Eo|N+V), 
together with the condition 


G(k)=— > F(p,p’) (04! ¢n't(pv'(p’)!0), 


Pp’ 


to obtain 
[ o— E(p,p’) JF (p,p’) 


eorZ;(pt+p’) [ Eo—w(p+p’) ] 


2Va(p+p’) LE(p,p’)—e(p+-p’) | 
F(q, p+p’—4q) 


« LE(a,p+p’—4q)—o(p+p’) ] 
which can be readily solved and which contains no 
divergent quantities. The point of interest here is 
that the combination gZ;(p+p’) measures the 
strength of the interaction, and it is therefore natural 
to define this quantity as the renormalized coupling 
constant, g*. In the rest frame of the two fermions, 
p+p’=0, and Z;" is then given by Eq. (8), which 
quantity may be called the renormalization constant. 
In general, however, the renormalized charge is velocity 
dependent.® 

Alternately, one can require that g’ be strictly 
constant, and the requisite momentum dependence is 
then implicitly contained in g@. Solving for the latter, 


one finds 
(“\(a—) 
Se \ wo J \M+k(2M)“"—we 


from which it follows, assuming a constant® and positive 
g?, that g¢@ will also be positive if the inequality 


s 
2 - (9) 
Sar 


is satisfied. It is interesting to note that this is just 
the condition that an expansion of Z;~'(g*) in powers of 
g* converge. If this inequality is violated, go is then 
imaginary, and as in the Lee model, the unitarity of 
the theory is destroyed. 


* Inserting the factor 5(k) into each term of H’ would remove 
this velocity dependence by postulating that a @ particle can oniy 
exist at rest in that frame in which the theory is defined 

* For this choice of constant g, H’, when written in terms of g 
and the renormalized boson operators, has the conventional 
“local” form in configuration space, while the free field Hamil 
tonian density has the form of a spatial integral over the re 
normalized operators. In terms of ge and the original unrenormal 
ized operators, this situation is just reversed. 


SOLUBLE FIELD 


THEORY 


4. GHOST STATES 


Following the proc edure of Killén and Pauli,® the 
existence of ghost may be inferred from a 
consideration of the eigenvalue problem 


H | 0, 


states 


= wo(k) 6, ’ wer = k?+- pe’, 


where the physical @ state of momentum k is given by 
an expression similar to that of Eq. (3). The same 
analysis which lead to Eqs. (4) and (5) then yields 


®(p,p’; k) = gof | 2wV) Bos p’- x E( P,P’) —wo } ‘ 
and 


wo—w= ge (2wV) S (w—wo)d py p'—» 
PP’ 


<[E(p,p’)—wo} “LE(p,p’)—w}", 


where the previous expression for du*, Eq. (5), has been 
used, and f has been set equal to unity since the 
resulting sum converges. Lecause the quantities of 
interest here are those values of wo such that worw 
(and in particular, where wo<w), Eq. (10) may be 
rewritten as 


(10) 


1 
—1=4;(WwV)* ¥ ff 420 y.ysCB(0.0)-6P, 
PP’ Jy 
@ = wot x(w—wo). 


Replacing the sum by an integral, one obtains 


ffm ty) 
vw /( -) com ar + —o| 
4n\wa 2M 


k? 4 
-[u+ -u] . (11) 
2M 
It is then evident that if g¢@ is positive, the only 
solution of Eq. (11) occurs when wo=w. If, however, 
gé is negative, one finds but one solution of Eq. (11), 


where wo<w. In the @ rest frame this corresponds to a 
ghost state of rest mass 


wu £(™) amar} 


2a \u 
gym 2m \} e 
d(T 
Sr \ wu M—yu 
From this simple and explicit calculation one sees that 
the conclusion reached in reference 6, concerning the 


appearance of a single ghost state in the Lee model, is 
also valid here. 
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The behavior of a quantized meson field in a classical gravitational field is examined. Physical quantities 
such as the expectation value for the number of created mesons are represented in terms of a formal Green’s 
function. They are computed explicitly for the case of a special space-independent gravitational field. The 
inadequacy of standard iteration procedures is discussed in an Appendix 


1. INTRODUCTION 


HE problem of the creation and scattering of 


quantized particles by an externally impressed 
gravitational field is a virtually unexplored area of 
general relativity. On account of the importance and 
difficulty of the theory of gravitation, the author be- 
lieves that any aspect of the theory is worth studying if 
it has characteristics differing from theory of other field 


theories. In the above-mentioned problem, the form of 
interaction of the external field is different from that of 


usual theories in that the characteristic surfaces of the 
the field. 
Furthermore there may occur phenomena for which 


quantized field are affected by external 


such a semiclassical treatment will be suitable. The 
author does not assert that the investigation of the 
present problem is a necessary step to the more impor- 
tant problem of the quantized gravitational field, but it 
is hoped that some information may nevertheless be 
obtained as to a semiclassical limit of the latter. In this 
paper we examine the behavior of a quantized neutral 
meson field in a classical gravitational field which is 
simple enough so that exact solutions may be obtained. 

In Sec. 2, physical quantities such as the expectation 
value for the number of created mesons are represented 
in terms of a formal Green’s function. The sole require- 
ment imposed is that the gravitational field be such that 
well defined state vectors exist in the remote past and 
future. In Sec. 3, the expectation values are computed 
explicitly for the case of a special space-independent 
gravitational field. Some attention is given in the 
Appendix about the iteration method. 


2. PRELIMINARY DISCUSSIONS 


In order to have a well-defined state vector in the 
remote past and future, we shall restrict the gravita- 
ticnal field to be one which has the following properties 

gt”(x, &T)=y"+0(T-*+L), (2.1) 
where y”’ is the Minkowski metric, and which admits 


* Work supported by the Air Force Office of Scientific Research 
t On leave of absence from Osaka University, Osaka, Japan. 


the following type of solution for a neutral meson field 

o(x, +7)=9+(x, 

Od 

Ox# 

T and L are large constants and a and 8 are positive real, 

Greek indices run from 0 to 3, Latin indices from 1 to 3. 

In the following, equalitic s which are correct to order 

O(T-*+L 

@*(x,/) satisfy the 
written as 


o*(x,t)=[2(2e fa ky)-} etk® 


(k) exp(—ik 


will be shown by The quantities 


free meson equation and can be 


{)+a+t(—k) exp(ikol) | (2.3 


+m?)?, a! Hermitian 


represents kK 


conjugate of a, and the a’s satisfy: 


where k means 


[a(k),a(k’ 
r -) at (Ek?) 
[a(k),a‘(k’) 


[a (k).a' (k’) Q, 


(2.4 
5(k —k’ . 


Furthermore we shall assume the following properties 
for simpli ity 


‘ae Fe 0, for all x and ¢. 


5 


Che Hamiltonian for the system has the form, 


1 
H(t d?x g 
) 
Od Ob Od Od 
x g +¢ +- mp? (2.5) 
oro Ox’ Ox™ 
and satisfies the asymptotic conditions 
1 
H(+T d®*k kya*t(k)at(k)+(H.c.). (2.6) 
) 


The vacuum state vector for the remote past is defined 
by a-yo=0, and the incoming single particle states are 


tk) 


given by ¥x=a 
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The expectation value for the number of created k to k’ is 


mesons in the remote future in the state for which no (Yotat (k)a—t (k)yo), (2.8) 
mesons are present in the remote past is where yor is defined by atyot=0. 

In order to calculate these quantities in terms of the 

(Yoa*" (k)at (k)yo). (2.7) basic vectors Yo, x: ++, one must express ¢(x/) or at as 


a function of a~. By using the meson Green’s function, 
} The scattering amplitude for the momentum transition they are represented as 





0G dg 
(x,t) = for( (x, /;¥, —T)o(y, —T)—G(x, t, y, —T)— (y, -1)) 
0(—T) 0(-—T) 


fl ld (2r)3 4 — 
. | ~(—) fanaw G(k,ko,k’ Ro’ )e*®:*— thot tho’ T (e")-4 


)? 

| < [(Ro’ +ho’)a-(k’) exp(iko’'T)+ (ko’ —ko')a-t (—k’) exp(—iky’T)], (2.9) 
( and 
22 _ m Op 

at (k) = (2(27)*) i farx ek | (ho otast) +i(E,)- a7) fon 
aT . 
real, i a 
to 3. a faboar’ (koko’)G(k,Ro,k’ Ro’ )e~*7 (Kot ko") 
rde 2 . ’ . : 
rn x L( kotko) (ko’ +ko’)a (k’)— (Rotko) (Ro’ —ko' )a t/ —k’) exp(2ik,’T) ] (2.10) 
; where 

n be : 


G(x,1,x',t’) = faveave G(k,Ro,k’ ho’ et: =i! 2’ thot iho’ t” 


In the case of a space-independent gravitational field, several conditions on G are given from general requirements, 
namely, 
- G(k, ko, k’ Ro’) -_ —G*(— k, — ko, —k’, — ko’) (2.11) 


rae from the Hermiticity of d, 
itlan , 


G(k,ko,k’ ko’) =G(—k, ko, —k’, ko’) (2.12) 
from reflection invariants, and 
(24 hase \ (be? — "Veit “(ho!+p0" gi 
Gtk. \G(K, po, po’) (Ra’ — po’ emit kot 20) iT (ko’+ 10" ded odko' d pod po’ +0 
rties 
| = g() f Gk ba u'VG (Pu P’) (eke! — Rupe t(kot vo)—iT (ko'+ 70") ded Rod po d pod po’ = (2r)®L— g(t) ]* (2.13) 
fe bah PasP!) as’ po opp thot po)—iT (ko'+ po") 3d Rodko'd pod po’ ~ 0 
| from the consistency for a canonical quantization; [(x,/),(x’,/) ]=0 etc. Here G(K,ko,ko’) is defined by 
| G (ko, ko’)5°(k—Kk’) = G (k,ko,k’ ho’). (2.14) 
(2.5) | 
3. MESON FIELD IN A SPACE-INDEPENDENT GRAVITATIONAL FIELD 
| Using the form, (2.14) for the Green’s function, we may write the Hamiltonian in terms of a@ as 
H(t)~4(2m)§l— g(t) }} | d*kdko'd pod po’ e~i(kot v0) —i(ko'+ po!) 
(2.6) 35 : 
XG (kK, koko’ )G(k, po, po’) (— ko)! Le (DRopot ee kikm+m? | 
fined | XL (Ro’ +h) (po’ + poe? a- (k)a~ (—k) + (ho +o) (po’ — po)a~ (k) a (k) J+ (H.c.) 
Ss are | 


- feta (k)a (—k)-+ By,a (k)a '(k) }+(H.c.), (3.1) 
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It is easily seen that By is real, from (2.11) and (2.12). The Hamiltonian is seen to be quadratic in a~ and gt 
Moreover, momentum is conserved. The Hamiltonian (3.1) has exactly the same form as that used by Bogolijuboy: 
in his treatment of the theory of superconductivity and can be diagonalized by the technique which he has intro. 
duced. The result is 


a= { aeBe- A,!?)'al (K)a(k)+ (H.c.), (3.9 

where 
a(k) = e**/24,.a~(k) — e~ 8/2y_,a-*(—k), Ay=! Ay! ee, 
y=coshx,;, %=sinhx,, tanh2x,=—|/A,|/Bx. 
The condition 
By>|Ax (3.3 
is a necessary one for Bogolijubov’s transformation to be permissible. It will be shown later that it is satisfied in our 
case as long as the space metric remains positive definite. 
The expectation value of the number of created mesons with momentum &, is given by 


| 
\ \ ¥ k } f eeathsdpatps’ G( kkoko’ \G( PPopo’ )e~*? ‘kot ko’+ pot po’ 
4 : : ’ ceeeal 
X Loko’ — kot o— ko’) —ko? | popo’ — ko! po- po ) —k~? ](Ko) *(Woa™ ( —k)a v( —k)yo). (3.4 


rhe vacuum state in the remote future is defined by 


1 — 
O= at (k)po*= f deat, G(Khoko’ )e~'? oto") (Koko’)4[ (Ro t+-Ro) (Ro’ +o)a~ (k) — (ko +o) (Ro’ — Roa (—k)e2**0? Jy + 
) 


and the scattering amplitude for the process, in which the initial and the final momenta of meson are different js 
equal to zero on account of definitions of Yo and yor. 

In order to get more explicit expressions for these physical quantities, we shall consider the following gravita- 
tiona! field: 











gh =" for *>t>r+L-'!, —7r—L“'>it>—-@, 
(3.14) 
g’=n""(const) for r>f>—r. 
TH ¥ 
r Q 
Il Fic. 1. Diagram of the 
regions considered 
Te 
-T 0 
I 
In the regions I, III, and V of the Fig. 1, the solution of the field equation is easily found to be 
$'(x,/) [2( 2)? ] if ecko) ig Ta (k) exp | -ikot)+a-t (—k) exp (ik!) |, 
o'" (x,t) =[2(2r)*] i fare »)te'*-*(b (ke #9 +t (— ket), (3.15) 
$” (x,t) =[2(2r)*] i fare (ko)—4e**-*Lat(k) exp(—ikot)+att(—k) exp(ikol)], 
where k,= (n'"kikm+m?/—n™)). In the regions II and IV, field equation is 
0’ Od 0° ; 
g” on? j [(—g)}g } 00] it g m — md 0. (3.16) 
or’ al Ox'dx™ 


N. N. Bogolijubov, J. Phys. U.S.S.R. 11, 23 (1947). 
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In the limit Z — ©, discontinuities occur in the derivative of ¢. If we suppose ¢, 06/dx* and 0°/dx'dx™ to be of 
order 1, then 





(=/ =) += ae g)'g” |/ (-—g )§g%+O0(1)=0. 
or 


By integration from --r--L~' to *r one gets 


0p Fr 
[in +1n(— (2) =O(L-"). 
at FrFu7 
This gives the following relations 
tales) Og 
—(x, +r+1-"') = Y—(x, +7)+0(L“), (3.17) 
al dt 
$(x, +7+L") =$(x, +7)+O0(L"), (3.18) 


where Y=(— (—7)!y”). This solution is compatible with the above assumption that ¢, 0¢/dx* and 67¢/dx'dx* are 
of order 1, when it is connected with well-behaved solutions in the regions I, III, and V. 
Using (3.15), (3.17), and (3.18), we can express a* and 6 in terms of a7: 


1 sk, - ki\) shox} ae. . 
=he- wel (- ‘) + ( ') Y re explilye)+| (*) ) V+ |o-t(—W) exp(—ifor}, (3.19) 


1 R. 6 i f ko r 
site indy) (“+ =) (k) exp(2ikor)— * (sin2k of ( ——- )o(—b) exp(— 2ikor). 
2 2 


ky k,Y 
(3.20) 


The other way to get the expressions of physical quantities is to use Green’s functions in regions I, V, and III, 
that is, 


(on)-* far e'k- (2-9) (Ko)! sinko(xo— yo), 
(on)-* far e'k:(z—-y) (R,)—! sink ,(xo— yo), 
and relations (3.17) and (3.18) with the formula 
G(x,t,x’,t’) - favs "TG (x,t,x"",U) (8/ dt" G(x" ,t",x’,t!) — (8/ dt" G(x, t,x" UG (x",t""x',) JL— 2 (") g(t"). (3.21) 
The results are, for instance, 
2n)* f GUk boku ikot—ikoT ~ (y)—! cosk,(t+-7) sinky(—7+T)+(k_Y)~! sink,(t+7) cosko(—7+T) (3.22) 
for r>t>—r and 


2) f Glkto kee ikot—iko’T ~T(k,V)—! sin2k,r cosko(—7+t)+ (ko)! cos2kyr sinky(t— 7) ] cosko(T— 1) 
+[cos2k,7 cosky(t— i i altel “1 sin2k,7 sinko(t—7) ](ko)— sinko(T—r) (3.23) 











for {>r. It is not hard to show that a(k), which is calculated 
From (3.1), (3.2) and (3.23), one can get the Hamil- from (3.2) is equal to e‘*»"b(k), which is given in (3.19). 
tonian in region III as Expression (3.24), rewritten in terms of 6 and 6 can also 


be obtained by using the usual Hamiltonian formalism. 

1 In this example, comparing (3.2) and (3.24) we can see 

H- fo kya! (k)a(k) + (H.c.). (3.24) that the above-mentioned condition (3.3) is just that 
2 n'™ be positive definite. This is physically agreeable. 





HY 
1434 TSUTOMU IMAMURA 


The expectation value of the number of created  Iterating this equation, we 
mesons is obtained by using (3.4) and (3.23) or (3.20). mation, 


We find t 
(nt (k) 3b Y /o—Bo/kV}? sin2(2k,r). (3.25) 9%) =oo(x! tf a eae 


It is noteworthy that the expectation value of the total 


get, for the first approxi. 


number of created mesons, /(n*+(k))d*k, is infinite. x(n . Le ° mi Joule?) 
Another curious fact is that (n+(k)) tends to a finite ar Ox! dx 
value in the limit of the breaking of the condition (3.3). 
The only nonvanishing component of the Riemann . : 
tensor is (in the limit L — «) , f A(xi,x 


Rowm(t) = 3 (nim— Yim) [8’ (t— 7) — 8’ (t+ 7) J “ P , 
+L" +0) (200—Y00) (Mim Yim) x(: r(—9)4p007 
+ (y*+0**) (Mem—Yiem) (Msi— Yet) ] i 
x [6(¢— 7) 6(¢— 7) +-6(t+-7)6(t+7) ]. (3.26) 


0 
In spite of the singular expression of the second term of rs arlay " )e (x), (AQ at 
the right-hand side of (3.26) the following relation may =e as 
be admitted on account of the symmetric character in oe 
the neighborhood of singular points: px: 
do (xi fe ye“ | osh T)o(k, —T) pro 
eC 
fRomn(o—n +7)dl (nim—Yim)T. (3.27 0d 
+ (ko)! sinko(t+T)—(k, —7 | 
al 
Expression (3.25) can be rewritten as \ 
(n*(k))= +L (detmrz)? (n’™kikm+-m?)! (ko) l Under mene unitial comentions, do, Ob dx" and ~ 
- ie ees 0°hy/ Ox*0x” are of order 1. Therefore the second integral nev 
—ko(detnix) *(n'"kiRm+m")? ! on the right-hand side of (A.2) becomes ee 
X sin? (n'"kiRm+m*)[27/(—”))], (3.28 y 
and we can therefore express this quantity in terms of fe roe ae A WF cig m 
the Riemann tensor using relation (3.27). The quantity a 
n” which appears in the last term can be considered as a It 
simple correction of the time unit. n)'n™+1 L—g(—7—-OL) * (AB tot 
m« 
ACKNOWLEDGMENTS where @ is a constant, 1>6>0. On the other hand, the di 
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APPENDIX a 
One might try to treat the problem considered her¢ ; 
by means of the Yang-Feldman integral equation? The other first order terms are just what we get from the | ar 
first integral of the right-hand side of (A.2). Obviously 
ad these two expressions, (A.3) and (A.4), are different from T 
6(x!)=d0(x!)+ fam xix) each other « xcept in pecial « ist rhe difference between 
them arises from the fact that in the iteration method, 
a ra) a 0°p/dt?, which is really of order L, is replaced by the W 
x | e egy L( ~g)*¢* }- quantity 0°@0/dl?, which is of order 1. This situation R 
ot dl ol represents an important character of the present prob- 
eo" 0° lem, arising from the fact that the characteristic surfaces 
+g! — +! g(x’). (Al themselves are perturbed, and shows that attempts to a 
af Ox! Ax axeax’ | use standard perturbation methods in problems of this P 
?C. N. Yang and D. Feldman, Phys. Rev. 79, 972 (1950) type are likely to lead only to difficulties. 
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We study the analytic properties of production amplitudes as functions of the momentum transfer A? 
between one of the incoming particles and one of the outgoing particles, when the total energy and the three 
further parameters determining the relative motion of the three outgoing particles in the center-of-mass 
system are held fixed. We find that suitable combinations of the amplitudes are analytic functions of A? 
regular within an ellipse in the A? plane. It is also shown that in the same domain the cross section 0?¢/dA?dw? 
is an analytic and regular function of A*, w? being the total mass of two of the outgoing particles. The poles 
in A? conjectured by Chew and Low never lie inside the domain of regularity. 


INTRODUCTION 


HE purpose of the present work is to investigate 

whether production amplitudes and cross sections 
have analytic properties, as functions of momentum 
transfer, analogous to those found by Lehmann! for 
scattering amplitudes. Such a problem is particularly 
interesting in connection with the extrapolation method 
proposed by Chew and Low* to derive scattering cross 
sections from suitable production experiments. 


ANALYTICITY PROPERTIES OF PRODUCTION 
AMPLITUDES 

We consider a process where a charged particle of 
mass m (nucleon) with momentum ? collides with a 
neutral particle of mass w (meson) with momentum k 
producing a charged particle of mass m’ with momentum 
p’ and two neutral particles of masses uy’, w’” and with 
momenta k’ and k”, respectively. We disregard spins. 

A process of this kind will depend on 5 invariants. 
It is convenient to choose for such parameters the 
system W?=(p+h)*, the 
momentum transfer of two particles (we choose for 


total energy in the c.m. 


definiteness the one between the two charged particles) 
A’=—(p—p’)?/4, and the mass w= (k’+k")? of the 
system of the two final neutral particles. Further we 
use two parameters determining the direction of the 
vector k’—k” in the c.m. system. 

We define the T matrix 


16 (p+k—p’—k’— 


and T as usual is given by 


T fas U 


x (p’h’k” out! R’A(—2x/2)p{x/2)!0), 


(p’k'k” out | pk in) k’)T, (1) 


where 

R’A (x)¥(y)= —i(O2—p’) (O,—m’) 
XO(x—y)LA(x)v(y)], (3) 

and A(x) and y(x) are the field operators of the initial 

particles. 


*On leave of absence from the Institute of Physics of the 


University of Torino, Torino, Italy 
1H. Lehmann, Nuovo cimento 10, 579 (1958). 
*G. F. Chew and F. E. Low, Phys. Rev. 115, 1640 (1959). 


At this point we make use of the spectral condition 
and the local commutability. This we do by applying 
the Dyson® representation to the matrix element of 
formula (2). 


We obtain 
o(x?,u,p’ Rk’ R’”) 
Z. few fae -, (4) 
[3(k—p)—u P—K? 


where the support of the ¢ function, owing to mo- 
mentum energy conservation, is defined by the condi- 
tions that both the vectors }(p+k)+ and 3(p+k)—u 


lie in the forward light cone and 


ptk \*} 
cZmax 0 m,— ( +u) : 
,) 


M2— 


ptk \7) 


—_ 


» (5) 
? 


where m, and my» are the masses oi the lowest inter- 
mediate states which contribute to the two terms of the 
unretarded commutator. ¢ is a relativistically invariant 
function of «? and of the four four-vectors u, p’, k’, k’’. 
Alternatively, it may be considered as a function of x, 
u, p’+k'+k”, kh’ +k", k’—k". 

Here it is convenient to introduce in the center mass 
system, a polar coordinate system in three-dimensional 
space with the polar axis perpendicular to the plane 
defined by the vectors p and p’; the azimuths are counted 
starting from the direction of p’. In this system we call 
a, 8 the polar coordinates of u and a, 6 the polar coordi- 
nates of k;—k». The polar coordinates of p are 0, 4/2. 
The choice of this reference is suitable because ¢ will 
then not depend on @. 

In this system it turns out that ¢ depends on x’, to, 
u?, W, w, ko’, ko’, u- (k’—k’”), u-p’. 

The quantities ko’, ko’, |k’—k’’|, |p’| may be ex- 
pressed through W, w, sind cosa. Indeed |p’| depends 
only on W and w, the quantities |k’|, |k’”’|, |k’-k’| 
are solutions of the system of equations: 

(|k’ |?+-y)§+ (| |?-p’") 8 = (w+ | p’|*)4, 
2(|k’ |2+|k’’ |?) = | p’|2+|k’—k’”’ |?, (6) 
k’ |2@— | k’’|2= — | p’| |k’—k” | sindcosa. 
3F. J. Dyson, Phys. Rev. 110, 1460 (1958). 
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Thus ¢ is function of x*, uo, w’, W, w, sind cosa, sin8 cosa, cos8 cosb— sing sind cos(a—a). Consequently we m 


. ay “cu 
write, analogously to Lehmann: m4 4 
‘ oe in tn 
o 2 O(k VW wb, cosd, cosa, cos(a—a)) sind 
T (W,w, cos6,a,b) = dx da . - Hi 
zo(W) 0 x—cos(@—a) . 
with apps 
2(k*,W ,w,b, cosa, cosa, cos(a—a)) 
' = 
' Te a f 
1 ? ier K?+0?+4?—[to+ (m?—p?)/2W 
=— duy | udu | dr? dB 6t x— 
4rK 0 2Ku sing : 
Alte 
XK ox? ,o,u?, W ,w,b, cosa, cosa, Cos(a—a)) thet 


where K is the momentum of the incident particles in the center-of-mass system and x9(W) is the lower value of 
the variable x when u and «’ vary within the support of the ¢ function. It is: 


(m,?— pe") (m2— m? ; Th 
xo(W)={ 1+— 
K?| W?— (m,— m2)" 


Let us consider the combinations 


T+=T(W,w, cos6,a,b) +7 (W, w, cosé, 2x—a, b), 


wh 
and at 
T-=T(W,w, cos0,a,b)—T(W, w, cosd, 2x—a, b). (8 | 
as . q 
T+ may be written: 
. . (cosa, cosa, cos(a—a)) (cosa, cosa, cos(a+a)) 
[t= dx da a+ 
zo(W x—cos(@—a) x—cos(@—a) 
frc 
otk OSd, COSa, COS(a-+-a ) oi OSd, COSa, ¢ os(a—a)) 
4. { 9 
x—cos\@+a x—cos(0@+a) 
where we have explicitly written in ¢ only the variables which we are interested in 
We have N 
. P 2(x—cos@ cosa)[ Z(cosa, cosa, cos(a- a))+ Z(cosa, cosa, cos a+a)) | 
T+ dx da (10 al 
ro(W) 0 (x—cos@ cosa )*— (1—cos*@) sin’a u 
al 
In the same way: 
W 
7 - “J 2 sina A(cosa, cosa, cos(a a ) 2(cosa, cosa, Cos at d )) Cc 
dx da — ‘ (11 
sin@ ro(W 0 (x—cos# cosa 1 cos’é sin*a ° 
Is 
. ‘ j , ae , ) 
So we see that the integrands appearing in these ex- follows that also 
, ap a se De ; i p 
pressions of 7+ and 7~/sin@ are analytic functions of 1 / aratt } 
. ss . ol fa Z ,w, COSA,a,0) 
cos@ regular as long as the denominator does not vanish. ‘ ee 
ah c . . ce j - a 2] ) 
rherefore the integrals are analytic and regular func- + | 7(W, w, cos, 2x—a,b)\?} (12 
Sal pai ade Eee t Aber we ae a. . _ 7 a 
tions of cos@ at lea tin the region for which the de nomi- js an analytic function of cos@ in the same ellipse. So in ( 
nator ae not vanish in the domain of Integration. contrast to the case of elastic scattering considered by ( 
: yeabee ? » Ss. as > ase SC > ¢ ° 1 . ¥ 
Phis regu arity region 1s, 3 in the om - ol cattering Lehmann, it has not been possible to conclude that 7 
treated by Lehmann, an ellipse with focii a the points itself is an analytic function of cos@, due to the fact ( 
— , L - ce AXES Xp ¢ (x,2— s Thi 1c t . ° 
1 and a I and eMlaxes Xo and x 1) 7” Phis resul that ¢g doe snot de pe nd only on COSa@ Indeed in the case é 
s also separately » real ; » imaginary . . : ; : | 
holds also separately for the real and the imaginary of elastic scattering only one three-dimensional scalar | 
parts of 7* and 7~/sin6. product is present in gy, whereas in the production bia 
{ 


From the analyticity properties of T+ and T~/sin@ it amplitude three three-dimensional scalar products 








We may 


id ), 


ilue of 


(10 


(11) 





ANALY TICITY 


PROPERTIES 


occur. So we cannot exclude the presence of a cut of T 
in the cos@ plane due to the presence of odd powers of 
ing in the integrand of (7).‘ 

However, the particular sum of squared amplitudes 
appearing in (12) is analytic in cos#@ within the ellipse. 
ll 





rT: 
7=— f T 75 (k’ +R" + p’— k— p)6(k?—p 
((kp)?— my? |} 


After integration over ko’, ko”, 
then we have in the center-of-mass system 


OF 


po’ we introduce the variables k’+k”, k’— 
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ANALYTICITY PROPERTIES OF PRODUCTION 
CROSS SECTIONS 


It is immediate to show that also 62¢/dw?dA? where 
a is the production cross section, is analytic and regular 
in the same domain. In fact we have 


'2\§(p!/2— py’) 
(13) 


k’’=q and integrate over the first one; 


5(p—m’)0(k')0(k)O(p’ dh’ dth'’d*p’. 


ag | T 2 
o= <n f a LW (| k’ |?+-y)!§— (| kk’ |?#+-p’)}— (| p’|2-+-m)! Jaq p’ (14) 
64[ ( pk e— ms - Po ky ky 
The integration over |q! enables us to eliminate the 6 function of energy with the result 
i ri d|p 
o f dcos6 p’ 2 q ‘ dcosbdadw*, (15) 
32, (pk) — mw} Spo’ koko” dw? dW 


where it is understood that the derivative d|q 
at fixed W and 7°, po’, ko’, Ro’, |p’|*, d|p’ 

Now the quantities po’, |p’|*, d|p’! 
q’,diq) 


dw, 


3 


Tv 


from which we have: 


Oa 


1 d\p’| 1 
64[ ( pk)?— mp? }} 


Ow" d(cos@) 
Now we have proved that the quantity |7(a)|? 
+|7T(2r—a) |* is an analytic function of cos@ regular in 
an ellipse. On the other hand, all the remaining quanti- 
ties in (17) are independent on cos§, so 0?a/dw*d cosé is 
also an analytic function of cos# in the same region. 

By integration of (17) over w* in the allowed space 
we find that 00/0 cos@ is also an analytic function of 
cos# regular at least in the same region. 

From (17) we also immediately find that 6°¢/dw*dA? 
is an analytic function of A* regular in a region of the A? 
plane which is the mapping of the ellipse in the cosé 
plane. 

DISCUSSION 


Let us now compare this result with the conjecture of 
Chew and Low on the analytic properties of 0?a/dw*dA? 
considered as a function of A? at fixed W and w 


‘This result may depend on the choice of the parameters. One 
( annot exclude that another choice of variables (for instance W? 
A’, w?, k’k, k’’k) allows one to deduce analyticity properties of the 
production amplitude (for instance, as function of A?* at fixed 
W?, w?, k’k, kk) analogous to those holding for the elastic ampli 
tude. However, it seems that the variables we have chosen are the 
only ones which enable to deduce analyticity properties using 


only the Dyson representation 


d| p’ 1 
a Jf dcose p’ |°——dw” 
64[ ( pk)? — mp? }} dw" Po 


dW is done at fixed w, cos6, a, b; the derivative d| p’| /dw* is done 
q\*,diq 
dw* are independent on a. Moreover, owing to (6) the quantities ko’, ko’, 
dW depend upon a only through cosa. Therefore the integral in (15) can be written: 


f T (a) 


dW are expressed in terms of W, cos6, w, a, b. 


241T(2n—a)|? diq 


‘s q? dcosbda, (16) 
ko! ko!’ dw 
|T(a)|?+|T(2r—a)|? di q| 
f q!? dcosbda. (17) 
a Pd dw 


In the case of elastic scattering, for instance N+N 
— N-+.\, one expects a pole due to the exchange of one 
meson. The comparison with the results of Lehmann 
shows that this pole never lies inside the ellipse and 
reaches one of the intersections of the ellipse with the 
real axis for one energy value. 

For production processes we have to distinguish 
two cases: 


A pole in the A? variable due to the exchange of 
one particle is expected in both the production process 
and in the elastic process with the same initial particles: 
for instance, V+V — V+N and VN+N — N+N-+2. 

2) Owing to some selection rule this is not the case ; 
as instance in the processes N +r- N +r and 


N+a—- N+a+r. ’ 


Then it may be proved that for the production proc- 
esses of type (1) the pole in cos@ in the production cross 
section is farther from the physical range of cos@ than 
the pole of the corresponding elastic cross section. So, 
as long as it has been proved that the expected pole in 
the elastic process never lies inside the ellipse, it follows 
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that the expected pole in the production process always CONCLUSIONS TA 
lies outside the ellipse. We may marize the results as follows. Tt baa - 
Further it can be shown that in any case in the been possible to prove an analytic property of th pak 
production processes the expected pole attains its — productior amplitude analogous to the one holding fo a 
minimum distance from the physical range when w* the elastic amplitudes as function of cosé. However, m 
has the minimum value (yu’+y’’)?.® have shown that some special combinations of th 
We have investigated the cases of type (2), p+a amplitudes [formula 8 are analytic within the | si 
— pt+atm and p+A— p+K-+m for the threshold S#me regio e cos@ plane found by Lehmann in the | 
value of w*. In both cases we have found that the ex- ©@5©_ OF Clas! cattering with the same incoming 0 
pected pole never lies inside the ellipse, and only for “3 xi ata Me 
one value of W reaches the ellipse. This value is Pesos rials tile near ee NO 
W m+3.5 wand W M- Mx 3.6 uw for the two proc el punk os = eke ae y properties of the 
. Cross Secuiol Li 1 tu ion Ol cos’ are contirm 
esses, respectively. le , eo Lelie: ellip | 
5 7 ourse 0% awa AZ nds oO re s 2 apes oO eS —_— " 
this is a a the se ‘cae bee of the { mot nartl “2 ACKNOWLEDGMENTS k 
ogg _— k”’. In this case it is more convenient to consider Wi vould ( k Professor C. J. Bakker and 
: 1 ae Professor M. FVFierz for hospitality the CERN 
p?—p""?)?— Qu? (y’2+- py!) ]t awd A? Theor | Study Division. Furthermore, one of ys 
which in general is different from zero at w?=(u’+y’’)? and has R.A.), would ¢ | e “Fondazione Frances We 
the same analyticity properties of 6°0 /dw*dA? as function of A Somain i po! | 
{ 
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The change of the single-particle energies of \ 


mined and shown to shift the mean binding energ 


I. INTRODUCTION 


i has been shown by Brueckner and Goldman! that 
a redefinition of single-particle energy within the 
framework of the A-matrix approximation? for the total 
energy of a Fermion many-body system leads to single- 
particle energies which satisfy the separation energy 
theorem of Hugenholtz and Van Hove.’ It is the purpos« 
of this paper to give the quantitative results obtained 


1K. A. Brueckner and D. T. Goldman, Phys. Rev. 117, 207 
(1960): hereafter referred to as BG 

2K. A. Brueckner, Phys. Rev. 100, 36 (1955 

3N. M. Hugenholtz and L. Van Hove, Physica 24, 363 (1958 
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Vi 
lor the single-part energies and » the ground-state 
energies [ro ot BG procedure. e 


II. SINGLE-PARTICLE ENERGY 


Follo r BG, we start from the A matrix expression : 
for the gro | \ nsidered pie al ( 
\ lered as a function ol 
he occup ers of the Fermi gas, ix 
} 
/ 2 :% A A 2.1 
VU 











SINGLE-PARTICLE ENERGIES 


I. Breakdown of single partic le energy. The density 
1.07 x 1073 cm and an average binding energy 
Phe variation of corrected single-particle 


TABLE 
( rresponds to? 


ticle of 15.5 Mev 


ner par ° 
ak ae from p=0 to p=): corresponds to an average etlective 
mass of 0.73.M 
Potential energy (Mev) Single 
K second third particle 
Momentum matrix order order energy (Mev) 
0.1): 112.0 + 26.8 +O 4 75.6 
OOp, 69 6.4 
» 70.3 +.4* 6.14 17.8 
’ ! t ] O.lpr and p =0.97 
th 
1—n 1—n,) 
»  e Kk, 
E+] Ef" 


Nw 
Nm 


We have marked the single-particle energies appearing 
Eq. (2.2) with an asterisk to emphasize the point that 
ese ent rg Ss are not the ( ompl X energies of re al hol s 

or particles but rather the real ene rgies of virtual excita- 

tions. We IV for a more 


letailed discussion of this point. 


refer to BG and also to Sec. 


he single parti le energy now is defined by 


o> 


E.=0E/ On. (2. 


his definition leads to the Van Hove- 
energy 


= 


correction terms for the 


Hugenholtz eries of 
leads to a single-particle energy at the Fermi 
theorem for a 


satisfying the separation energy 





Er=E/N. (2.4) 
| , single-particle energy from that 
ven in the A-matrix a 


pproximation, which is 


+t 


I: p.?/2M)+).2e(Kas,as—Kas,2a),; (2 


r fa — 


rises from the change in the propagator in the K- 


m quation. This is due to the shift in the occupa- 
tion numbers as they appear explicitly in Eq. (2.2) or 
in the energies & In the approximation of 


implicitly 
based on the assumption of rapid con- 


BG, which Is 
vergence of the rearrangement energy series, the corre 
tion to the ene rgy due to the shift in the self-consistent 
energies E 
mly through the 
2.5). The change in particle energy then is 


* is included only in first approximation, 1. 
linear change in mq as it affects the 
econd-order term arising from the change in 


ext lusion ( fie ct upon hol re ation, 


S t 6 


and a third-order term from the change in the spectrum 


IN NUCLEAR 


or change 
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iG. 1. Second- and third-order corrections to energies 
of real hole excitations 


in the effective mass 


9 


1—m)(1—nn) K mn,i7? 


Fo Ea") M > nn 
0 
x / 


On. 


FEE, yr. f) 


Phese spond to the second- and third-order dia- 
grams given in Fig. 1 with the A matrix acting as the 


Corre 


interaction instead of the pote ntial. 

The derivative of the total energy required in Eq. 
(2.3) to determine the energy been evaluated 
numerically, using the A-matrix procedure previously 
applied by Brueckner and Gammel! to the determina- 
tion of the properties of nuclear matter. The derivative 
was obtained by making a finite change An, in the 
population of the Fermi gas and verifying that the ratio 
of AE/ An, was independent of the value chosen for Ang. 

lo simplify the calculation, we havé made use of the 
very weak dependence’ of the A matrix on total 
momentum and evaluated the A matrix at the average 


has 


total momentum in the Fermi gas. This leads to some 
complications in evaluating the change in the propa- 
gator in Eq. (2.2). We describe intAppendix A the 
procedure used to circumvent this problem. 

\nother complication arises from the occurrence of 
vanishing energy denominators in the A matrices deter- 
mining the energies of real excitations. These occur for 
holes, for example, from the energy conserving transi- 
tions made possible by creation of a hole in the Fermi 
s. To obtain the real part of the single-particle 
energy, we have taken the principal part of the singular 
encountered. In practice this was done by 


va 
integral 
making the replacement : 


1/AE— AE/[(AE)?+I°], (2.8) 


with I taken sufficiently small so that the result became 
independent of I’. A suitable value of was found to be 
9 Mev, which is reasonable since typical excitation 
energies are of the order of 50 to 100 Mev. 

rhe results for the corrections to the single-particle 
energy are summarized in Table I and their effect on the 


K \. Bruec kner and J L. Gammel, Phys Rev. 109, 1023 
1958 


This 1 


of the A matrix in the study 


esult was obtained in the detailed numerical! calculation 
of nuclear matter. 
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Fic. 2. Shift in single-particle energy of real excitations 


below the Fermi surface. 


single-particle energy shown in Fig. 2. The 
spectrum shows a considerable shift, the corrected value 
of —17.8 Mev at the Fermi surface now nearly agreeing 
with the mean binding energy. The remaining small 


energy 


corrections are probably due to higher order effects in 
the rearrangement energy. 

These quantitative results do not agree with previous 
estimates of Hugenholtz and Van Hove*® and of 
Thouless * The discrepancy arises from an overestimate 
of the second-order term and an underestimate of the 
third-order term, the latter coming from the shift in 
energy spectrum or effective mass of the bound particles 
in the presence of an excitation. 


III. EFFECT ON THE GROUND-STATE ENERGY 
We now 


the changed single-particle energies on the total energy 


turn to the determination of the effects of 


of the system. To do so, as BG have shown, it is essential 
to take into account the differences between the energies 
of virtual excitations as they appear in Eq. (2.2) and 
the complex energies of real particles and holes. The 


Fic 3 Second-order re 
arrangement energy correction 
to ground-state energy. 


6 J). J. Thouless, Phys. Rev. 112, 906 (1958). 
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second-order correction 
appears as an insertion into the g 


shown in 


- ‘ ~-] : 2 
lowest order in Fig. 3. 
parti n 


energy denominator of the 


il d Nnole 


BG, markedly reduces the size « 
We 


by introducing into the 


have 


single-particle energy a m« 
to tl 
order correction to the single-part 


le excitation energy ol the 


an insertion into the ground-stat 
Fig. 4(a). This term the only « 
Hugenholtz in hi lefinition of reduc 
to the single-particle energy. Tl 


o the single-particle energy 


round-state energy as 
rhe excitation energy 
now enters into the 


tion and, as shown by 


1 


t the shift in energy 
ted to the “off-er 


ergy-shell” effects 


second-order correction to the 


‘citation energy equa 


Fermi 


The third- 
Iicle Chergy appears as 
e energy 
orrection included by 


gas. 


as show ni 


ible contributions 
ere ‘are, however, the 


irreducible according 


hown in Figs. 4(b), (¢ 


and (d). These mbine very simply, as shown by BG, 
to give a change in ground-state energy equivalent to 
one-half t resi g from the ‘“‘on energy-shell” in- 
sertion of the third-order correction to the single- 
particle energy 

The change e ground te energy then is 
equivale to re ng from the change in single- 
particle energy due to the ‘“‘off-energy-shell” second- 
order term and one-half of the ‘‘on-energy-shell” third- 


order term. These hift the 


upward by ibout 5 Mev at the i 
at zero momentum. The resulting 


State ene rgy has 


1.5 Mev. This correction is of tl 
other uncertainties in the A-matrix 
that arising from ‘“‘off-energy 
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1 dk, 
I f | 
8 E,+E;—Em—En 


must be evaluated. This is a function of the relative 


form 


f(3\Km—k.!) (A.1) 


momenta 


k=3(k,—k,), k’=3(k,,.—k,), (A.2) 
and the total momentum 
P=k,+k;. (A.3) 


We wish to define an appropriate mean value of the 
total momentum and suppress in Eq. (A.1) the explicit 
lependence on total momentum. To do this, we first 
ignore the dependence of the energy denominator on 
total momentum. This dependence is zero, for example, 
in the effective mass approximation. We then write 
Eq. (A.1) in relative and total momentum coordinates as 


(A.4) 


with the integration taken so that the limits imposed by 

the exclusion principle are satisfied, 1.e., 
k, k+3P! <krp, 
k,;| = |k—}P| Ser, 
k,, k’+ ip > kp. 


(A.5) 


The re lation of k’ to k. also imposes the condition 


k,=k’—3P. (A.6) 


The result for the rearrangement energy does not 
depend on the direction of = so we replace Eq. (A.6) 
by the equivale nt condition 


k,|=|k’—}P|. (A.7) 


We then can evaluate the angular integral in Eq. (A.4), 
with the result 


lirk., P 


I f k'dk' f(k’), (A.8) 
P Jrirsar+he —P Pee -791) 


13 x ‘ , x 


where L{ } we near the lesser of the two terms. We now 


define the mean value of P so that it gives correctly the 


average of Eq. (A.8) if the variation of f(k’) is ignored. 
This approximation derives its approximate validity 
from the strong dependence on P as it appears explicitly 
n Eq. (A.8), and the weak dependence on P through its 
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Fic. 5. Average value of total momentum as a function of 
relative momentum, as defined by Eq. (A.13). The dotted lines 
indicate the average approached by large values of Pa. 


implicit appearance in /(k’). In this approximation, 
Eq. (A.8) becomes 


1 =4rk,?H (ka,P)[f(k’) lav, (A.9) 
with 
(Rat P)?—ker? 
H(k,,P) k.—P|<kr 
4kP 
i. k,—P|=kr. 


We next evaluate the average of J over P, since it is 
this average we wish to approximate by introduction of 
an average of P into Eq. (A.8). The result is, after 
evaluation of the angular integrals, 


[H(ka,P) Tar 


frarcnt..r) / f rarer), (A.11) 


G(P)=1, 


with 


0<P<2(kr—hk) 


Pk 
0) 2(kp?—k*)}<P (A.12) 
Our final value of Py, then is defined by 
[H(ka,P) lav=H (Ra,Pav) (A.13) 


The evaluation of Eq. (A.11) is straightforward but 
tedious; we do not give details here. The result is given 


in Fig. 5. 
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_ LEVEL STRUCTURE OF NUCL 


fhe angular momentum reduction of the K matrix® 


: given for central forces only by the equation 
(k’| Kk) =30,(2/4-1)(R’| Kil R)Pi(R’,R). (2.2) 
In nuclear matter, the strong noncentral forces art 


and the A matrix is defined by Eq. (61) of 
Brueckner and Gammel': 


mportant ‘ 


k'sm,’| K ksm 


(2.3) 
Tu1 
: | x / kb’ FIC( Im LO: sn Vir) a 
Lh ‘are 
hor / 


<C(Im,:1'0: sm 


In the triplet state, the attraction appears first in the 
te, for which Eq. (2.3) reduces to (we give the 


sum over m 


kl 


value S only 


relevan 


¥ (k’lm,| 








he A matrix as a functior 
natter 


156 reduction of the 








or ? 


f the A matrix 
liquid He 


Diagonal elements as a function 


ol momentum Ior 


This exhibits explicitly the coupling to the l’=2 state 
which is very important in determining the magnitude 
of the attraction. 

Phe k are given as a 
function of k/kr for nuclear matter in Fig. 1 and for 
liquid He’ in Fig. 2. These show that in He* the effective 
interaction at the Fermi surface is repulsive in the 
state of angular momentum /=0, weak and repulsive 
/=1 state, and strongly attractive in the /=2 
state. In nuclear matter the 1So state is repulsive,’ the 
and 'D» attractive. We turn to a 
effects of interactions on 


liagonal elements with ’ 


S; attractive, now 


consideration of the these 


level structure. 


Ill. LEVEL STRUCTURE 


The effect on level structure is expected to be 
appreciable only near the Fermi surface, where the 


relative momentum 


k= 3(k,—k,) (3.1) 


for the BCS type of pairing with ki=e, is equal to 
ky in magnitude. The interaction in the /th angular 


momentum state may then be approximated by 


, ! , . ‘oY a) ’ c a 

H U+1)V, > Cyt Ct Ce Ce Pi(k-k’), (3.2) 
kk/ 
witl 

| . (ky K, ky R (3.3) 
\ slightly different conclusion has been reached by V. J. Emery 
private communication) who finds that the 'So A matrix is still 
very weakly attractive at the Fermi surface. This discrepancy 


may be due to slight differences in the methods used to solve the 
A matrix operations 
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For an attractive interaction, V; as defined in Eq. (3.3) 
is positive. (For / even, the spins of k and —k must be 
antiparallel ; for / odd, they must be parallel.) 

We now follow BCS and make the replacement 


C_sC y=)». (3.4) 


The Hamiltonian can then be written in BCS form as 


H= DX 2ebs*bu— DL 2| | buda* 


k>k k I 


— (21+1)V, >> by*by Pi(k-k’). (3.5) 
kk’ 
In this equation the « are the single particle energies 
measured relative to the Fermi surface, i.e., 


€.= (k?— kp”) /2M*. (3.6) 


The value of M* is that determined from the evaluation 
of the level structure in the normal state. 

As a trial function, we again use the form of BCS and 
take 


1+A,6;,* 


with Yo the vacuum state. The expectation value of the 
Hamiltonian then is 


+ 


—(27/+1)V,> 
kk/ J+ 


P(k-k’). (3.8) 


A,|71+|Ay 


Equation (3.9) shows that the interaction term vanishes 
if Ay is a scalar. Consequently we take for A, the form’ 


Ag=anY #(k ko), (3.9) 


with Y,™( kk: ) a normalized spherical harmonic and k 
an arbitrary unit vector. A more general form would 
involve a sum over azimuthal quantum numbers, but 
we have not treated this case. 

We now carry out the angular integral in Eq. (3.8), 
using the expansion theorem for P;( k- k’). The result is 


b3 a. V (kk) . 

} 2 €k ; ie 

k>ke 1+a,? Y ?(k, ko) 2 
1 


E=2 


—2 >” | 


k<k F 1+a,7| Vi (k, ko) , 
Qk V (Kk, ko) 

} a ae 

k 1+ca,2| Vy"(k,ko) 


5A slightly more accurate ansatz can be shown to be 
A(1—A*)1'«Y,", but the results do not differ physically 
(or within the accuracy of other approximations in the theory) 
This more exact computation will be published in the future, 
together with more complete results on the thermal and other 
behavior. 


—V,A*, (3.10) 


with 


A 3.11) 


ANDERSON, 


AND MOREL 


The optimum choice of a 


minimizing the energy. We follow the procedure of 
BCS with the result 


E=N(0 any {— 
bor 


| Al 


is now determined by 


| have defined .\ 


the Fermi surface and replaced the momen. 


fc VO | dé. 3.13 


We discuss the choice of 


To obtain this result we 0) as the leve 
density al 


tum integrals by 


he cutoff energy AE in th 


next section. 
The characteristic energy € 9 in Kq 3.12) is deter- 
mined by the equation 
1 l } kk 
3 = ; 3.14 
} 2 € Te } k ky) ’ 
rhe single particle energy is given by the methods of 
BCS to be 
[¢ re y,’ k, ko) |’. (3.15 
Thus we see that there is no true energy gap, th 
excitation energy vanishing for orientations of k sucl 
that | Vy"(k,k is zero. In particular, for the best 
(i.e., lowest ene rgy) cases the gap vanishes at a poll 
and the density of states rises only quadratically with 


energy at first. In 1 we 


with ex<AF, we find 


g approximation, 


coupliny 


(3.16 


and 


€9=2AE 


The temperature \V iriation of €9 is also of interest. 


7 his is di ern ed BCS by Lne equation 
1 ] _ tani SBE — 
2 V ,"(k, ko) |2, (3.18 
Vi 2 fi 
with /, given by Eq 3.15 At the transition point 
where €) vanishes, Eq. (3.18) gives simply 
I PAF tanh(4(.« 
} de 3.19 
V(O)I ‘ € 


or 
V(O)V;)}. (3.20) 








rest. 


3.19 


3,20) 





LEVEL 


STRUCTURE OF NUCI 
We note that the transition temperature is independent 
of the azimuthal quantum number m chosen in the 
trial function of Eq. (3.9). 

The change in specific heat at the transition is also 
easily determined. The result is, following BCS, 


C.—-Cx — 
( ) 152L4n faa, Y,™(k,ko)|4}-. (3.21) 
i 7 


fhe angular integral in this result comes from the 
angular dependence of the single particle energy. 

The above results are given for the case of general m. 
For the / values of interest (/=0,1,2), we find for the 








energy 
E/N(0)(AE)* 
=—2exp[—2/N(0)Vo], /=0, m=0 
z r 2 2 
=—- exp + i=1, m=0 
3 | N(O)V; 3 
1 2 5 
exp + } j=). wo=] 
3 V(O)V; 3 
(3.22) 
2 2 } V3+1 32 
—— i —-~\V3 In aa | 
5 V(O)V. 9 v3—1 15 
l=2, m=0 
1 2 $7 
=— e| t | l=2, m=1,2 
15 V(O)V. 15 


Evaluation of the numerical constants shows that for 


1, the m=1 case has a lower energy than m=0 by 


ibout 36% and for /=2, the degenerate m=1 and 
m=2 cases are lower in energy than the m=0 case by 
ibout 24%. These energy differences are relatively 


small so that considerable mixing of modes of excitation 
vill probably occur at finite temperatures, particularly 
near the transition point where all m modes for a 
given / are degenerate. This situation complicates the 
analysis of the thermodynamic behavior; we have not 
carried out the study of the case of general mixing 
if m modes. 

The jump in the specific heat at the transition point 
for the 7 values given in Eq. (3.22) follows from Eq. 
3.21). The result is 


C,—C, 
( ) 1.52. i=0, m=0 
# 7 


0.84, l=1, m=0 


0.71, l=2, m=0 
1.06, /=2, m=!1 


1.06, /=2, m=2. 


_E 


AR 


MATTER AND LIQUID He? 1445 
Thus the change is strongly m dependent and a specific 
prediction is not possible in the approximation we 


have used. 
IV. APPLICATION 


We now apply these results to liquid He* and nuclear 
matter. In the former case, the calculations of Brueckner 
and Gammel give at a volume per particle corresponding 
to a radius of 2.55 A for the /=0, /=1, and /=2 state 

Vo=—(kr| Ko| kr) = —233k deg (A), 
=—(kpr|K,\kr)=— 60k deg (A)', 
=—(kp|Ko|kr)= 78k deg (A)*. 


(4.1) 


Thus a change in level structure is according to these 
results not to be expected in the /=0 or /=1 state. It 
should be emphasized, however, that the calculations 
of the total energy by Brueckner and Gammel gave a 
binding energy per particle of 0.96 degrees instead of 
the observed 2.53 degrees. To correct for this deficiency, 
an increase in potential energy of about 21% is re- 
quired, which could change the sign of the interaction 
in the /=1 state. 

Taking the results of Eq. (4.1), we expect pairing 
only in the state with /=2, which is a singlet state. 
The level density is 


CN (0) Jeingtet = kr M*/227h?, (4.2) 
with the effective mass at the Fermi surface 
M*=1.81M. (4.3) 
Thus we find 
VN (0) =0.337, (4.4) 
and 
kT. =0.059AE. (4.5) 


If we take as a rough estimate for AF the kinetic 
energy at the Fermi surface, which is 2.58% degrees 
(for an effective mass of 1.81M), then 


T.=0.154 degree. (4.6) 


This answer is, of course, very sensitive to the values 
of V2 and M*. A decrease in M* from 1.81M to M 
reduces JT. by about a factor of four. 

For nuclear matter, the repulsive ‘So interaction 
prevents /=0 pairing for identical particles. These 
instead pair in the /=2 state, where 

Vo=— (kp! Ko| kr) =0.66 Mev (10-" cm)’. (4.7) 
The level density for identical particles in the singlet 
state is as given in Eq. (4.2) with for the nuclear case 
M*=0.73M. (4.8) 

This gives 


V2V(0)=0.079, (4.9) 


which for any m value gives an energy shift of the 
order of 10~&AE which is negligible. 
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For the *S; state the interaction is attractive, giving The Fermi surface no longer spherical but distorted 
by | Kol ky) =65 Mev (10- cm)*. (4.10) with the perturbation depending on the mie angular 
momentum stati traction occurs. Althoug 
Taking the level density from Eq. (4.2) and inserting we have no empted to analyze this phenome; 
a factor of three for the higher density of triplet states, n de kely tl correlation will persis 
and the effective mass from Eq. (4.8), we obtain the oOverat ¢ for a similar to that deriv: 
result by BCS 
LV (0) Vo Jtriptee = 0.155. +.11) Rhye hs 
The resulting energy gap is which Hi rrelation range of roug| 
€)=0.00325AE. (4.12) 2004. Conse e liquid will break up int 
mall c of roughly this dimension in which a 
Taking as a rough estimate for AF the kinetic energy __ relatic ese effi hould be appare: 
at the Fermi surface, which is 57.6 Mev for an effective in € Spec i | er propertles at temperatur 
mass of 0.73M, we find close to 7 
€)=0.19 Mev. 413) ” we seek Set Te Se 
condu { I | yrre 1 1 likely lo ¢ 
This result agrees roughly with the energy gap which _ for id nly e 1=2 state, bu 
has been suggested from the analysis of nuclear level p probably v weak corre S 
structure. 0 ( ns may not be rele gs: 
V. DISCUSSION nae Ta saoaaiees. ail adi oe 
We have shown that in the presence of an effective . he conclusion fr a 
interaction which is repulsive in the /=O state, attra nuck 51] rine re prono ars 
tion in a higher state of angular momentum will not € ‘So P ver, probably also va 
lead to an energy gap but instead only to a changed , , re d proton orl 
level de nsity. Consequently, the phenomena of super . s ich : J 
fluidity (or superconductivity) are expected to be COP ; ? 5 TYPE Ma} a 
considerably modified if present in such fermion  ' ; 
; : = ° Santi neanenes 4s 7 — . 
liquids. A rather interesting typ of correlation does VI. ACKNOWLEDGMENT 
occur, however, since the increase in binding energy 
of the system is possible only through the introduction We at ( Dr. J. L. Gammel for supplying ' 
of a directional correlation in the liquid as in Eq. 3.9 ume! \ Tt I A trix element 
fer 
n 
eT 
b) { 
ve 
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] 


\s a step toward more general applications of angular momentum expansions in quantum field theory 


the expansion of the scattering matrix is examined in the case of scattering of spin 0 by spin 3 particles. The 


matrix is represented in terms of its eigenvalues and eigenvectors, the latter being eigenstates of total 


angular momentum. Using eigenstates of helicity to simplify the discussion, the eigenvectors may sometimes 


be obtained from the conservation laws alone. The eigenvalues are computed only to second order in a 


Yukawa interaction 





angular momentun 


sut the results are more useful than the usual second-order matrix elements. Since 
expansions lead effectively to solutions of operator equations, the expressions derived 


facilitate the relativistic application of Heitler’s unitary approximation (with an exact solution of the 
equation relating the transition operator 7 and the Hermitian reaction operator A) or the determinantal 


method of Schwinger and Baker. 


1. INTRODUCTION 
en the general utility of angular momentum 
W expansions in scattering problems well 


recognized, it is surprising that such expansions have 


IS SO 


not been exploited very systematically in the problems 
of relativistic field theory. The purpose of this paper 
s to show that it is convenient and practical to calcu- 
ate relativistic scattering matrices in such a way that 
momentum state is 
restricted to 
type dq b 


e contribution of each angular 
Attention is 


plicitly exhibited. two- 


>ctd. The aim 
sto present the two-particle submatrix of a scattering 


1 irtic e processes of the 


yperator M in the spec tral form 


3] M|a)=D (B|A)M Ala), (1.1) 


ere a) and 3) are two-part le, plane Wave States 
dX re presents a set of eigenvalues of some complete 
set of including the total 
ngular scattering operator 
refers to any operator M having the same eigenvectors 
th 


commuting observables 


momentum. The term 
collision operator S. Some examples are the 
ransition operator T7=S—1, the Hermitian reaction 
perator A defined by S=(1—3iK)(1+37K)", and 

Hermitian phase-shift 


operator defined by 


S=exp(2in). In seeking this representation (1.1) we 
ve in mind the obvious possibility of replacing 
nite-dimensional matrix equations by numerical 

equations. For instance, the solution ‘to the Heitler 
uation! 

3 T\a)4 1 2 fa (3\K VAY T a 

—1B\K Q) (1.2) 
$ simply 
3iTla > (BIA)T)Ala), 
ere 7) is given by 
Ty+ (1/2)K)T —ik,, 
use of the orthogonality of the states |X). 
* Present address Department of Physics, Boston University 


Boston, Massachusetts 
B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950) 


In two-particle problems in which conserved quantum 
numbers specify completely the initial and final states 
the exact eigenvectors may be determined easily. When 
there is no such complete specification by conserved 
quantities the eigenvectors depend on dynamical 
details. Still, one may isolate the angular dependence 
of matrix elements in orthogonal functions and reduce 
infinite-dimensional matrix equations to finite-dimen- 
sional ones. 

Since the dynamical effects are treated only in 
second-order perturbation theory in this paper, the 
calculation is to be regarded as principally for orien- 
tation. Even so, the results can be used to account for 
what would be regarded as higher order effects in 
S-matrix perturbation theory. With the ability to 
solve operator equations, several different approxi- 
mation schemes may be based on the coupling constant 
expansion of operators or other quantities related to S. 
For instance, Hermitian perturbation approximations 
to K or A~* yield unitary approximations to S via the 
solution of (1.2). Previously this methed of Heitler has 
been applied in field theory only with approximate 
solutions of (1.2 
tion of (1.2) was obvious without the spectral forms. 
The determinantal method,? which is presumably a 
great improvement on S-matrix perturbation theory, 


or in isolated cases in which the solu- 


also requires the 
values of K. 


approximate computation of eigen- 


In view of particular problems to be discussed in 
another paper the A matrix for the scattering of a spin 
zero Boson and a spin one-half Fermion is treated, 
T, C, and P separately. 
from Yukawa inter- 
actions, with all choices of relative parities and masses 


assuming invariance under 


The eigenvalues are calculated 


of the initial and final particles. The methods used work 
as well in other scattering problems and are also appli- 
cable in fourth-order calculations. 


2M. Baker, Ann. Phys. 4, 271 
r. W. B. Kibble, Ann. Phys. 7, 39 (1959 
determinantal methods in 
cated by J 


1958); J. J. Giambiagi and 
; The application of 
meson-nucleon scattering was advo- 
Schwinger in two lectures at Harvard University, 


February, 1955 (unpublished 
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Our procedure is to expand the initial and final plane 
wave states in angular momentum states before carrying 
out the integrations of the perturbation method. 
Instead, one could decompose the known perturbation 
formulas for the plane wave representation of scattering 
matrices into separate angular momentum contri- 
butions. But this method is not much easier than the 
one used here, and it is somewhat less explicit and 
informative. Moreover, in higher orders in the coupling 
constant the plane wave matrices cannot always be 
given in closed form. In such cases our method should 
provide a shorter route to the desired result. 

It should be pointed out that higher order terms of 
scattering matrix eigenvalues may be of considerable 
interest. The determinantal method? and possibly also 
the expansion of the inverse of K * show some promise 
of yielding sufficiently rapid convergence (for observed 
strengths of coupling) to allow some crude quantitative 
estimates of the predictions of meson theory. These 
techniques, which are systematic and renormalizable, 
might provide a useful complement to the studies of 
analytic properties of scattering matrices which have 
recently been in the center of attention. This is par- 
ticularly so since one would still like to test the old 
ideas (e.g., the Yukawa interaction), and this does not 
seem possible without improvements in approximation 
methods. 


2. SPECTRAL FORM TO SECOND ORDER 


The initial state wi'l be |1)= | gpoa), where g= (qo,q) 


is the four momentum of a spin zero Boson of mass yu 


and p=(po,p) the four momentum of a spin one-half 


Fermion of mass m. g will also be used for the magnitude 
of the three momentum in the center-of-mass system 
when no confusion can arise. The helicity, o, is the eigen- 
value of s-p/|p!=s-f, where s is the Fermion spin 
operator, and a is a channel index containing whatever 
further information is necessary to specify the state. 
The final state | f)=|q’p’o’a’) will be similar but with 
masses yp’ and m’, 

The second-order K matrix is proportional to the 
second-order S matrix.4 Since Kys2)=72S2;, we have 


(f| K|1t 


factors arising from the charge space and C and D are 


i(n©°C+7n”D) where n° and 7? are numerical 


the “crossed” and “direct” terms which can be written 
in terms of the interaction picture operators and states 


as follows®: 


*R. L. Warnock, doctoral thesis, Harvard, 1959 (unpublished) 
The author has learned that the expansion of K~, suggested to 
him by Dr. Harold Weitzner, has been considered in more detail 
by Kenneth Wilson. The hope for the K~! and determinantal 
methods is based on encouraging experience with the static model. 

‘J. Pirenne, Phys. Rev. 86, 395 (1952). 

5 Operator and state normalizations and notation not otherwise 
explained will be the same as in S. Schweber, H. Bethe, and 
F. de Hoffmann, Mesons and Fields (Row, Peterson and Com 
pany, Evanston, 1955), Vol. I. 
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iC e'() fac [o (x) (x’) 
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XI’G wo (x’— x) TY (xo (x’) ‘), 


iD se) fewnte 


XI’G wo) (x’ — x) TY (x) (x) ] > 


(2.1 
(x yp (x) 


Here h=< 


constants. 


1 and g and g’ are unrationalized coupling 


vy: k+m; 
f "Ses d*k. 
k?—m?2+1e 


where m, is the mass of the Fermion in the intermediat: 
1. All possibilities 


for the vertex matrices [ and I’ will be considered. 


: , 
Gwy(x'—x 2r 


tr 
tm 


state and the metric is g”=—g** 

The term iC, which contains all angular momentum 
states, will be treated first. Later we can write down 
easily the simpler term 7D containing only j=}. Using 
the adiabatic decoupling hypothesis and the com- 


mutation relations in the usual way 7C becomes 


iC = gg’ (2r)-*W fe ex) eile 


KI’G Tua (prem tP, (2.3 


Ua (p’) 


where 
; ; , i 
Vi m'm/4qo po Gopo)’ 
we do not follow the usual pro- 
cedure of reve rsing comple tely the order of space and 
Instead of eliminating tl 
wave functions immediately we first expand them in 
states. To deal with angular 


After inserting (2.2 


momentum integrations 


e 


angular momentum 
momentum one must work in three dimensions, so the 


time integrations are carried out first, and then the k 
-x) by the time 


integration. This replaces Gio) (x’ 


independent Green function 


where e,; and e; are the final and initial energies of the 


system. The following notation will be used for the 
three-dimensional Green functions: 


~~. 
2 
i 
= | a 
b - 
a 
=" 
> 
m 
At 


G v; Em E+iy: V+m)Gw (x; 6m). 
By contour integration one proves that 
Cc vr: &.m — 2x exp(1K—e 2K)x, (2.6 
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ANGULAR 


MOMENTUM 


where K= (S°—m?*)!. When &<m?, K is to be inter- 
preted as 7|K and we have a propagator which de- 
creases rapidly with the separation of the spatial points, 
corresponding to the limited propagation of a virtual 
particle with energy less than the rest mass of the 
corresponding real particle. Differentiating, 


G(x; &,m) = — 2 LyoS— iy: &(a1—iK) +m) 


Xexpl (iK—€/2K)x]. (2.7) 


In (2.4) we have &= po—qo’ where (po—qo’)?<m? for 
the cases of interest. K is imaginary, so all remaining 
integrals will be well defined if we set € equal to zero 
at this stage. In fourth-order scattering the case of real 
*® occurs. 

Since Gi* has a simple dependence on x’—x a change 
of variables is called for. The transformation x’—x=r, 
x’=s gives the exponents in (2.3) a convenient form, 


—i(q’-x+p’-x’)+i(q-x’+p-x) 
= —i(q’+p’—q—p)-s+i(q’—p)-r. 


Now the s integration produces the delta function of 
total three momentum. Transforming to the zero 
momentum frame and substituting (2.7) we have 


iC = —gg’d*(AP)[2(2r)?W 
x far lig’ (po', —q’)ev* 
XI’ Lv0( po— qo’) — ty: P(r" +p) +m; | 


XT ue(po, —qe*ttrer/e, (2.8) 


L 


of the initial and final wave functions in eigenstates of 


where p-'!= —iK=[m?—(po—qo')*]'. After expansion 


j the integration of r over sojid angle is trivial. This is 
true in spite of the angle dependent term y-?, as we 
shall see. 

To discuss the expansion of the wave functions the 
following representation of the Dirac matrices is par- 


ticularly convenient: 
( 0) *) 
=—5 0 


(2.9) 
0 -1 
a ( : ) 
—=—s 0 
The sign of the mass term in the Dirac equation 
[ —iy*(0/dx,)+m hy (x*)=0 (2.10) 


is appropriate for the propagator (2.2). A maximal set 
of linearly independent plane wave solutions of (2.10) is 


; potm\?} 
ul Po,p)e~*?7= 
2m 


cu 
x| Je we. (243) 
[o-p/(potm) J" 
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where w=+}3, po=+(p?+m’)! and the & are the 
eigenvectors of a3. Since the normalization is given by 
w= po/|po|, the expectation value of the Fermion 
particle density operator with respect to one-Fermion 
states is always (27)-*. The functions (2.11) are eigen- 
functions of spin only if p is in the z direction. pu is the 
helicity if p is in the positive z direction. Since helicity 
is invariant under rotations, one may obtain an helicity 
state with arbitrary momentum direction by rotation 
of a z direction state. Looking first at the Pauli spinors 
we notice that an eigenvector of the Pauli helicity 
operator 30- f with eigenvalue o is 


) Dyo*(—$p, —0,, O)E;", 


where 6, and ¢, are the polar and azimuthal angles of 
p and the rotation group representation Dy m’(a,B,7y) 
is as defined by Edmonds.® Now it is easy to see that 
the Dirac helicity states are as follows: 


Uo (po,P) =r. Dyo*(—¢p, —6>, 0)wy(po,P). (2.12) 


The angular dependence of the right-hand side is not 
entirely in D,,4, since the spin operator is not the 
generator of rotations of Dirac states [i.e., wy(po,p) 
contains orbital angular momentum ]. However, the 
angular dependence may be transferred entirely to 
D,.' through the following identity: 


Du Dyusto- HEy"= (— 1) Dy Duo by". 


This is easy to prove using the explicit functional form 
of the group representation. The particular spinor we 
need is 


potm\' 
Ua( Po, -a)=i( ~- ) > Dy-o!(—¢4, —9q, 0) 


2m 


(2.13) 


coe 
$3 


, (2.14) 
ig — 


x, —1)* 


where we have used (2.13) and the following relation 
between the D’s corresponding to directions —q and q: 


(2.15) 


The expansion of “,(o, —q)e** in angular momentum 
states, which is needed in (2.8), may be obtained 
directly from (2.14) and the expansion of e‘4? in 
spherical harmonies. Alternatively, we may begin with 
the z direction state 


Dyo!(—¢—1, 0—1, 0)=iD,-.*(—¢, —6, 0). 


Ua( po, 0, 0, —g)e*®, (2.16) 


expand it in j states, and then rotate. Following the 
latter procedure we define two-component, orthogonal 
functions by 


X."(r)= du U(x), +, Oop, I(x), i, |x| —4, 0) 


X Vn? * (rey, (2.17) 


6A. R. Edmonds, Angular Momentum in Quantum Mechanics 
(Princeton University Press, Princeton, New Jersey, 1957). 
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where \fter substituting (2.21) in 
l(x)=k, k>O0 over solid angle one n 

k=+1, +2, : é' ‘ the matrix element. making u 

L(x k|—1, «<0. nese ae 

orthog \ I X Chere 

These would be nonrelativistic eigenstates of 7, with from ert P tate 
j=\k\|—3, je=o. The Clebsch-Gordan coefficients in with both X.“ and x 


(2.17) will be as defined by Condon and Shortley. The ? 18b). OF , { cor! 
following properties of the functions (2.17) are to be l is not conserved relativistically 
noted’: Before t e ! 1 
; introdu ym LD) 
KX, =o L T 1 i 7, ’ 2.18a > es , 
275*(Al K e K 
o-7X,°(r)= —X_,?(r) (2.18b) form, 
The plane wave (2.16) is expanded in the eigenfunctions K > (a A 
he: 
Uz( po, 0, 0, —q)e > us, 
« | é mn 


2.19 r D 


u, is an eigenfunction of the two operators 


i l ( \ | 
y= (L+ie), x=—yo(it+e-L), 
but not an eigenfunction of the helicity operator (kx > ( iL) «| qo 
and o are complementary observables). After expanding ' 


the exponential in spherical harmonics one can use thi 


orthogonality of the X,” and the values of the Clebsc! 

. . ° ° on . r é , r 
Gordan coefficients appearing in (2.17) to obtain th 
coefficients 

pli I 
ar ©) (po+m 
” 27K [’ i m 
1 - ‘ - 2.20 a ae 
n m lj ” (po—m)? 
where s, is the sign of x. Then we have, finally, for the 
rotated states, tival tne | Wits 
Ug( Po, —q)e'4 e they ic y) ir 
2m | k i. 
>. ¢_.7 3p,.,'* —d,, —6,. 0) 
. m is Io 
| 1 
byot+m © Dey (gr) XH (9 i : 


a 7 , (2.218 


Ua Po, qje'a'F 
2m | kK woe 
i> s_,7 9D, _,|*!-*(—¢d,, —0,, 0 
Ki m a’ |K k r 
potm ") Dixy (gr) X* (9 } a’ K K Ae ( 
> ‘ I Wb 
po—m)*t!—® F1_) (gr)X_ (9 t 1¢ ) 
expr nd 
(2.21b) was obtained from (2.21a) by complex con For t ve 
jugation, multiplication by yo, and the transformation 
7? r. 
7M. E. Rose, Elementary Theory of Aneular Momentum 
Wiley & Sons, Inc., New York, 1957 ) 0)=D 


1A 


( 


.o) 


() 


*(O6< 


and integrating 


iy read off the various terms j; 
of { 
vill be 


involving X 


2.18b) and th 
“transitions 


« tO terms 


ate, because 
to the fact 
integration y 
K by K 


¥ 
US, | Qo ) 22 
) 2 
0, .0 
k 
4 
} 


iuization, W 
95 
1. The rounde 
functions (2.23 
presentatives ol 
It ection | 
} lat 
4 rye ecttere 
¥y 
2.2¢ 
' 
I ¥ 
ein (¢ ind d 
clement corre 
e writtel 
D 
97 
t Zi 
A’°D 
tor ind sin 
| 
re interchange 
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ions A 1) J. 
po’ +m’ 


t that } J_.—(po—qo+m,)J 
‘ Se 

K (Ppo— qo Fmi)qq , 

( po’ +m’) (pot+m) 


‘a 
} 
Y q 


po’ +m’) (potm) 


Po— qo =m) 


»> 90) 


ie 
) 73 Where there is a choice of sign in (2.28) the upper sign 
es ( orresponds to case (a) or case (c) of (2.26). After the 
The expressions (2.28) are computed it is easy to find the 
tered uantitic 
( 1B ( AB;-?, 
 % e i nd B re obtained from the corre- 
sponding quantities / ind b by the interchange 
| opin i ee - 2.30 
orre 
The radial integrals (2.29) are evaluated in_ the 
\ppendis 
rhe direct terms are 
77 
dD, 1(eFm 
nilar D; Lgq'L (po tm’) (potm) (etm : 
; 2.31 
( , P 
ve D; 1 | p ” (em s 
dD; FIA gl (potm) (erm 
| 
Phe terms (2.31) were obtained simply by substituting 
the states of definite helicity (2.14) in the well-known 
formula 
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ge’6*(AP) 
—q’) 
2dr)" 
Yoe+m, 


xP Pu,( po, —q). 


9 


e—m? 


(2.32) 


The method used for the crossed terms is unnecessarily 
complicated in this case, since there is no term de- 
pendent on angles in the denominator of (2.32). 

In (2.28) and (2.31) the superscripts (—) and (+) 
correspond to nonrelativistic states with /=j7—} and 
l= j+4, respectively. 


3. GENERAL COMMENTS ON SCATTERING 
MATRICES 

Suppose first that charge space quantum numbers 
(together and _helicities) 
specify the initial and final states completely. Suppose 
further that these quantum numbers are conserved 
and that the theory allows no changes in intrinsic 
parity® [i.e., « is conserved, as in cases (a) and (b) }. 
When these we designate the situ- 
as case (i). Taking eigenstates of charge space 


with masses, momenta, 


conditions are met, 
ation 
quantum numbers as initial and final states we may 
The eigenvectors | M’) of the scattering 
operator M satisfy the equation 


, 
choose a a@. 


> fe p d ] p’q’o'a M pqoa pqoa M' 


> fe q rg, =<? q) p’g'o'a M [ pot q), —q |\qoa) 
x (Lp 
M"(p'q'o'a| M’), (3.1) 


gq), —q lgoa M") 


where (3! M\a)=6'(AP)(8|M'a). The abbreviated no- 
tation 


[p (9g), —q lgoa 


The 


with which we deal are!” 


qoa 


will be used from now on. representatives of the 


qaa 
LS , €Q qoa 4 (3.2) 


é is an energy eigenvalue, and & a charge space index 
of the same variety as a. (3.2) is proportional to 
5(@,a)6(€—€(g)), at least with appropriate definition 


of the a and & variables. After factoring the 6’s out of 


3.2) it is difficult to maintain the usual bra-ket no- 
tation without Spec ial interpretations. Therefore, we 
detine rounded bracket Sy mbol 

US, EX qoa 6(@,a 5(é —€(g y( TUS « qo). (3.3) 

2.22) is obtained by expressing K|i) in terms of 

Ordinarily, if charge space quantum numbers specify the 
tates x will be conserved automatically 

Both bra and ket depend on three variables with infinite 
domains and two with finite domains 
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(3.3). We write (js,’a’ K| js,a) for 
( jus,’ ea! K JMS €) 
since the quantity is independent of u (due to rotational 
invariance) and its dependence on energy is obvious. 
Still considering the simplest case, covered by (3.1), 
it is clear that the normalization (2.24) is the natural 
one. That is, 


> fea M | qa) (qo! jus.) 


¢g 


(75a M jsex)(q'o’ JMS x) M'(q’o’| jus). (3.4) 

A more complicated situation is that in which x is 
conserved but the other conserved quantum numbers 
do not specify the states completely [case (ii) ]. An 
example of this kind may be present in the case of the 
interaction of negative K mesons and nucleons, pro- 
vided that the parities of the K meson with respect to 
the relevant baryons are such as to allow no changes of 
x. For instance, a 7 =O state formed from K and 
nucleon may go either into a similar state or into a 
T=0 state composed of w and &. In case (ii) the eigen- 
vectors depend on dynamics. Introducing some non- 
conserved index a which will distinguish charge states, 
one would have to find the eigenvectors of the finite- 
dimensional charge space matrix (js’|M! js). In 
the example just mentioned a could be an index to 
distinguish the states KN), |xA), |xd), as well as 
values of total isotopic spin and charge. 

In case (ili) we have changes of «x as well as an 
incomplete specification of charge states by conserved 
quantum numbers. This would be the case in the 
K-nucleon reaction if scalar K-nucleon-hyperon inter- 
actions were present in the company of pseudoscalar 
m-baryon interactions. Of course, in a system in which 
« can change there is also the possibility of it remaining 
constant, since elastic scattering is always possible. 
Considering all channels on both sides of a reaction one 
would have the problem of finding the eigenvectors of 
a matrix with dimensionality twice the number of 
values taken on by a (i.e., (js,’a’| M| jsya)). A matrix 
of the same dimensionality would result if we used 
eigenstates of helicity as intermediate states. 

In practical applications there is usually no reason 
to find the spectral forms of the finite-dimensional 
matrices in cases (ii) and (iii). Infinite-dimensional 
matrix equations may be reduced to finite-dimensional 
ones which are solved more easily by matrix inversion 
than by computing spectral forms. 

It should be recognized that any spin O-spin 4 
scattering matrix (f|M!i) may be written in the form 
(2.22) as long as the conservation laws we have assumed 
are present. Only the asymptotic wave functions and 


the conservation laws are necessary to obtain this 
result." 
1M. Jacob and G. C. Wick, Ann. Phys. 7, 404 (1959). This 


paper, which uses helicity states to discuss the general form of 


LEE 


WARNOCK 


4. SOLUTION OF HEITLER EQUATION 


In applying the preceding results to the Heitle 
equation we define (f|/T|i) by (f|T|i)=—2mnid*(ap 
X(/|T) i). Suppressing helicity and channel indices we 
have 


(f| Ki), (41 
below the energy threshold for particle production, 


With substitution of (2.22) and a similar expression for 
(f\T\i) the application of (2.24) gives 


os Oe pain ae bg, sa 
(7s, r ]S <Q +i > isa K JS) 

: gh ngs 5. Sehaiiiiiie sr 

x (78,4! T! 7s. (js,/a'|K st), (4.2 
where the summation is over &, and @. In case (j) of 


Sec. 3 this reduces to a numerical equation. Using the 
notation (2.27), the 


usual by 


real phase shifts are defined as 


K jaa mw tand?*«%, (4.3a 
The solution to (4.2) is then 
rT; m' sind’*«4 exp (16/**«), (4.3b 
In case (ii) the solution is 
[4 l+-mK?)IK, (4.4 
where the subscript 7 has been dropped and matrix 


to channel indices is under- 


multiplication with respect 
stood. With case (ili Eq. $.2 yields 


TO+ni(KOT7 KCYTO)=K™, 
ie : (4.5 
1 + wi (K TO+KYTO )=Ke), 
and two similar equations obtained by the substitution 
(+) < (—). Solving the set of four simultaneously we 
have 
T 1+7i(K rik (1+-2i1K™)1KG~) 
xX LA wiK 1+mK)7KG~ ], 
1 1+7i(K 71K (it+miK@™)IKC?Y) 
XKoO>[1l—wi(l+miKO)'K®]), (4.6 


additional equations from (+) <> (—). The 
is not as laborious in 
might think, since the matrices 
involved contain lots of holes (i.e., either Kara‘* or 


Kara 


and the 
computation of inverses in 1.6 


prac tical Cases as one 


is zero for a p irticular choice of a,a’). 
5. IMPLICATIONS OF TIME REVERSAL 
INVARIANCE 


According to (2.28) and (2.31 


symmetries 


our K matrix has the 


an , 
]S K SQ), 
. r yf? 
jsca| K\ js,’a’), 


(5.1a) 
(5.1b) 
the scattering 


matrix, appeared after the present work was 


finished. Jacob and Wick do not discuss dynamics, and in our 
problem their point of view is slightly different in that they do 
not refer explicitly to x conservation 


where 
equat 
and a 
In no! 
factor 
We hi 
of int 
to sh 
and t 
sary | 

Th 


inver 


Cut 


Teitler 
(AP 


CeS we 


(4.1 


Ction. 
on for 


(4.4 


atrix 
nder- 


1tion 
y we 


was 
our 
y do 
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where (5.1b) holds when s,#s,’. Of course, these 
equations are the result of time reversal invariance, 
wnd are not special to the second order approximation. 
In nonrelativistic theory the customary choice of phase 
factors of states leads to a real, symmetric K matrix. 
We have an antisymmetric term in K whenever changes 
of intrinsic parity can occur. Perhaps it is worthwhile 
‘0 show that this is correct with our choice of states, 
and to indicate the trivial modification of states neces- 
sary to obtain a symmetric K. 

The theory is invariant with respect to Wigner time 
‘aversion if there is an antiunitary operator T such that 


TH (t,r)T 


where H(t,r) is the interaction Hamiltonian density in 
the interaction picture.” (5.2) implies T—~ST=St, 
T"KT=Kt=K. From the antiunitary property 
Ty, Ty¥2) = (Yi,W2)* it follows that 
(Ws,KWa)= (Wa' Ky’), 


where Ty. We wish to show that (5.1) is equivalent 
5.3). T may be constructed explicitly as follows: 


T¢(t,r)T" 
Tot (t,r)T-'= e* ot (—1, r), 
Ty (t,r)T'=nTy(—-1, vr), 
TY (tn) TO= nt (—-2, Tt. 


H(-1t,r), (5.2) 


(5.3) 


, 
to | 


ep(—l,r), 


(5.4) 


[he field operators are in the interaction picture. €, 9, 
and the matrix ZT must be chosen so that (5.2) is 
satisfied, and so that Eqs. (5.4) do not contradict the 
field equations or commutation relations. The latter 
requirement is met by taking T proportional to y'y* 
‘with our representation (2.9)] and |e|?=|n|?=1." 
The choice T7=iy'y* is convenient. To derive a neces- 
sary condition for (5.2) consider the scattering process 
at+a— 8+), where Greek letters correspond to Bosons. 
The interaction will contain, among other terms, 


eV WWabat ge’ vol past. 


c*T, (5.2), (5.4), (2.9), and 


(5.5) 


Taking account of Tx 
5.5) imply 


€aNa= €8Nb, r r (5.6a) 


€aNa= —eans, TXT". (5.6b) 


Of course, one may show that there exists a set of ¢’s 
and y’s sufficient for (5.2) and consistent with (5.6). 
Now write the helicity state |q,c) in terms of the field 
operators : 


q,0) = (27) fas Y(x)U( po, —q)e'—9*-P970) (hy/m)! 


x faye y i a (2qo)! 0 ° (5.7) 


2 We follow the point of view of G. Liiders, Ann. Phys a 
(1957). 
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Using Tc=c*T, T|0)=]0), (5.7), (5.4), and (2.14), we 
find that 


T | q,c)= en(—1)*+4| —q, o). (5.8) 


Combined with (5.3), (5.6), (2.22), and (2.15) this 
yields exactly Eqs. (5.1). 

The antisymmetry (5.1b) arises from the phase 
relation (5.6b). This may be compensated to give a 
symmetric K matrix simply by multiplying certain 
states by i, because of the antilinear nature of T. 
Construct a maximal set of states |q,0,4) which are 
connected to each other only by transitions which 
involve no changes of x. Multiply these states by 7, and 
leave all other states |q,o,B) unaltered. Then for the 
A states we have 


Ti|q,c,A)= — en(—)?*4i|q,0,A), (5.9) 
and (5.1b) becomes 
(js,’B|K(i)| js,A)=(jsA | (—i)K| js.’B), (5.10) 


because (5.6b) is compensated by (5.9). (5.1a) is 


unaltered. 


6. CROSS SECTIONS AND POLARIZATION 


Expressions for total and differential cross sections 
are derived without trouble by using the properties of 
the group representations. For the total cross section 
for scattering from channel a to channel a’ we find 


2m (ah/q)* 3; (27+1) 
X ( Titer |24 T ja’ a‘*|?), 


7 (6.1) 


or a similar expression with T¢~ and T+ replacing 
T@ and T™ if s, changes. For the differential cross 
section without spin sums the result is 


(do/dQ) at ac'a= (xh/q)?| ¥; (jo'a’|T| joa) 


X (2j+1)D_o--«'(06$)|2, (6.2) 


where 6 and ¢ are the angles of the final Boson in the 
zero momentum frame with respect to the direction of 
the initial Boson. In terms of the s, representation the 
matrix in (6.2) is 


(jo'a’ T joa)= 1 (T' 
+(-—1)” 


(6.2) may be evaluated in various ways.'' When no 
polarizations are observed and only j=} and j=$ 
terms are included one obtains the familiar expression 
(for s,=s;,') 


4 (—1)"teTH 


ITH 4 (—1)ITH) ara. (6.3) 


(do/dQ) aw a= (rh/g)*{ | TO —T3 |?+ | TP —T;© |? 
+2 Ref 7,07:;%*4+2(T,0CT3,0*4+-T PT; *) 
—57T;-T;* } cos6+[3(| 73 |?+ | Ts |?) 
+6 Re(T,0OT;P*+-7,PT3 *)] cos’é 


+18 Re(T3T;*) cos}, (6.4) 


where 1 and 3 indicate } and §. The less familiar ex- 
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pression for s,#5S, is obtained from (6.4) by the — substitution T >] a » 7 in the numer. 
substitution 7 — TC’, T¢ xi , ator, and the different substitution 7 »T 
Since the statistical density operator for an un- 7°‘*)—> T* in the denominat 


polarized initial beam is } >), | qo)d*g(qo, the polari- 


— 


zation of the corresponding final state fermions is ACKNOWLEDGMENT 


OF w. 


“ . | wis to tl ni Pr yessor Sci wingel for helnfn 
P(6)= & (qo|Tt!q’o” elpf 


ie — 1 Pee . 
Kao 8 (GXG)/2 4X4 149) APPENDIX 
xX (q’o’| T\qo)L> (qo| T' | q’o’ Phe 


ya e\ lator ft the radial integrals 2.29 is 
mi reduced to the tegi mn of rational functions hy 
XK (q'o" | pr qo’ )(q'o" I qo)", (6.5) substitutio f the { integral representatioy 
= | = ; ot ‘ é f , 

with channel indices suppressed. 

s and pr are the Fermion spin density and particle . 

density operators: | dal 
cg UV 

s= bY" (a ia pr=Y" (x)p(x) \fter I oO trans 

O ¢ the ( ) Le ors ar 

Using (5.7) one finds" . : ae Pay : i a — < 


(q’o"’|s-(qXq’)/3'qXq'| |q’o’ re given be 


m £0 } 
ar _ 06.0a ] ) 1 ) 
p 7 0 


J ? 1 \ 1 
q'a’ Pr q'a’ (Ir “f 6.6b 


J - 4 1 | n 
{ 1320 
In (6.6a) the first and second rows correspond to ig Fi Q a 13 , 
equal to 3 and —3, respectively, and similarly for 
columns. Including only j=} and j=} states the a, 6, andy are the | ng dime ess quantities 


polarization for S,=S a 


P(0)=2(m/ po) Dara sind Im, T\“~*7, 
T3*T OAT * TP 4T,*T;, ow 
3(T3°0FT P+T,*T;™ ) cosd é i 2 
LOT 7 cos’é |. (6.7 some of | \.1 [oe Ce 


Y represents the contents of the bracket in (6.4). The 
corresponding expression for s,A5s,’ is found by the 


K 


3 The energy dependence peculiar to relativistic spin mat 





see Eq. (6.6a)] makes it necessary to define polarization in the | 1) 0. o’+0 

rest system ol he particle if or does not derive this energ ’ 

parti sometimes needed. Vi 

dependence from an explicit wave equation as we have done. Thus 

the polarization expressions of Jacob and Wick (reference 11 , , 
; : : . J () ) / \) t \4 

are not directly comparable to ours since they are not strict 7. f ri ; 

valid in the center-of-mass system (although they are ¢ 

in terms of center-of g angles). For the prope nd 0 I 

relativistic transformatior i il syste see ( Ks } ed | bs uting t 

Kuang-Kao and M J. Exptl Theoret. Pt ) 1 f | { Ol r 
> 2 = 5 ( i 1 <4 I ns 
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\f \ relation between the 


differential cross sections for certain angles and energies of inelastic 


nol 


AS 1. INTRODUCTION 


ior ‘ie work of Panofsky and Allton! has shown that 
the produc tion of pions in electron-nucleon 

| collisions offers a new experimental tool for exploring 

| the structure. 


nucleon Elec troproduc tion of pions can 


| bere garded as a modification of photoprodu¢ tion, where 
the external photon is replaced by the intermediate 
| photon emitted by tl Because the inter- 
ste mediate photon is not restricted to the mass shell and 
I longitudinal components, electroproduction 
information 


1e electron. 


about the photoproduction 


\ similar process is expected if the 


natrix elements. 


ectron 1 replaced by a muon, which, to our present 
wledge, also interacts only electromagnetically with 
e nucleon and pion (weak interactions will be 
eglected 
\.1 : 


different rest masses of the electron and 
e muon, the kinematics are different for 
tion and for pion production in muon-nucleon 
sions. The deviation of 


, 
CS. momentum & Su—S, (Sy 


electro- 
of the intermediate photon 
,’ stand for the initial 
muon) from the mass 
hell is invariantly given by the square of the ‘‘imagi- 
nary mass” A of the photon 


u and Ss 
d final four-momenta of the 


k k 25 S k Qu 


2 cosh (s u (so—k 


2) (1) 


. 1 
nere u is the I 


muon mass and @ the scattering an 


Y angie of 
e muon. For forward scattering (@=0°) and given 
\.3 nitial energy, the largest value for A, A» Is obtained 


11 


en the muon gives all its kinetic energy to thi 


hoton, that means if s ky=. From Eq. (1) we have 

\4 r DR 
\ ere r orre sponding value for electroproduction, 
' \?=2kom (where m is the electron mass) reaches 
x \s=100 Mev only for k)=10 Gey, with muons in 
=“ forward scattering one can obtain Ay=200 Mev with 
190 Mev [see curves (a) and (b) of Fig. 1]. But 


he fact that Ap increases only proportional k Sand that 
falls rapidly if not all of the kinetic energy of the 
uon is transferred to the photon makes the use of the 
lorward direction inconvenient for higher values of A. 


*On leave « ibsence | versity of Marburg/Lal 
W. K. H. Pa i E. A. A Phys. Rev. 110, 1155 
1958 





1959) 


electron 


scattering and inelastic muon scattering is given. The asymmetry of the pion production by longitudinal 
polarized muons has been calculated using Fubini-Nambu-Wataghin matrix elements 


For large angles \ is almost equal for inelastic electron 
and inelastic muon scattering if the total incident 


energy and the energy loss are the same, as shown in 
Fig. 1. 


2. INELASTIC SCATTERING FOR FIXED 
»* AND k 


If one 


supposes muon 


that the and the electron 
differ only in their rest mass, the question arises whether 
there is a relation between the cross sections for electro- 
production and pion production by muons.” The matrix 
elements for both processes involve the photoproduction 
matrix elements off the mass shell which have to be 
calculated from meson theory and of course are only 
The best known approach, 
using dispersion relations, is due to Fubini, Nambu, and 
Wataghin.*) Therefore 


between 


ipproximately known. 


one is interested in a relation 
two processes which does not require 
knowledge of the photoproduction matrix elements. 

If we restrict ourselves to the lowest order of electro- 
magnetic interaction, but treat 


the 


the photoproduction 





Fic. 1. Energy 


momentu! 


im transfer in the inelastic scattering 


of electrons (dashed lines) and muons (solid lines) as functions 
of the total incident energy of the electron and muon, respectively. 
Curves and (b): Maximal momentum transfer Ao in 
Other lines: Energy-momentum transfer for 


and fixed scattering angle 0. 


energy 
forward scattering. 
loss 4 


Hnxead energy 


2 The author is indebted very 
drawing his attention to this 


S. Fubini, + 


much to Professor E. 
juestion 


Nambu, and V. Wataghin, Phys. Rev. 111, 329 


Amaldi for 
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vertex j, generally, the differential cross section for the 

production of a pion of momentum gq,’ with the nucleon 

of initial momentum r,, recoiling with a momentum 
) ‘ aes a 

r, and final muon momentum s,’, is given by (M is the 

nucleon mass) : 


| wM so \(q'r'| jy|r)a(s)y,u(s) |? 
do= --2 o-"erene 
(2r)®> 4 = soso re 2go $s 4 


Xb(Ry tr — ry’ — qu )d’s'dr'd*q’. (2) 


For electroproduction we have the same cxpression, 
only with the muon four-momenta s, and s,’ replaced 
by electron four-momenta p,, p,’, and m instead of y. 
The unknown matrix elements (q’r’| j,|r) depend on the 
lepton variables only through k,=s,—s,’ or 
ku=pu— py’, respectively. Therefore, if we choose p, 
and p,’ such that py— p,’=s,—s,’ we can use the same 
(q’r’| jyu|r) in both cross sections. Now we restrict 
ourselves to the important case that only the final 
muon and electron are observed. Then it is sufficient 
to have equal k? and kp and from (1) we get the con- 
dition (¢ is the deflection angle of the electron in 
electroproduction) : 


14 


So(So— Ro) — w?— cosO[ (so? — pw?) ((so— Ro)? — w?) J} 
Po(po— ko) —m*—cos¢ 
XL (po?— m?) ((po— ko)? —m?) }', — ( 


w 


which for a given ko relates the initial energies to the 
deflection angles. 

Following Dalitz and Yennie‘ we use gauge invariance 
and sum over the muon spins to replace in (2) 


wed {(q’r'| jul rya(s’)yyu(s 
fn oa 


ea) 
> 




















Q T 
ry 
© 
rs 
é 150} - 
2 
= 
= 
= 120-- 
= 
ww 
¥ 
© 90 
60;F- 
30-- 
Sa ee ee a ee eee Gee Ceti) te ce 
0 2 4 6 8 10 


Pa , RATIO OF INCIDENT ENERGY TO ENERGY TRANSFER 
o 


Fic. 2. Curves connecting different scattering situations 
inelastic electron scattering, the differential cross sections of 
which can be compared by formula (5). 


*R. H. Dalitz and D. R. Yennie, Phys. Rev. 105, 1598 (1957 


GEHLE 


we 


where 


and the 
Performi 
the labor 


doa 
ian 
W here 
From i 


forming t 
summati 


N 
DY mymi(sesy’ +5 ysx +4NS 
m Vr’ | jet peek, 
summation is only over the nucleon spins 


aes T ) } 


g in (2) the integrations over d'r’ and dg’ ir 


atory system, we obtain: 


1 Us’ mim 
y sasi'+sisu'-+4N% 
~ ¢ A? 


dso'dQ . 
try’ —k-q’qo'/q”? 


Wwarlance arguments one sees that after per- 
he integration over the pion directions and th 
+} 


yn over the nucleon spins, one is left with an 


expr ssion of the form 


p rn 
d-a/ aS8y ds 


2, = (s'/s)T f(k2,o) ks te (k2,bu)8 
K (sesr +5 18x +4N75,), (4 


where [f(k?,/ ind g(k?,/ ire two unknown functions 
determined by j,, but which have the same value for 
all processt ; wlth momenta l ly ng 3 . One notices 
that the form (4) of the cross section for inelast 

scattering remains un iged if more or other particles 
are produced by Irrent yas long as these particle . 
are not observed. Thus (4) is valid for general inelastic 
scattering of electrons or muons by a gauge-invariant 
current, if on y one pl LO! : exchanged and if the 
electron or muol é not modified by radiative 
correct Che itter could be taken into account by 


substituting 


pre ssions 


duced in tl 


We ap] 


UL S)y,uU(S DV more complicated eXx- 


Form factors for the muon could be intro- 


ly (4) to get a relation between the differentia 


cross sectiol t n tron s¢ ttering and l 
elastic muon scattering. For pv, po and 4, ¢ 
iti f v 5 Ve I k A () 

/ 


p’s 2k- pk- p’+ 5A\"k°+ (ke? ky) (2p: p’+ 3A 
g 

ps’ 2k-sk-s’+5\°k?+/(k* ky) (28-8'+3r 
vhich depend on one parameter / k?k If we take 
both p, p’ and s, s’ to be electron momenta, then (5 
Pive 1 re tion between the differential cross sections 
of inelastic « trol cattering at different angles and 
from (3) the responding energie [of course for this 
case in (3) wl be rep iced by m |, which may be 
used to determine /(k?,/ and to test the electro- 
dynamic assumptio1 For electrons or high-energy 
muons we may neglect the rest mass in (3), which leads 
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PION PRODUCTION IN MUON-NUCLEON COLLISIONS 1457 
«o the simpler condition : TaBLE I. Asymmetry of the pion production in collisions of 
is longitudinal polarized muons with protons. Pion, initial muon, 
s0(so— ko) (1—cos0) = po(po— ko) (1—cos¢) (6) and final muon are taken to be orthogonal in the c.m. system of 
= ee nucleon and pion. W is the total energy of nucleon and pion in 
In Fig. 2 we have plotted (6) taking ko as energy unit. their c.m. yn, as S the incident kinetic energy of the 
. In Pip. : : : % - muon in the laboratory. Negative values indicate an inverted 
INS An interesting application of (5) would be the asymmetry. 
. measurement of high-energy inelastic muon scattering <== 
t different angles with fixed A*, ko. Any sufficiently Asymmetry in the Asymmetry in the 
. , : nok Ge 7 oa W so—p production of W so—p production of 
strong nonelectromagnetic interaction of the muon (Mev) (Mev) a ro (Mev) (Mev) _x# x? 
with nucleons or pions would result in a disagreement 5200 326.9 ° | 0 1236 3780 +O 0 
aa coon ae 2 i 398.5 7.0 34.8 451.7 4.4 13.3 
f the cross section with one value of h(k’, Ro) in (5), ae Ly a. pried . ‘a2 
but for the time being such an experiment seems 505.9 6.5 34.7 $62.3 6.3 15.6 
10 3 A ; git 3 684.8 (—13) (+15.2) 746.7 (—34) (+4+9.1) 
Mtv, | dificult because of the low intensities of the available me : 
| muon beams. 
es elements of Fubini, Nambu, and Wataghin, reference 
| 3. POLARIZATION EFFECTS ; : Oil: 

3, Eq. (14) and keeping all the terms. The nucleon form 
per- [he muons obtained from pion decay are produced factors were taken in the form (1+)??2/12)-? with 
the with a longitudinal polarization and one may expect — r,,"=r,,5=r,"=0.8 fermi, r.5=0. Our results are given 
-an | an asymmetry in the pion production by polarized in Table I. W=1200 Mev lies near the maximum of the 


muons. In the static approximation, where the recoil 2+ photoproduction cross section while W=1236 Mev 
momentum is neglected, as well as in the case that the — is the 63; resonance. Under “asymmetry” we listed the 
recoil nucleon is not observed, the only scalar one can _ percentage of the contribution of the expression (7) 

(4 form with the polarization pseudovector ¢ parallel s which gives rise to an up-down asymmetry, to the 
¢Xs’)-q’ and this shows that a coincident detection differential cross section. The magnitude of the dif- 

f the final muon and pion is necessary to get a polari- ferential cross section d’¢/dso'dQ,dQ, is of the order 


lor vation effect. If we write the photoproduction current 10-*7—10-*6 cm? Mev steradian-?, thus very high 
IC€s jin the form: incident muon intensities are needed for an observation 
. we oe i, of the effect. For the lowest values of so, so—u=326.9 
cle j=Aet Ba'o-k+Cko-k+Dq'o-q'+Eko-q'+Fq'xk, Mev and so—y=378.0 Mev the polarization vanishes 
ne then the use of the appropriate projection operators in because after the collision the muon is at rest in the 
‘ the evaluation of the muon spin sums in (2), after center-of-mass system of nucleon and pion. The values 
“i summation over the nucleon spins, gives rise to an for so—~=684.8 Mev and so—u=746.7 Mev are given 
om idditional contribution, proportional to in brackets because they correspond to \=587 Mev and 
“ ee - A4=603 Mev, respectively, where the Fubini-Nambu- 
by Im[ (4 +Ck*) B*— (A +Dq?) E Wataghin matrix elements should not be trusted too 
ex + (EB*+CD*)q-k |(a’Xk)-s, (7) much. 
tro 


the differential cross section. Here the incident muon ACKNOWLEDGMENTS 
has been assumed to be completely longitudinally po- 
~% larized in the system which is used for j. The author wants to thank Professor R. Gatto who 


We have evaluated (7) for the case in which s, 8s’, proposed the problem and gave constant advice. A 





ind q’ form an orthogonal triad in the center-of-mass grant from the Bundesministerium fiir Atomkernenergie 
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